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Notation and abbreviations

.5, almost surely
al.f. distribution funetion
L.1.d. independent and identically distributed
1.0 infinitely often
w.r.t. with respect to
W.L.O.G. without loss of generality
R the set of real numbers
[ or T{A} indicator function of the set A
B end of a proof

Unless otherwise specified, all limits are taken as n — o0,

a, = Ob,) = |a /b, <C < limsupla, /b, < x
ty = olb,) <= a,/b, —10

(g, ~ by, =  a,/b, —1

vi



Chapter 1

Set Theory

1.1 Sets

Definition:

{2: a space {a nonempty reference set). i an empty set,

A (sub)set is a collection of objects (or elements) in £, denoted by A, B, C, ..

A class (or family) is a collection of subsets of £}, denoted by
A B, C, D E F, G, ..

we A wis an element of A.

AC B the set A 13 contained in the set B.

Convention: @ © A for any set A.

1.2 Basic set operations

Let A and B be subsets of 1), define

A = Juw:iwg A} (complement)
AUuB = {w:we A, orwe B} (union)
ANpB {fw:we A, and w £ B} [intersection)
A-B = {w:iwe A, andw ¢ B} (difference)
AAB = (A-B)U(B - A) (symnetric difference).

(Note: sometimes we write AN B = AHB, the product of A and B.)

Venn diagrams are often helpful.



1.3 Operations of sequence of sets

Let Ay, As, ... be subsets of {1, denote their union and intersection by

Une 1 An {w:we A, for some n}
M2 A4, = {w:we A, for all n}.

If Ay, As. .. are (pairwise) disjoint, then we write

0

U dn =) Ay

n=1

Definition: Let A, A, A5, ... be subsets of {1, Define

(a) Infinitely often (i.o.)

limsup 4, = lim A4,
1 Tl

= M2y Unzy An

= {w:¥k=13dn=ksl we Ay}

= Jw:w € A4, for infinitely many values of n}
= {A,, i.o.}.

(b) Ultimately (ult.)

liminl A, lim, A,

= Uy Mhep An
= {w:dk=21L¥nZ=kst we A}
{w:w € A, for all but finitely many values of n}

= {4,, ult.}.

(c) The sequence {4, } converges to A, written as A = lim,, ., 4, or simply 4, — A iff

liminf A,, = limsup 4,, = A.
i .

T

THEOREM 1.3.1 We have
liminf 4, < limsup 4,,.
i

1

FProof. DBy delinition,

liminf A, {w:w e A, for all but finitely many values of n}
i

< {w:w e A, for infinitely many values of n}

limsup 4d,,. g
It

Example. (liminf, A, and limsup, A, may not be equal). Specify liminf,, 4,, and limsup,, A, when
Agj = B, and Ay =C, j=1,2,....

Solution. Clearly,

liminf A, = U, M, A, = U, (BNC)=BnC,
Tt

limsup A, =Ny, W, A, =N (BUC)=BUuC. g

il



TororEM 1.3.2 (Monotone sequence of sets converges) .
a) ff Ay © Az © As..., then A, — A =002 Ag, written as A, T A.
b) If Ay 2 Ay 2 Ag..., then A, — A =172, Ay, written as A, | A,
Proof. 'We shall only prove a). Let A = 17~ A, Clearly,
lminf A, = U, (M, A,) =L A=A
Tt

limsup A, = N8, (U, A,) =N, (U, 4,) =N, A=A g

1

CoroLLARy 1.3.1 Lel Ay, As, ... be subsels of (1.
(A, o = limsup A4, = lim U, A,
n k— oo

n=

{A,, ult.} = lilr}”inf A, = ;.-lil-gc N, Ay

FProof.  We shall only prove the first one, Let By = U, A, Clearly, By & B3 O DBy.... From the last
theorem,
lim By =0, By =r,—, U, A, =limsup 4,,. n

& — 11

1.4 Indicator functions

Let A < 1, define

Tyw)=Hwe A} = 1 forwe A
() for w e A",

Thus, I4 "indicates™ whether A occurs or not, depending on whether it is 1 or 0. Therefore, the next
theorem is obvions.

The indicator function transforms operations of sets into algebraic operations of 1's and 0's, which
are often easier to deal with.

THEOREM 1.4.1 VA B C L}, we have

A=H = Iy =1Ig,
(meaning Talw) = Ip(w) for all w € )
AcCc B — Ty < Ip,
A=0 or 0, resp = Ta=0 ar 1, resp.

Proaf. Let us prove the first one only. Clearly, A = B implies that [4{w) = Ig{w) for all w € £). On the
other hand, if A # B, then Jw e Abut w & B, or 4w € B but w & A, In either case, for that w, we have
Ii(w) # Iglw). The proof is completed. g

THEOREM 1.4.2

lanpg = min{ly, Ip} = 1alp
Taug = max{la I}l =Is+1g —{ans
= Ia+1Ig—1alp
fae: = 1=14
Ta-p = Tanpe =Ta(l—1Ig)



Taag = |Ia—Ig|

Timinf, A, = lin}ﬂinf 14,
-!rlim sup, A, — lim sup Iﬂ“
T®

Taug = T4+ 1g

b
E T4,
1

Proaf. We shall only prove a couple of these relationships.

(1) First we show that Iy 5 = max{[4, Ig}. Vw € 0, if liuplw) =1, then w € AU B. So either
we Aorwe B, Soeither Tq(w) =1, 0r Ig(w) = 1. Thus lyup(w) = max{] (@), Ig(w)}. Similarly, we
can show that this is true if Ty g(w) = 0. Thus, we proved Ty 5 = max{J4. Ig}.

(2) Next we show that I, 4, = liminf, 74 . Y € O, if 0, a4, (w) = 1, then w £
liminf, A, = {A,,ult.}. That is, w is contained in all but finite many values of n. Thus, [4 (w) =
1 except for a finite many values of n. It implies that lminf, T4 (w) = lim, T4, (w) = 1. On the
other hand, if Dimine, 4, (w) = 0, then w € (liminf,, A,)° = limsup,, A5 (by using the DeMorgan Law)
= {45 .i.0.}. Therefore, I4:(w) = 1 i0. and so limsup, 4 (w) = 1. Hence, limsup, [1 — T4 (w)] =
1—liminf, Ty, (w)=1. So liminf, T4, (w) = 0= Iy, 4, (w). The proof is complete,

1A

I'?E_:[

l_ll i

(3) Finally, we shall prove [4ap(w) = [a(w) — Ig(w)]. Consider 4 cases: Yw € (2,

(a) Talw) =1, Tg{w) = 1, then RHS = 0. Also we note that w € Aandw € B, thusw € ANB.
That is, w & AAB, implying LIIS=0. So LHS = RHS =(.

Similarly, we can show the following:

(b) Talw) =1, Ig{w) =0, then LHS=1=RHS.

(¢) Talw) =0, Ig(w) = 1, then LHS=1=RHS.

(d) Ta{w) =0, Ig(w) =0, then LHS=0=RHS.

This completes the proof. g

Indicator functions can sometimes facilitate set operations, as illustrated below.

Example. Show (AABIAC = AA[BAC).

Proof. Note
Itns = |laap — Ic| = |14 — Ig| — I,

Iens = |Ta = Ipac| = la—Is = Ic|l.

If IE = ﬂ.. then ILHS = |fﬂ — IC'| = IHHS-
If Ip =1, then Iggs = |Ig = Te|=Ial=1=Ic = Ia|=Trus. &

THEOREM 1.4.3

fyna;, = Ef-ﬂ-.r_ E fa, na,, + Z fa, nag,na,,

1 1<y <jasn 1<jy<ja=<ja<n

Foverreene + (=1)" ]I..-"!.lr‘l..-"l;g”..-l"l.."lq'

=L

Proof. Set sy =} [ 14, 82 = E]{h{jg{” I,q“rm”, voeer 8y = 14,114,114, . Then we need to show
—1
Iu',':ij =8 — &+ 83— ... + (-1}”’ S (41}

In proof of this, if for some w € €2, .fult_rlj (w) =10, clearly sp(w) =0,1 < k < n, whence (4.1) holds.
On the other hand, if Tu» 4, (w) = 1, then w € A; for at least one j, 1 < j < n. Suppose that w belongs to



exactly m of the sets Ay, ..., A, Then s1{w) = m, s2(w) = (), ..o, smlw) = 1, a1 (w) = ... = s(w) =0,

whence
m ¥ Nrs
1 — 8o+ 83— ...+ [—1 n—1, — _ —1ym1L
51 Sz T 53 ':: :l Sn ( | ) (E) -+ + [ ) (?‘n)

m .
(n) =D =1=1upa;

This completes the proof. g

REMARK 1.4.1 DBy taking erpectation (to be studied lafer), we get the “inclusion-exclusion formula”:

PUFA) ) = P(A)) = Y PALNAL) + e+ (1) PA N A N N AL
3=1

1""-:_\.];'_ {_.'2 '::Tf

1.5 Semi-algebras, Algebras, and o-algebras

1.5.1 Definitions

Let £} be a space.

Definition: A nonempty class & of subsets of £ is an semi-algebra on (2 if

(1). A, B € & implies AN B £ &, (1.e., closed under intersection ),
(i1). if A € &, then A* is a finite disjoint union of sets in &, i.e.,

A°=3"A;, where A; €8, A;NA;=0,i#]

i=1

Definition: A nonempty class A of subsets of € is an algebra on (1 if

(i). A" € A whenever A € A,
(ii). Ay A € A whenever 4, 2 4, j =12

(i.e. A is closed under complement and findte union.

