
(a). If  and  are two functions in , then


Similarly, we have . Thus, we have





Taking the square root of both sides, we obtain , which shows that  is a 
bounded operator on , and that .


(b).  and  is a bounded operator on . In other words, we want to show that for any 

 and , , where  is the Fourier series 

of . To see this, we have


 

where the last equality follows from the fact that  commutes with translations. Therefore, 
we have shown that  commutes with translations.


(c). Suppose that  is a bounded operator on  that commutes with translations. We want to 
show that  is a Fourier multiplier operator, i.e., there exists a bounded sequence such that 
for any  with Fourier series , we have . To do 
this, we consider the functions  for each . Since  commutes with translations, we 
have  for any  and . Thus, we have 

. Dividing both sides by  and summing over , we 

get , which implies that the sequence  is Fourier coefficients 

of some function , i.e., . Moreover, for any  with 

Fourier series  , we have


 which shows 

that  is a Fourier multiplier operator with multiplier sequence .


Therefore, we have shown that any bounded operator on  that commutes with translations 
is a Fourier multiplier operator.
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