Definition: A nonempty eclass A of subsets of £ is a o-algebra on £ if

(i). A € A whenever A4 € A,
(11). U0, Ay € A whenever A, € A, n = 1.

(i.e. A is closed under complement and counfable union. ) The pair (£, A4) is called a measurable space.
The sets of A are called measurable sets.

[Note: o or ¥ = “(countable) sum” = *“(countable) union”].

REMARK 1.5.1 If A is an algebra {or a a-algebra), then ) € A and ) € A. However, the same may not
hold for semi-algebras.

Proof., Assume A is a nonempty algebra or g-algebra. 94 € A, s0 A" € A, Thus, [} =
AUvA* e Aand ) = 0Q° 2 A

For the second part, consider S = {@), A, A%}, It is clearly a semi-algebra, but does not contain

0.



REMARK 1.5.2 A is an algebra — (1) Qe A, (2). A, Bc A implies A— B ¢ A

Proof. "=" part is easy. We now show "<=" part. Let A B € A Since 1 € 4, thus
Ac=0—-Ac A Also

ANB=A-{A- B)ec A, as (A —B)e A

S0 A is closed under complements and finite intersection thus union. Then A is an algebra.
|

1.5.2 Relationships

An algebra is a semi-algebra, and a e-algebra is an algebra. The reverse may not be true. See the next
two examples,

Example 1: A semi-algebra may not be an algebra.

Let € = (—oc, o¢]. Let 8 be a collection of half open intervals in £2, i.e.,
S={{a,b]: —c <a<bh<oo}

Then & is a semi-algebra, but NOT an algebra. (It is easy to define Lebesgue measure {i.e. length
in this case) on &, and then generalize to the Borel a-algebra.)

Proof. For the first part, note that (o, a] =0 £ §. 1t is easy to check that the intersection of
two half open intervals are still half-intervals (including ). So it is closed under intersection.
On the other hand, if A = {a.b] € &, then A" = (—oc, a] + (b, 0o], the union of two disjoint
half open intervals. Thus, & is a semialgebra.

For the second part, note that {(n,n+1] € &, but {0,1] U (2,3] € &. So it i3 not closed under
finite union, thus not an algebra.

Example 2: An algebra may not be a g-algebra.
Again, let £ = (—oo, oc]. Define

S = {U (ai.b]: —0o < a; <b; < oo}

i=1
= {l._,:_"'l][r?txrii:_' t—w s Ssdy e <d.. <dy = ’_':G}

(After ordering and merging of intervals.)

Then & is an algebra, but NOT a o-algebra.

Proof. The first part is easy. For the second part, note that
Una (0,1 = 1/n] = (0,1} & S,

or as another example
LU yin—1/4,n+1/4 € 8.

=0 it is not elosed under countable union, thus not a e-algebra.

1.5.3 Some special o-algebras.

(1). Trivial r-algebra: {08, (}}. This is the smallest o-algebra.

(2). Power set: = all subsets of {), denoted by P (£2). This is the largest a-algebra, often
too big to define probability.

(3). The smallest r-algebra containing A ¢ : {0, A, A°, Q}.



1.5.4 How to generate algebras from semi-algebras

THEOREM 1.5.1 If & 15 a semi-algebra, then
S = | finite disjoint unions of sets in S}

is an algebra, called the algebra generated by 8. We sometimes also denote S8 by A(S).

Proof. Let A, B € 8, then A = 31" | A; and B = 37| B; with A;, B; € §. Clearly, 4; N B; € § by
the definition of S, Thus,

il T

So & is closed under (finite) intersection.

As for complements, note that A° = (310, 4;)° = N, A%, The definition of & implies A% € S.
But we have just shown that & is closed under (finite) intersection, so A" € &, S0 & is also closed under
complement. This completes our proof. g

REMARK 1.5.3 [t is easy to define {Lesbegue) measure on the semialgebra &, and then easily extend it
to the algebra 8. Can we extend it further to some o-algebra. We shall see later that the answer to
this question is affirmative. Since there are many o-algebras, we shall first consider the smallest one
containing &, This is our next topic: the o-algebra generated by &, or more generally by any class.

1.6 Generated classes (Minimal classes)

(Probability) Measure is defined on e-algebras. Given a class A of subsets of (), there always exists a
unigue minimal a-algebra containing 4. Minimality is important since the power set P((1) is too large
unless (1 is finite or countable.

LEmma 1.6.1 Let { A, € I'} be a collection of o-algebras. Then A = N erA, is also a o-algebra.

fi.e.. o-algebras are closed under (possibly uncountable) infersection. |

Proof. (1). A4 € A implies 4 € A, for all v € T', which in turn implies A° € A4, for all v € T,
Therefore, A® € A. That is, A is closed mnder complements.

(2). WA, A, i>1,then A; € A, forall i > 1 and all v € I'. Hence, U7E, A, € A, Torall v € T
So U A € Nyerd, = A So A s closed under countably infinite union. This completes the proof. g

THEOREM 1.6.1 For any class A, there erists o unigue mimimal o-algebra containing A, denoted by
alA), called the o-algebra generated by A. In other words,

a) AC a(A),
h) For any a-algebra B uith A C B, of{A) C B,

and o) is unique.

Proof. Existence. Let Q4 = {B: B 2 A, B is a g-algebra on (1}, Clearly, ()4 is not empty since it
contains the power set P(A). Define

o(A) = ) B

BeQ
From the above lemma, a(A) is a a-algebra.

Uniqueness. Let ;(A) be another a-algebra satisfying (a) and (b). By definition, o(A) C o1 (A).
By syvmmetry, oy (A) C a(A). Thus, o(A) = o1(A). n



REMARE 1.6.1 Similar theorem holds for algebras, monotone closses, A-class, and w-class, see lafer
sections,

THEOREM 1.6.2 & is a semi-algebra, and & = AlE) is an algebra generated by &. Then
a(S) = a(S).

Proof. By definition, § © 8§ © #(8). S0 ¢(8) is a o-algebra containing &, thus o(8) © o(S).

We now show that o(8) C o(8). For any given A € &. by definition, we have A = g A where
A; € § C o(8). Therefore, A € a(8). This shows that & C «(8). So (&) is a g-algebra containing &S,

thus (&) C o(&). This completes our prool.

We now introduce the most important @-algebra in measuare theory.

Definition: The smallest g-algebra generated by the collection of all finite open intervals on the real
line R = (—oc, o) (or R = (—oo,o¢] or B = [—oo,00] as in Chow and Teicher, page 11.) is called the
Borel g-algebra, denoted by B. The elements of B are called Borel sets. The pair (R, B) is called the
(1-dimensional) Borel measurable space.

REMARK 1.6.2 .

(1). Ewvery “reasonable” subsel of R i3 a Borel sel. However, o R) # P(R).
(2). k-dimensional Borel a-algebra, Borel sets and measurable space can be similarly defined.

(3). Borel o-alyebra can be generated by many other ways. For instance, il can be generated
by the class of all finite closed intervals, or the closs of all open sets, or the class of all closed
sefs.

(4). For A € B. let
Bi={BnA:BeB}=8BnA.

Then (A, Ba) is a measurable space, and By is called the Borel o-algebra on A.

Example: Borel g-algebras generated by semialgebras.
(1). Let Ry = (—oc, 20) (the real line), and define
Sp=1{A: A= Hyor |ab) or (—oc,b)or |a,0c), abe R}

Then Sy 15 a semi-algebra on Ry, The o(8y) is called the Borel g-algebras on the real
line K.

(2). Let By = (—oc, o0] (half extended real line), and define
&= {{abl, abes B}

Then &1 18 a semi-algebra on ;. The (&) is called the Borel s-algebras on the half
extended real line R,

(3). Let Ry = [—oo, oc] (the extended real line), and define
So = {{a,b], a.bg R} U{Ho. {oc}, {—¢}}.

Then &; is a semi-algebra on Fa. The a(&5) is called the Borel s-algebras on the extended
real line [,

Note that the introduction of o0 and —oc simplifies the structures of semialgebras.



1.7 Monotone class (m-class), m-class, and A-class

Checking A to be a g-algebra directly may not be easy in practice. This can be made easier by introducing
new and more primitive classes such as monotone classes, m-classes, and A-classes,

1.7.1 Definitions

Definition: Let 4 be a nonempty class of subsets of ().

(1). A is said to be a monotone class (m-class) on Q0 if lim A, € A for every monotone
sequence 4, £ A, n > 1. That is,

(a) If 4; € A and A4; T, then lim,, . A, =UF A4, £ A,
(b) If A; € A and 4; |, then lim,, . A, =M%=, 4; € A,
(i.e., m-class is closed under monotone operations).

(The existence of lim A,, was established in Theorem 1.3.2).
(2). Ais a m-class on () if

AnBe A, whenever A, B € A,

(i.e. a m-class is closed under finite intersection. Note m = [[.)
(3). Ais a A-class on 0 if

(i). 1€ A,

(i), A—BecAfor A, B c.4and B is a proper subset of A, (i.e. B C A4.)

(iii). lim A,, £ A for every increasing sequence A, € A, n > 1.

(iL.e. a A-class contains €2 and is closed under proper difference and countable in-
creasing union. Note X = “increasing” limit).

(A =lamda = lam + da = lim + diff. Also A = "Large”, see Theorem 1.8.3)

Remark. The notion of a m-class and A-class comes from Dynkin (1961), Theory of Markou Processes,
Prentice-Hall.

TheoreEM 1.7.1 If A 15 a A-class. of iz an m-class.
Proof. Part (iii} in the definition of A-class implies that A is closed under the limit of increasing sequence

of sets in A. By part (i} and (ii) in the definition of A-class, A is closed under the limit of decreasing
sequence of sets in A, Thus, it is an m-class. g



1.7.2 Relationships with o-algebras

THEOREM 1.7.2 Suppose A is an algebra on 2. Then

A s an m-class = A is a o-algebra,

Proof. “<=". Suppose that A is a g-algebra, and we shall show that A is an m-class., Let 4, € A
and A, T (or |). From Theorem 1.3.2, lim, 4,, = U2 A, (or M2, AL, which belongs to A (as A is a
a-algebra). Thus A is an m-class.

", Suppose that A4 is an m-class, and we shall show that it is a o-algebra. Since A is an

=",
algebra, it suffices to show that UJZ, A, € A for A, € A To show this, let B, = Ul_, Ay. Then B, is

monotone (increasing) and B,, € A as A is an algebra. So lim, B, = limy e UT Ap = UD Ay € A as
A is an m-class. g

A g-algebra must be an me-class, but an m-class may not be an algebra, let alone a g-algebra (see
the next example). But if A is already an algebra, then an me-class is a g-algebra. To check an algebra
A s a a-algebra, it suffices to show that it is an m-eloss, which may be casier in practice.

Example. Let 2 = R, A= {{—00,a),(—n0,a],(—¢,0¢),0:a € B}, So Ais an m-class, but is not an
algebra (thus not a o-algebra) since it is not closed under differences. e.g. A = (—o0,al, B = (—oc, b),
bh=a,then B—A={ab) &.A

THEOREM 1.7.3 A s a a-algebra off it is both a A-class and 7-class.

Proof. “==". Suppose that 4 is a g-algebra. Clearly, it is a 7-class. Now we show that it is also a
A-class.

(i). It is clear that € A.
(i) A-B=AnDpb"ec A

(iii). For every increasing sequence 4, € A, n = 1, by Theorem 1.3.2, limy, ... A, = UL, Ay,
which belongs to A (as A is a g-algebra).

=m0 it is a A-class,

“e==". Now suppose that A is both a A-class and m-class, First, ¥ A € A,
A =0 —Aec A (as Ais a Aclass) (7.2)

So A is closed under complements,

Now let us show that .4 is closed under countable union. For any sequence 4, € A, n > 1, using
(7.2}, we have
B, =ui_4; =(M_,A7)" € A, {as Ais a mclass).

[t follows that A is closed under finite union. Sinee I3, is increasing, by the property of A-class, we have

U, Ap = lim By € A

Hence A is closed under conntable union. This completes the proof. g

1.7.3 Minimal m-class., A-class and 7-class

For any class 4, we have seen that there exists a unique minimal g-algebra containing .4, denoted by
alA). (the m-algebra generated by A). The same holds true for m-class, A-class and w-class.

LEMmA 1.7.1 The power set P(A) is an m-class {or A-class, or m-class).

10



The proof is trivial.

Lemna 1.7.2 Let { A, v € '} be m-classes (or A-classes or w-classes). Then A = Myer A, ts also an
m-class (or A-class or w-class),

The proot is similar to that of a-algebras.

THEOREM 1.7.4 For any class A, there exists a unigue minimal m-class (or A-closs, or w-class) con-

taining A, denoted by m{A) for MA), or #{A)). called the m-class (or A-class, or w-class) generated by
A. In other words,

(n) A C mlA), {or A-cluss, or m-class).
(b) For any m-class (or A-class, or w-class) B with A C B, we have m{A) C B, {or A(A) C B,
or w(A) C B),

and m{A) (or AA), or 7(A)) is unigque.

The proof is left as an exercise,

1.7.4 Graphical illustration of different classes

o — algelra = A —class + T — class,

4 4
algebra m — class

I

semi — algebra

§

T — class

11



1.8 The Monotone Class Theorem (MCT)

THEOREM 1.8.1 Let A be an algebra. Then,

(1) m{A) = aA)
(2) if B is an m-clags and A C B, then o{A) C B.

Proof.

(1) First note that A C m(A) € o(A) (since #(.4) is an m-class containing A and m{.4) is the
smallest me-class containing ).

It remains to show that m{A4) 2 a(A). Tt suffices to show that m(A) is a s-algebra. In fact, by
Theorem 1.7.2, we only need to show

miA) is an algebra. ()
Proof of (*): Define
¢, = {4: Aem(A), AnBem(A) lorall B A}
Cy {B: Bem(A), ANB e m{A) for all A € m{A)}

C; = {A: Aem(A), A°cm(A)}.

We now show that C;, 7 = 1,2, 3 are m-classes.

FProof.  First we look at C;. Suppose 4; € Gy, 5 = 1, and A, C Az C As... (increasing). By
the definition of Ci, we have A; N B € m{A), 7 = 1, for all B € A {C m(A)). Also we have
(AN By (AN B) C{dsn B) C ... Thatis, A; M B form an increasing sequence in m(A). In
view of m(.A) being a m-class, it follows that A, N B — U7, (A; N B) € m{A). Using the DeMorgan's

law, we get -
Bri(UisA;) = Ui (BN Aj) € m(A), for all B A

Therefore, lim; ., A; = 72,4, € Cy. Similarly, for a decreasing sequence of sets [y O Dy 2 Dy O
in Cy, we can show that B0 form a decreasing sequence in m(A). Thus,

Br(nZiD)=nZ{(BnD;)em{A).

Therefore, lim; D; = N7, [ € €. Thus, we have shown that Cy is a m-class,
The proof for Ca is similar and hence omitted.

Now we look at C3. By the identities (UJ2, A;)° = niZ, A7, (MiZ,A45)° = U2, AT, we can easily
show that Cs is a m-class,

Secondly, we shall show that m{A) = C; = Cz = C5. Clearly, C; € m(.A) by definition, ¢ = 1,2, 3. So we
only need to show below that C; > m(A), 1 =1,2,3 .

Froof. (i). Since A is an algebra and A < m(.A), it is clear that 4 < Cy. Hence, m(A) C C; as m{.A)
is the smallest m-class. Noting C1 C m{A), we get

mA) =Cy.

(i1}, For any B £ 4 and A € m(A) = C;, we have AN B € m(A) by the definition of Cy, which in

turn implies that A © C; (as m{.A)} is the smallest m-class). Noting Cz < m({A), we get
mfA) = Cz,

which implies that m{.A) is closed under intersection.

(iii}. It 1s easy to see that A C 3. (To see this, il A € A m({A), then A" € A Z m{A) as A ia an
algebra.) Thus, Oy is an m-class containing A. Thus, m(A) C Cz. But it is clear that s C m(A) by
definition. Then

mfA) = Ca.
which means that m(.A4) is closed under complement.

12



Finally, we shall show (*}: m{.A4) is an algebra, which follows from (ii) and (iii) above.

(2) A < B implies that m{A) C m(B) = B (as B is an m-class). The proof then follows easily from
(1) miA) = o(A). u

THEOREM 1.8.2 Let A be a m-class.

(1) Then AlA) = a(A).
(2) If B is an A-class and A C B, then o(A) C B.

Proof. Clearly, A(A) C oA} as o(A) is a A-class and A(A) is the smallest A-class.

Now let us show that A(A) 2 o{A). From Theorem 1.7.3, it suffices to show that A(A) is a 7-class
{which implies that A(A) is a o-algebra containing A, thus A{4) 2 o(A4)). To this end, define

G = {A:ACO AnBe MA) forall Be A}

Clearly, we can show that
(a). AT C. (b). C; is a A-class,

Proof of (a) and (b). Let A € A, Since A is a w-class, for any B € A, we have AN B C A e A.A).
Thus, A € . This proves (a). The proof of (b) is left as an exercise.

Hence, C) is a A-class containing A. So C; 2 A(A). Thus A € AA) implies that 4 € A(4) € C;. So for
any B £ A, by the definition of C;, we have AN B € A(A). Define

Co = {B:BcQ AnB e AA) for all A e A(A)}

Then, A < Cz. We can also show that C; is a A-class (Why?). Therefore, C5 is a A-class containing A.
Consequently, Co 2 AlA). Soif A, B € AlA), then B € A.4) C Cz, and by the definition of C;, we get
A B e MA). Thus, AlA) is a m-class. g

13



The following theorem is the direct consequence of the last two theorems.

THeorREM 1.8.3 (Monotone Class Theorem) .
Let A C B be two classes on (.

(1). If A ts a m-class, and B is a A-class, then o(A) C B,
(2). If A w5 an algebra, and B iz an m-class, then o(Ad) C B.

Proof. Applying the last two theorems, we get
(1) B is a A-class containing 4. so B 2 A(A) = a(A).
(2) B is a m-class containing A, s0 B 2 m(A) = o(A). g

The Monotone Class Theorem is used in the following way:

If A has some property P, in order to show that o{A4) has the same property P, we can proceed as
follows:

(i) Define B = {B : B has property P}, so that A < B,
(i) Show that

(1). Ais a m-class, and B is a A-class, or

(2). A is an algebra, and B is an m-class,

(iii) From the Monotone Class Theorem, we get o A) C B.
Therefore, o{.A) has property P as well,

14



1.9 Product Spaces
For any measurable spaces (£, 4;), i = 1, ... define for n = 2

(1). n-dim rectangles of the product space of [ £2;:
H.ﬂq.r = A]_ A 4 .:4.”- = {l:_'ln‘r-l]_1 r--'!';"-':'i!} . -r"-'.g E a.'{,! 'I:: I!g_- 1 i: 1 E '”-}..

Moreover, if A, € A;, 1 <14 < n, they are dubbed measurable rectangles or rectangles
with measurable sides.

(2). n=dim product s-algebra:

ﬁu’qi =a ({ﬁﬂf A, e Al £i£n})

=1

i=|
(3). n-dim product measurable space:

f[{!.’!;,;lt-] = (]ﬂ[ni.ﬁm) .

:|_=|_ :I.=|. |'=]

The following lemma is easy to check.

LEmnia 1.9.1 The intersection (but not the union) of any two measurable rectangles of a given product
space is a measurable rectangle in that space. In other words, the class of measurable rectangles of [, £
is a m-class,

THEOREM 1.9.1 Lef (£1,.4;), < ¢ < n be measurable spaces, and
A = {finite union of disjoint rectangles [[1_, A; with 4; € A, 1 < < n.}

Show that A is the algebra generated by the class of all measurable rectangles of the produet space H?_ L

Proof. Let G denote the class of all measurable rectangles of H:t_l (};, which clearly forms a m-class.
Then we need to show that

A= A(G).
We shall show this in several steps.
(1). First we show that A is also a m-class. I A; = U;‘i] Eije A 1 =1,2 with Ej; € G, then
EIJ M Fa. € G from the above lemma, hence
.511 M A, = HJ_:J;| L'JEil [E—u i Eg;,;]l = A,
Moreover, it B = F, = ... x E,, € ¢, from
%o xQy = (Ey 2 Qe =0, )+ (B % Qo = 01,)

= (Ey % Eo x Qg x ox Q)+ (B = Ef x4 x Q)
B % .. % £2,)
= (Eyx..xE,)+(Ey %x...x E,_; x E]}
-+ [.E.q] o X E-i-;-_ﬂ * -t:ﬂ:—j > ﬂi‘i‘} TR
c 4 (ES % . x )
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Therefore,

E° = Oy x..xQ,—(F xEsx..xFE,xE,)
== {E]_ K Eﬂ K eman }{ Eﬂ—l ., E::.:;} | (El o }C: E-“_j K Eﬁ__]_ :{ ﬂu}
Frrreerran + (S % S % (1)

= Ui, Di (say) € A

(2). Next we show that A is an algebra, From (1), A is closed under intersection. It suffices
to show that it is also closed under complements. Let A = Uj_ | E; € A with E; € G, then
from (1), we have

A= B =nj_ UL, DY = UL, (F"IE=1DE‘”) €A

So A is indeed closed under complements. Hence, A is an algebra.

(3). Clearly, G — A, s0 A{G) < A from (2). On the other hand, every finite union of disjoint

rectangles with measurable sides € A(G), and so A < A(G). Thus we showed that A = A(G),
as required. g

COROLLARY 1.9.1 The a-algebra T[._, A, generated by the rectangles with measurable sides, is also the
a-algebra generated by the algebra A in the last theorem.

In the special case where (£2;,.4;) = (12, A} for all i, then we can write

0" = f[s:ai-, A" = ]E[A.i-_. ete.
i=1 i=1



1.10 Exercise

1.

=

=1

Show that
(i) if Ay < Az C ... are a-algebras, then U2 A, is an algebra,
(ii) [Optional] Give an example to show that U2 A4, may not be a a-algebra.
- If A is an algebra, and .77 A, € A for every disjoint {A,.n = 1} in A, then A is a o-algebra.

. Let g be a minimal operation., e.g. g = a,m. A 7. Let A and B be two classes of subsets of £2. Show

that {only need to show one of them)

(1). glg(A)) = g(A).

(2). AcCg(B), = glA)Cg(B).
(3). glA) C B, = g(A)C g(B)
(4), AcC B, = glA C glB).

. Show that the power set P(f1) is a a-algebra (hence it is also a semialgebra, an algebra, a A-class,

an m-class, and a 7-class).

. Define

¢ = {A:ACQ AnBeAA) forall Be A},
C = {B:Bcf, ANB e AMA) for all A e MA)).

Show that &) and C; are A-classes

. Define sup. _- A, and inf.zr A, to be the smallest upper bound and largest lower bound of {A, :

+ € I'}, respectively. Then show

sup A, = U,er A, inf A, =Myerd,.
~el ' yel

(Compare these with the definitions of sup_ - a, and inf, cr a.).

Show that

(1) (AAB)A(BAC) = AAC,

(2) (AAB)A(CAD) = (AAC)A(BAD),

(3) AAB=C  iff A= BAC,

(4) AAB = CAD  iff  AAC = BAD.

. {Optional) Given a sequence of sets {A4,,.n = 1}, let By = Ay, By = B,AA 41, n = 1. Show

that lim,, .. B, exists iff lim, ... A4, = .
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Chapter 2

Measure Theory

2.1 Definitions

Let €2 be a space, A a class, and jp: A — R = [—o0, o¢] a set function.
Definition:

(i}. p is finite on A if |u(A)| < o, ¥4 € A
(ii). p is o-finite on A if 44,, C A, such that for each n, U7, A; = Q2 and |pu({A,) < oo,

Remarks:

(a) Convention: 34 € A such that (A} < oo, otherwise, there is not much point if all values
are finite.

(b) L= A = ) can be replaced by Eil A; = 1) See one of the exercises.

Definition: Assume that A, ¢ A, Y74, € A 37 A, ¢ A and A; are disjoint.,

(i) g is additive = p(37 A =31 p(4,).
(ii) po is o-additive == p(3°7, 4;) =37 plA;).

Definition: p is a measure on A if

(i) it is nonnegative, ie., VA € A u(d) = 0
(ii) it is o-additive.

Lemaa 2.1.1 Assume that O € A and p s additive. Then
(1) p(l) =0, (21} T-additivity = additivity.

Proof. Since 3A € A s.t. p(A) < oc, so p(A) = p(A) + p{@). Hence p{@) = 0, which proves (i}. Proof of
(ii} follows from (i). g
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Definition;

(i). If p is a measure on a g-algebra A of subsets of €2, the triplet (€1, .4, 1) is a measure
space. The sets of A are called measurable sets, or A-measurable.

(ii). A measure space (£2, .4, F) is a probability space if F({1) = 1.

(Note: (€2, A) = measurable space ¥ measure space = (€1, .4, ).

Definition: Assume that {4,,.n > 1} € A and A £ A, and g is a measure,

(1) (Continuity from above)

I A, A dmplies p(Ay) — p(A), pis said to be continuous at A from above.
(2) (Continuity from below)

If 4, /" A implies p(A,) — p(A), g is said to be continnous at A [rom below.
(3) (Continuity at A)

If A, — A implies p( A, ) — p(A). g is said to be continnous at A,

REMARK 2.1.1 .

{1} Additivity is a rather natural requirement while that of o-additivity is not.

{i1) Measure g is continuous from below.

To see this, let B, 7 limg, oo By = UG Ba. Then we can write B, = By +(Ba— B)+ ...+ (B, —
B,_1):= EL] A;. Note that s-addifivity implies that

(1 ) < (S ) - Tt - o i
=1

i=1

That iz, g is continuous from below.
(1¢i) However, measure p may NOT be continuous from above.

For example, define a measure ;¢ on the Borel measurable space (R, B) by

pld) = 0, irA=10
= oo, if A=

It is easy to check that g is o-additive, thus a measure. Take A, = (0,1/n), then A, — @ forms a
decreasing sequence of sets in B, but p( A, ) = oo 5 (i) = 0.

(iv) Measure g will be continuous from above conditionally on the assumption that
(A < oo for some finite m.

For example, let us show that the measure p given above is indeed continnous from above conditionally
at A = 0. In fact, given a decreasing sequence A, ™, @, the assumption p{Am) < oo for some finite
m implies that Ay = @ for all £ = m, thus g(Ag) = 0= () for all k£ = m.

(¢) Finite measures (such as probability measure) are always continuous. See the next
section (i.e. Case [1I}.
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2.2 Properties of measure

2.2.1 Case I: semialgebras.
Let A be a semialgebra. For simplicity, we assume that
10,0} c A

Hence, Lemma 2.1.1 applies.

THEOREM 2.2.1 Lef i be o nonnegative additive set function on a semialgebra A, Let A, B e A
and {A,.B,.n =1} A.
(1). (Monotonicity): ACEB = ulA) < ulB).
(2). (g-Subadditivity):
(). S0 A, c A, = 7 p(A,) < plA).

(b). Further assume that p s o-additive (henee a measure ). Then,

BC Y B.. = p(B)<> p(B.)

n=I1 =1

Proof. (1). Note B=A+(BNA ) =A+BnN (>, A)=A+5 (A nNB)

i

p(B) = p(A) + ) p(Ain B) = p(A).

(2). The proot will be given at the end of the section “Extensions of set functions” later. g

2.2.2 Case II: algebras.

All the properties for semialgebras also hold for algebras. In addition, we have

THEOREM 2.2.2 (g-subadditivity) Let g be a measure on an algebra A, Then,

ACUFA,, where Ac A {A,,n=1led = pld)< Zp{z’ln].
l

(Note the difference from the last theorem. Here we have U, not 3 7)

Proof. Let B, = A A, € A, and ', = B, — L_J:-l__lj B; € A {(as it only involves a finite number of
operations). So

A = AN(URA,) = US(ANA,) = UXB,
= By +(B:—By)+(Bs— [B1UBs|) + ...
— ET?.“
n=1

By the a-additivity and monotonicity of the measure g on A, we get

As f’T.-'.e. - E:IL - -'411- [ |



2.2.3 Case III: #-algebras.

All the properties for semialgebras and algebras also hold for e-algebras. In addition, we have the
following.

THEOREM 2.2.3 Let p be o measure on a g-algebra A, and {4,,} € A.

(1) (Monotonicity) A; © Az, = plAy) < p(Aa).
(2] (Boole’s inequality or Countable Sub-Additivity)

-~
;f'[u-?-_.j *’q:.} E z fl{"q.']
=1

(3) (Continuity from below)
An A, = u(A,) — plA).

(4) (Continuity from above)
Ap ™ A and pl(Ay) < o0 for some m = 1 except for A, =0 = p(A,) — p(A).

(3) (Continuity at A) If p is a finite measure, and A, — A, then p(A,) — p{A).

[T]:u_‘*. claim (5) may not be true if g is not a finite measure; see the example given in Remark 2.1.1 ]

Proof. Even though the proofs of {1) and (2) are implied by those for semi-algebras and algebras, we
will still give very simple proofs for -algebras.

(1) plAs) = p(Ay) + plds — Ay) = p(A4 ).
[Q:I -I'-] L= L_,l:il..""!'. — ..":!.1 + {.."1.2 — AlJ + {.."1.3 — {.."1.]_ -.J .-4_‘:-}'] + saay 10 ]

pA) = A+ plAs — Ay) 4+ p Az — (A U Ag)) + .
< ulAy) + p(Az) + p{Az) + ..

=

(3) First assume that p(A4,,) = o for some m. Note 4, 2 A, forn = m and A =74, O
Ao Then, monotonicity implies that p{d,) = pld,) = o for n = m and pu(d) = 2.
Therefore,

lirlin Ay, ) =n0c = pulA).

Now assume that for all m, p{Ad,,) < oo, Then A = U204, = A+ (A2 — A )+ Az — A+,

S

(A} = plAg) + p{As — Ay) + plAs — Az) +

= (A + Y [p(A) — p(Aiy)]
=2

T

= plAn) + Tim 3 (A — p(Ai)]

=2

= lim pu{A,).

L

(4) Assume that for some m, p(A,,) < oc. (There is no point of discussion if p{Ad,,) = oo for
all m = 1.} Then A,, — A,, n = 1 forms an increasing sequence and A, — 4, — 4, — 4 =
Ay — 2 A Then from (3), for n = m,

#‘[-’1:" - -’qu} = f‘{"q-'n:' - .”'[:-'4":' — M ("qmzl - M {ﬂ?il‘q!-} ‘

Therefore,
lim (A, ) = p (M2, 4;) = p(A).

(5) See one of the exercises at the end of the Chapter. g
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2.3 Arithmetics with <

Since a measure can be oo, we need to know arithmetics with it. For any = € (—o0, oc), define
. oo 4+ o = o, roo = oo (x = 0), oo = —oa (x < 0),

2,

h’

—

o=, o4 oo =0 o=

= £ — I_}

el

T
s
4. o¢c — o0 and ¢ /oo are not defined.

2.4 Probability measure

If (€2} = 1, then g is a probability measure, usually written as . The probability space is ({2, 4, ).
Then by definition,

1. For any A € A, we have 0 < P(4) < 1.
2. P(L) = 1.
3P A =37 P(A,).

Here are some more properties:
4 P(3TA) =37 P(4)
b PIG — A)= FP(B)— P(A)if A C B, In particular, P{A4") =1 - P{A).
6. P(A)< P(B)if Ac B.

. P(AUB) = P{A)+ P(B)— P(AN B).

8. PUR_Aw) = 3 P(AY) — Suey P(Ai A A) oo

9. If A, 7/ Aor A, N, A, then P(A,) — P(A).

10. If A, — A, then P(A,) — P(A).

=]

(S0 probability measure is continuous, as well as continuous from above and below, )

Proof. We shall only prove a selected lew.

(5). P(B)=P{A+[B—- A} =P(A)+ P(B — A).

(7). PIAUB)=P(A+ [B - A])=P{A)+ P(B - A) and
P(B-A)=P(B-ANB)=P(B)- P(AN B).

(8). By induction. The details are omitted. g

2.5 Some examples of measure

Example. ({1, .4) is a measurable space. The following set function g on A is a measure:

w(A) = 0 A=,
- Ae A AZ£0(

This is neither a finite nor a o-finite measure.

This example shows that measures can be rather abstract, even though thev are extensions of
length, area, volume.

Example. (Counting measure}. 2 is a space. For any A C £}, define

Ay = |A| ;= number of elements in A, (oo if it contains infinitely many elements)



Then p is the counting measure on the measurable space ({2, P(Q)), where P(£2) is the power set.
Note that

(a). gt is a finite measure if £} < oo
(b). u is a o-finite measure if €2 is countable;
(c]. pis not a o-finite measure if {2 is not countable,

Proof of (c). Otherwise, if i is a o-finite measure, then 3 U A, = O such that p(Ad,) =
|An| < oo, which makes €2 countable. Contradiction. g

Example. |Discrete Probability Spaces). Let {2 be either finite or countably infinite. For any 4 € P(Q}),
define
P(A) = Z plw), where plw) = 0and » ., plw) = 1.

wie A

Then (13, P(12), P) is a (discrete) probability space.

Example. (Geometric Probability). Continuing from the last example, when €0 is finite, we may take
plw) 1/1€2| so that P{A) |A|/|$?]. Note that we have assumed certain kind of symmetry in our
definition. Examples include

(1). Hipping a fair coin: = {Head, Tail},
(2). rolling a die: 2 = {1,2.3,4,5,6}.

2.6 Extension of set functions (or measures) from semialgebras
to algebras

Definition: Let A and B be two classes of subsets of £ with 4 € B. If p and v are two set functions
{or measures) defined on A4 and B, respectively such that

pl(A) = pv(A), for all A € A,

v is said to be an extension of p from 4 to B, and i the restriction from B to A.

First we shall extend a set function (or a measure) from a semialgebra & to § = A(S).

THEOREM 2.6.1 .

(1). Lef g be a non-negative additive sefl function (or measure) on a semialgebra 8 {containing
0), then o has o wnique erlension 1 to & = A(S), such that T is additive.

(2). Moreover, if g is o-additive on § {which implies that p is a measure on & ), then so is
I on &,

Proof. (1). For every A € 8, we can write A = Tl” A; with 4, € §. Dehine
L

m(A4) = 3 (A,
1

Then i is well-defined on &, since if A has a distinet partition A = Z:f_] B, B; €&, then

ad) = Z,u[.fiz-} = Z#[ﬂi MA)= ZH{Z A; N Bj)
i—1 i—1 i=1 =1
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L TE L

_ ZZ#;} ﬂHJ_Z;AZfI N By)

i=1 j=1 i=1
= Z:r—(ﬂ NB;) = E u(B
i=1 i=1
That is. 7i(A) is the samne irrespective of the different partitions of A.
Clearly, f{.A) is nonnegative and @{@) = (@) = 0. It's casy to see that @ is additive,

To prove uniqueness, let o be another extension of p to & = A(S) such that 4 is additive. For
A= Ei_] *45 = -‘1{5] with .3!; = -5'1 we have

i I
A(A) =) alA) =D pl(A) = (A).

(2). We will show that 7 is a-additive below. Suppose that B, € & and disjoint and 4 =
Z” 1 B‘rr = 15'. we wish to show

o
1) = > (B, (6.1)
n=1
Since 4, B, € 8, we have
! a
A=) A; with 4, €8  and B,=)» B,; with B, €S
i=1 j=1

Note that 4; N B, ; € & (becanse of semialgebra) and they are disjoint. So we have

i {
A = ) plA) = pAnA)  as A CA
i=1 i=1

2o Jn

i
= Zp ZZA; M By, as A=3%" B,=%", E_::l B,
=1

n=1j3=1
) [S T
= Z Z ZH (Ai N Byj) as i is o-additive on 8.
i=1 n=1 j=1

On the other hand, we have

o P s
Y E(B.) = > ) p(By) EZ# B,jNA) asB,;cA
=1 n=1 j=1 n=1 j=1
o Ay i
= I (Z nj M A )
n=1 j=1I =
oo Jdyg
= Z Z Z;r.l:ﬂ,u M Al as p 15 g-additive on &
=1 j=1 i=]

This proves (6.1). g

We are now ready to prove part 2 of Theorem 2.2.1. stated earlier but not proved.

THEOREM 2.6.2 (o-Subadditivity) Let g be o nonnegative additive sef function on a semialgebra S,
Let AA, 8. Then



1), T A0 €A = p(A) = T u(A).
(2). Further assume that p is o-additive (hence a measure). Then,
AC Z:.D_I A, poulAd) = E:D_l ji{ Ay, ).

Proof. Let g be the unique extension @ on & = A(S) (from the last theorem).

(1). Since 527 A; © A and A, 5 A; € 8, by the monotonicity of g, we get

p(A) =Ti(A) 2 7 (E A.a-) = AA) = 3wl
1 1 1

Letting n — oo, we get the desired result.

(2). Since ji is a measure on the algebra § = A(S), applying Theorem 2.2.2, we have i(A) <
o1 A(Ay), implying p(A) < 377 p(A).  »

2.7 Outer measure

Definition: Let i be a measure on a semialgebra S with §1, € € S, For any A < Q, define

oo
;;,*[A} = inf {ZII{AH]; AcC Uﬁil-_] Ap, Ay € 5}
=1

to be the outer measure of A. p* is called the outer measure induced by the measure g

Remarks:

(0) Recall: a® := inf, a, is the largest lower bound of the series {a,.n = 1}, Le.

(i) a* := inf, a, is a lower bound, that is, a,, > a for all n = 1.
(i1) %Ye = 0, a* + ¢ can not be a lower bound, that is, there exists an a,, s.t.
A = @7 + €,
(1), p*(A) is defined for all A € £ since A C 1), So the domain of g*(A) is the power set
P(1). The range of g™ is [0, =¢].
(2). p*(A) may not be a measure itself,
(3). One can think of A as any set on I, and UT™A,, as a countable covering of A.

THEOREM 2.7.1 Let p be a measure on a semialgebra & with 0. € 8, and p* be the ouler measure
induced by p.

(1) p*(A) = p(A) for A e & In particulor, (0} = (@) = 0.
(2) (Monotonicity)

pr(A)y < p(B) forAcC B C L
(3) (er-subadditivity)

[

pt (U AL < Z,u.‘[ﬂﬂ}, for {A,} < Q.



Proof. (1). Suppose A € &, Since A C A, by definition, p"(A) < u(A).

On the other hand, if A © U2, A, with 4, € &, then p{Ad) < L (AL ) by the o-subadditivity
of ppon &, see Theorem 2.6.2. Taking inf on both ‘-':']dl.'..‘ﬁ we get u(Ad) < (z‘l} So (1) is true,

"1_-'

(2). Suppose A C B. If B C U2, B, then A C U2 B,,. (i.e., if {B,} is a countable covering of
B in S, it is also a countable covering of 4 in 8.) So by dl?htllLl{:tl,

W (A) < 3 u(Ba).
n=1

Taking inl on both sides, we get p*(A) < p*(B).

(3). I 37wt (A,) = oc, (3) s true. Now assume 3% u*(A,) < o0o. Let € be an arbitrary positive
number. For each A, < €, by the definition of u*(A,}, there exists {4} € &, & = 1, such that
A, U Ay (Lew, a countable covering of A4, in &) and

#‘I{An] = ZH{AMRJ < H'*r:‘qn]l + %

It is clear that USA, C UL, U, Ay with Ay € &, (ie., the latter is a countable covering of the
former in &.) So, in view of the last inequality, we have

I"'l -"qu} = Z Z'U -rJ,Ir { Z.“ -r:

n=1 k=1 =1

Since € can be arbitrarily small, the prool 15 complete. g

We've shown that p* is g-subadditive, but it may not be g-additive, and therefore may not be
used as a measure (since a measure must be g-additive). Although it is possible to introduce an inner
measure (i, and then a measure induced by g (if inner measure = outer measure), it is more convenient
to introduce the following definition, due to Caratheodory.

Definition: A set A C {1 is said to be measurable w.r.t. an outer measure p” if for any [ C {2,
one has
pr(D) = pt (AN D)+ p* (AN D).

Although this definition is not very intuitive, it works well.

THEOREM 2.7.2 A set A C 1) is measurable w.or.t. an outer measure p* iff for any DD C ), one has

p (D)= pt (AN D)+ p* (AN D),

Proof. Tt follows from Theorem 2.7.1 that p® is g-subadditve, i.e.,
pr( D)< pt (AN D)+ pt (AN D).
Therefore, p* (D) =p* (AN D)+ p (A ND) = p* (D) Z p* (AN D)+ p* (AN D). n

THEOREM 2.7.3 . Let A® be the class of all p*-measurable sets.

(1). The class A* is a a-algebra,
(2). If A=5"7"A, with {A,} € A*, then for any B < €,

(AN B) ZF (A, N B).

(3). (0, A%, u*|4-) is a measure space. Furthermore, p*| 4+ is an extension of g from & lo

A*,
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(t.e., Although p* 15 defined on P(82), but the restriction of p* to A" s a measure. )
[ We'll still use p* to denote p*| 4~ if no confusion occurs.)

Proof.
(1). We first show that .4° is closed under complement. If 4 ¢ A", then for any [} C (), one has

ut (D) = gt (AN D)+ g (A° N D) = w* (A° 1 D) + p* (A% 1 D),

which implies that A® ¢ A*. S0 A" is closed under complement.,

It remains to show that 4" is closed under countable union, or countable disjoint union
as given in the next lemma.

LEMMA 2.7.1 F is an algebra. F is a o-algebra < 5" A, € F whencver {A,} € F and
disjoint. (i.e. closed under countable disjoint union.)

(The proof of this is left as homework, see homework 1).
To use the lemma, take {A,} € A* and they are disjoint. We need to show that 7 A, ¢ A*. For any
D e 1,
WD) = pt(Ay N D)+ pt(AS A D)
= p" A nD)+pt AT AN DYy + pt (AT N AN D)
— (A N D)+ (A AS N D)+t (Ag 0 AS N AS 0 D)
b (A5 N nAS N AT N D)

= p(AnND)+p AN AN Dy p* (A AS 0 AT 0 DY
+p (A, N A, _ N NASN AT N D)
+ut (AL NAL N nAS N AT N DY,

1

Since {A,} are disjoint, we have

A 0 ;1;;._1 [ I N A7 = Ag,

AS P AS_ M M AS = (Z .42-_) 5 (Exj Ai) .
i=1

Therefore,

prD)y = ptAND) 4 p (A D)+ 4 pt (A, N D)

(54

i (A, DY) 4t ((i A,) N D) X

i—=1

I\

Letting n — o0, we get

p(pD) = i;n*{ﬁll oy +u” ((i .il,) | M D)
i=1

i=1

> ((i _41) M D) + " ((i: A,)PP D) . (7.2)

This shows that 37, A; € A*. Thus, A* is a g-algebra,



(2). Continuing from ahove, since Y- | A; £ A", and so all the inequalities in (7.2) can be replaced
by equalities. That is,

pt(D) = Z,u (A; D)+ p” ((Zﬁl) N ) (7.3)

TS ((Z]fl) M D) b ((i 1) M D) . (7.4)

In particular, we let D = (3.5, A;) N B, we get

iy ([Z A B) =

i=l1

p (AN B) + pt ()

I

i=l

= u' ((Zﬂ?) HB) + pt (0).

Since p® (1) = 0 from Theorem 2.7.1, we get

Z# (A; N B) = u* ((i Ilj)l“B) — ' (AN B),

=1

which proves (2).

{(Remark: Note that, from (7.3) and (7.4}, we can not directly get

Z;L i) ((Z As) i ﬂ‘) =p" (AN D)
-

since Ay + B = Ay + B does not necessarily imply A; = Ay unless |B| < oc.)

{(3). Clearly, p* is nonnegative on A" and g-additive from (2} by taking B = A or ). So u" is a
measure on A"

The fact that p*|.4- is an extension of p from & to A* follows from Theorem 2.7.1 (1). g

2.8 Extension of measures from semialgebras to o-algebras

What is the relationship between the two g-algebras A® and «(8)7?

THEOREM 2.8.1 We have & — A*, hence o{8) C
Proof. For anv A € §, we need to show 4 € A", namely
pi (D) = p{AND)+p (A N D) for anv D C £,

By the delinition of (1), for any arbitrary € = (), there exists {A,} € &, U4, O D (i.e. there exists
a countable covering of D in S}, such that

p(D)+ez ) p(An) = p*(D). (8.5)

As A € 8, we have A® = 31" | By with B € 8. So

Tre

An = ANA,+ANA,=ANA +) (BeNAy).
=1
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So pu(Ap) = (AN A+ 3, w(By N Ay). From this and (8.5), we have

e =)

#*{D)'F'E = Z#(-dn}
1
- Z#[ﬂr111:1}+ZZi¢{BR'—|ﬂnj
1 n=1 k=1

> (AN D)+ pt(ATN D),

where the last inequality holds by the definition of " and the fact that U (AN A, ) and D52, UTS, (BN
A, )} are countable coverings of AN D and A° N D in 8, respectively, since

UFE(ANA,) =An(UFA4,) 2 ANnD,
I“-Jﬂm:l UEL[ (B ﬁAﬁ-j = U?:]{Aﬂ ﬁ"qnjl = AN {Ur;lﬂn] D A'ND.

Since € can be arbitrarily small, we have shown that 4 € A", Therefore, we showed that & © A",

To prove the second part, we take & on both sides of § C A" toget o(8§) Co(A”) =A% as A" isa
d-algebra, g

REMARE 2.8.1 From the last theorem and earlier resulls, we see thal

S ¢ § < o8 < A c PO

REMARE 2.8.2 We have seen from Theorem 2.7.5 that the measure p can be extended from & lo A",
We've also shown that o(8) C A*. In the next theorem, however, we shall extend the measure p directly
from & to o(8). (It 5 possible to extend measure from a semialgebra 8§ to A(S), and then exfend it again
to a-algebro; see Durrett (1996) for example.

TueoreM 2.8.2 (Caratheodory Extension Theorem) .
Let i be a measure on a semialgebra & with 1,0 € &.

(#). p hos an extension to o(8), denoted by plas). so (.o(8), plars)) 15 a measure space.
Furthermore. il sy = 1|28, t.e.. this extension can be simply taken to be the restriction of
measure p1°| 4+ fo o(85).

(it). If pu ts o-finite, then the extension in (1) {5 unique. (ie., if gy and gy are both extensions
of g to (&), then gy = pal)

(Remark: The extension from & to #(8) may not be unique if g is not o-finite; see Exercise
2 page 63, Yan 5.0, et al. )

Proof. (i}. From Theorem 2.8.1, we know «(8) < A*. Then, by Theorem 2.7.3, the restriction of p* on
(S} 15 an extension of p from § to (8).

(2). pis o-finite = there exists disjoint {0, } € 8, such that 3.7, 1, = Q and p(0,,) < o for each n.
Suppose py oand go are both extensions of measure p from & to o S).

We shall first show:

pilANDL) = p=(AN DY, YA € a(8), and ¥n = 1. (5.6)
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FProof. Wn = 1, define
M={A:Aeca(8), p(AND,) = p2{ AN Dy}

[This is, we collect all sets satisfying (8.6, and need to show that M = o(S8). Since M C #(8),
we only need to show that M O o(8).]

Obviously, & © M. (To see this, if A € 8, then clearly, A € 7(8) and also (AN D) =
pa(AND,) since AND, € 8 and py and pa are both extensions of p from 8 to o(S). Hence,
A e M.) So py and ps are both extensions of measure g from & to ¢(8). From Theorem
2.6.1, we know g has a unique extension to A(S), i.e.,

pi(A) = pa(A), YA e S =A(S)

Therefore, § = A(S) ¢ M. (To see this, if A € 8, then clearly, A € o(8) and also
AN DY) = pe(AN D) sinee AN D, © 8 and g and ps are both unique ertensions
of it from & to &, Hence, A € M.) From the Monotone Class Theorem of the last chapter,
e, if M ot anome-closs containing S, then o(8) © M), it suffices to show that M is an m-class,
which implies that M O #(8) = #(8). By definition, M C #{(8). This shows M = o(8),

which in turn proves (8.6).

It remains to show that A4 is an me-class.

Proof.  Let {43} € M and Ay 7 A = UFA4,. Note {4} e M = (AN D) =
pa(ApnDy), n =1,k =1, Also {A,} € M C a(S8), by the property of continuity from below
for a measure on a g-algebra, we get

251 [Aﬂ ll:'h'::::I = LIEIL P'fl(-"ll.ﬁ: HD‘FI} = JE&FE(AR [ -Dﬂ] = .HE(AH Dﬂ}l

Therefore, 4 = U4, € M.

Now Let {Ax} € M and Ay N, A = N{PA. Since g is o-finite, we have p(Ax N D) <
il Dy = plD,) < oo, By the property of continuity from above for a measure on a o-
algebra, we get

AN D, = lim p(Ap N D) = lim pa(Ag N D) = pa(A0 D).
e —s 0 fe—s 0o

Therefore, A = NFA, € M. Thus, M is an me-class.

Finally, we show the unigueness.

Proof. YA ¢ a(&), in view of (8.6) and g-additivity of a measure, we have

] g ] [

m(A) = m(ANY Da) =D u(ANDy) =) pa(ANDy) = pa(A).

Thus, gy and pg are the same on o(S). g

The measure extension theorem has a useful application in probability.

COROLLARY 2.8.1 If P s a probalilily defined on a semialgebra & on (), then there emsts o unigue
probability space (82, o(8), P*} such ihat

P(A) = P(4), VAEeS.
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2.9 Completion of a measure

We have seen that g also has an extension p* to A%, which in turn has a restriction @ 4+ to the a-algebra
(&), But what is the relationship between these two?

Definition: Let ({24, 4) be a measure space. and N < (L

(i). N 15 a p-null set iff 38 € A with p(3) = 0 such that N © B,

(ii). (€24, u) is a complete measure space if every p-null set N € 4.

Clearly, a pg-null set N < £ may not be A-measurable unless (91, A, u) is complete, However, the next
theorem shows that any measurable space can always be completed.

THEOREM 2.9.1 Given a measure space (£2, A, i), there exists a complete space [ELE. E] such that A © A
and i = p on A.

Proof. We shall prove the theorem in several steps.

(a). Take
A = [AUN:Ac A, Nisa p-null set). (9.7)
B = {AAN:Ac A, Nisa p-mull set}. (9.8)
We shall show that A = B,
Proof. Let A € 4 and N be a p-null set, ie., 38 € A with u(B) = 0 such that N © B.
It is easy to show (via diagrams, e.g.} that
AUN = (A-B)+(BN{AUN))=[A- BJA(BN{AUN)), (9.9)
AAN = [(A-B)+(Bn(AAN))=(A-B)u{Bn{AAN})). (9.10)
Note that A — B € A Also (BN {AUN)Y C B and (BN {AAN)) C B are both p-null
Aets.
To finish the proof, let A := AU N £ A. From the above relation, it is clear that
A:=AUN € B. Therefore, A C B. Similarly, we can show that Bc A g
(b). Secondly, we'll show that A is a o-algebra.
FProof. If E;, = A, UN, where A, € A, N; C B; where p{B;) = 0, then L, A; £ A, and
subadditivity implies p{U;B;) < 3 p(Bi) = 0, so U;E; € A, As for complements, if
EFE=AUNand N C B, then N 5 B", s0
E° = A“NN® = (A“N BY) U (AN N°N B),
where AN B € Aand AN NN B C B (ie, a g-null set). So £° € A Thus, A is a
r-algebra.
(¢). Define a set function on A by
H(AUN) = p(A), for AUN € A, (9.11)

Then, we can show that

(c1) s well defined,; (¢2) p(AAN) = u(A), for AAN € A
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Proof. (cl) We need to show that if £ = A1 AN, = A2 AN are two decompositions then
plAr) = plAz).
Since (AABJAC = AA(BACY) (see the example in the last chapter), we get

(A AAA{NIAND) = [[A AA2)ANAN: = [[A AN JAA] AN,
= (A ANDA(A2ANS) = (AL AN A(ALAN) = 0,

(where the last equality follows since faaa = |4 = I4| = 0). Therefore,
(A1AAz) = (N1ANz)

Since NyAN: € Ny U No, thus NyAN; and 43 A A are p-null sets. So pl(d,A4,) = 0,
consequently, p{A; — Az} = plAz — Ay) = (. Therefore,

u(Ar) = e (Ar N Az) 4 (A — Az) = p(An 0 As),

ﬂl::-"‘!g::l = ﬂ{-"“-l [} .-"1.2] | ;II[.*"!Q .."'1|_:| = ;.a.l:.-"h i .-"‘Igz:l.
(e2) wlB) =0 = plA) = (A - B)+ p(ANB) = u{A - B). Then, from (9.10} and

{9.11), we get
FAAN) = (A — B) = u(A). o

(d). Next we show that ({1, I,;_T} is a measure space. From (b), A is a o-algebra. From (9.7)
and (9.11), @ is g-additive on A.

(e). Finally, we show that (€. A7) is the completion of (€2..4, u). That is, we need to show
any p-null set is A-measurable.

Proof. Let N he a fi-null set, e,
3B € A such that N € B and @(B) = 0.
Note that
“3B e A" —= 34 € A and a p-null set N st. B = AAN,

“a( ) =07 = G B) = G AAN) = u(A) = 0.

“Noap-mull set” = 2B Aand N C B st. p(B) =10.

Thus, -
NCcB=AANCAUNCAUBc A,

(AU B) < u(A) + (B) = 0.

That is, N is g-null set. Therefore,

N=0ANec A g

Remarks:

(1). We shall call (£2..4,7) to be the completion of (€2, A, u).)
(2). From the proof below, we shall see that one can take

A = [AAN:Aec A, Nisa p-null set},
= {AUN:Ae A Nisa p-null set},
TAAN) = FA(AUN) = u(A), for AAN € Aand AUN € A

We now introduce a lemima useful in the next theorem.

LEvyma 2.9.1 Let g be a measure on a semialgebra 8, and p* the outer measure induced by p. If A < 2,
and p*(A) < oo, then 3 B € a(8) such that
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(i) AC B,
(i) p*(A) = " (B),
(ii). WO C B — A and C € a(8). we have p=(C) = 0.

(Here, we call B to be o measurable cover of A. )

Proof. Vn = 1, 3{F,;, k = 1} such that A C U, F,. := B, with Fj,; C & and
-
p(A) <Y p(Fur) < p*(A) + =
k=1
Since p® is an extension of the measure p from & to #(8), we get

1

.H*{ nFe {H' A}"'_

”MR

Let B=r_,8,. Then B € a(&8) and I3 2 A, which proves (i). Hence,
" " " " 1
p(A) = p'(B) = p'(Bn) = p(A) + .
Letting n — oo results in p*(A) = p*(B), which proves (ii).

Note that p* is also a measure on ({1, A*) where A* D o(&). Soif O C B
(O < p*(B) — p*(A) =0, which proves (iii). g
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We are now ready to state the main theorem of this section,

THEOREM 2.9.2 Let p be a o-finite measure on a semialgebra &, p* be the outer measure induced by pu,
and A* the o-algebra consists of all the p* -measurable sets. Then (82, A%, p¥| 4+ ) is the completion of (£, o(85), 1”25 ).

Proof. For simplicity, we shall write
po= T a4 Ho i= 1" a8y = plo(s)-
Let (£2.o(&), 7, ) be the completion of (£, o(&), p,) as in the last theorem. So

g(S)={AUN : Aea(S), Nisa p,-null set},
P (AUN) = p(A), for AUN € o(8).

It suflices to show that

7 (S) = A*, (9.12)

the proof of which will be given a little later.

To see why (9.12) is enough, let K € A%, = F € ¢(&). = 34 £ o(8) and a p,-mull set N such
that E = AU N. Since p* is a measure on (£, A"), and N is g"-measurable with " (N} = 0, then we
have

pHAY < " (E) < p"(AUN) < g™ A} + g7 (N) = 1" (A) = p,(A).

Hence, we have
pAUN) =p"(E) = p,(A)
which implies that (£2, 4%, p*) is indeed the completion of (£, a(&), e ).

It remains to prove (9.12).

Proof of (9.12):

(i). We first show that o(S) C A*. If F :== AUN € o(8), where A € o(8) € A* and N is
te-tll set. It is easy to show that N € A",

Proof. N is pe-null set, =+ N © B £ a(8) ¢ A" such that u.(B) = 0. -
0 < pu™(N) < pu"(B) = po(B) = 0, ie, p*"(N) = 0, = ¥D C Q, p*(D) =
pHDON)+0 = p*"(DNN) 4+ p"(N) 2 p"{DON )+ p" (DN N). = N is
(1 -measurable, ie., N e A%,

Since 4, N € A® and A* is a o-algebra, we have £ := AU N e A*. Thus, o(8) < A*.



(i1). Now we show that A* € #(S). Let A £ A",
Case I: p"(A) < .

From Lemma 2.9.1, 9 B € ¢(8) such that A € B and p*{A) = p"(B) [i.e. B is a measurable
cover of A in o(8)]. Since p* is a measure on (£1,.4%), we get

piB —A)=p"(B)—p'(A) =0.
Let ' be a measurable cover of B — A in a(&), i.e.,
C o B A, C' € al8), prC)=p (B —A)=0.
Clearly, A = (B — C)+ (AN C) (draw a diagram to illustrate), and

B-CealS), AnCcC, Ceal8), u(C)=0=p(C).

Thus, A1 is a pe-nll set. This implies that A € a(&).

Case II: p*(A) = o0,

sinee pe is o-finite, therefore its extension p”™ is also oa-finite. Thus, ¥4 € A%, we have
A=%"A, with A4, € A" and p*(A,) < cc.

Proof.  u* is o-finite, = {1 = ZT E, with E, € A" and p*(E,) < 0. =

A=AnN = ZTTEA M E, = Z?; A, with 4, = AN FE, £ A" and Irr."{.-fl,_,_} <
pr(E,) < oo

It follows from the last paragraph that A, € o(8), which implies that A =377 A, € o(5)
as (&) is a o-algebra. This proves that A* C «(8).

Combining (i) and (ii}, we have shown A* = o(8). g

REMARK 2.9.1 From the proof of the last theorem, we have seen that A* = a(8). Thercfore, we can
write
A" = a(8) + {all py-null sets}.

In other words, the gap between A* and o(&) is filled with all all p,-null sets,

2.10 Construction of measures on a og-algebra A

2.10.1 General procedures

Here is one useful way of constructing measures on a a-algebra A.

(i}. Identify a semialgebra & so that 4 = a(S).
(ii). Define a map p: & — K so that g is a measure on &,
{The next theorem is useful in proving g is a measure on &)

(111). Extend the measure from & to A = (&) by the measure extension theorem,

S = § = A = o(8§) = A,
po o= p, = pla- = plos) = s

Note that the first two relations are extensions while the last one is a restriction. Usually, p~
can not be extended further to the power set P(£2).



The following theorem is useful in finding a measure on &.
THEOREM 2.10.1 Let i be a nonnegative set function on a semi-algebra S with 0, Q0 € 8. Assume that
(i) p 15 additive on &.
(t.e. w(A) =37 plA;) whenever Ay, € S and A=3%"74; € 5.
(ii) p is a-subadditive on &.
(e p(A) < 37 u(A;) whenever 4, 4, € § and A C 377 4,
lor A=73%"7" Ay, or A C UFAL.

Then p is a measure on 8.

Proof. Since p is nonnegative and finitely additive, it can be easily shown that g} = 0. It remains to
check if po1s o-additive. That is, 1if A = ET An, where A, A, € 8, we'd like to show

1 A) Z;I{Aﬂ]-

From Theorem 2.6.2, we have
-‘_::.
u(4) 2 3 p(Ar).
1

Combining this with assumption (ii), we get p(A) =3 p(A.). &

2.10.2 Lebesgue and Lebesgue-Stieltjes measures

We are now ready to construct Lebesgue and Lebesgne-Stieltjes measures on 1-dim Borel space (R, B),
where B = |—oc, oo| and B = Borel sets (i.e., the o-algebra generated by all open intervals).

THEOREM 2.10.2 (L-S measure) Suppose that F is finite on (—oo,0c) (e |F(t)] < oo for [t < oo},
and
(1) F is nondecreasing; (#1) F' is right continuous.

Then there is a unique measure g on (R, B} with

p{a, b)) = F(b) — Fla), —o0 < a < b < oo,

(When o = b = oo or —na, the right hand is understood to be 0.)

CoroLLARY 2.10.1 (Lebesgue measure) There is a unigue measure A on (R, B) with

plla, b)) =b— a, oo < a < b < oo,

Remarks:

(1) A hanetion F which is nondecreasing and right continuous is called a Lebesgue-Stieltjes
(L-58) measure function.

(2) The (completed) measure p is called the L-S measure. The (incomplete) measure p is
called the B-L-5 measure. (B stands for " Borel” ).

(3) If F{x) = @, then (the complete) g is called the Lebesgue measure. (note: the incom-
plete o is called Borel measure). Lebesgue measure is not finite since g B) = =, but it is
a-finite.

(4) Clearly, F uniquely determines p, but not visa versa, since we can write p((a, b)) =
Fib) = Fla) = (F(b) +¢) = (Fia) + ¢). So there is no 1-1 correspondence between the class
of all L-5 measure function and the class of all L-S measures.
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(3) If we further restrict @ to the measurable space ([0, 1], 510,17}, then u is a probability
measure, (a uniform probability measure),

(6) When € is uncountable {e.g. € = R or [0,1]). it is not possible to find a measure on all
subsets of /B and still satisfy p((a,b]) = b—a. This is why it is necessary to introduce o-fields
that are smaller than the power set, but large enough for all practical purposes.

Proof of Theorem 2.10.2. Let S = {(a,b] : —o0 < a < b < oo} U{R, U, {—s0}}. It can be shown
that § is a semi-algebra and B = #(&). Define

w({a, by = F(b)— F(a), if —oc < o< b <o,
p{{—i}ﬂ}‘} = n:
plR) = Floo) — F(—o0),

where

F(oo) = lim F(z), F(—oc) = lim F(x).
(00) = lim F(z), (—o0) = lim F(z)

Several remarks are in order before we move on:

() Recall } = R = [—o0,00]. Since we assume that £} = R € 8§, we need to add R to §. As
a consequence, we also need to add {—oc} = [—o0, 00| — (=00, 0¢] = (=00, oc|® to 8§ as well,
(b) Note that both F{—oco) and Floo) exist (but may take o0 value) as F'is monotone.

(¢} The definition of Floo) émplies that F is left confinuous at oo,

(d) If we consider ! = (—o0, 00| instead of |—o0, oc|, then & = {{a,b]: —oc < a < b < oo} will

form a semialgebra. The conslruction would be simpler in thal case. (One can then exlend
the measure again to [—oc, 20|,

Let us come back to the proof of the theorem.

(I). First we check that p is well-defined, i.e. we should not have oo — oo or (—oo) — (—oc). Clearly, there
15 no problem when both a and b are finite, or one of them is finite and the other one is infinite. Finally,
when a = —oo and b = oo, p((a, b)) is also well defined since Foo) > —oo and F(—oo) < oo, otherwise,
we would have either F(t) = oo for all t € R or F(t) = —oc for all t € R, which is excluded from our
consideration.

(IT}. Secondly, we show that p defined above is a measure on the semialgebra & by way of Theorem 2.10.1.
Clearly, i is nonnegative.

(i). Checking finite additivity (i.e., checking condition (i) of Theorem 2.10.1): Let § =
S S, where S, 8; € 8.

(ia). It § = {0}, or = {—oc}, finite additivity is trivial since § = 5. It § = R,
then finite additivity holds for R = 3", S; iff it holds for R - {—o0c} =31 (S5 -
{—oc}). (Note that one and only one of 5;'s contains {—oc}.) But it is easy to see
that R — {00} = (—o0,0c] and 5; — {—oo}’s are all half intervals of the form (a, b,
where —n0o << a < b < oo, So the case is reduced to the following case (ib).

(ib). If § = (a, b|, then we must have S; = (a;, b;]. That is, (a,b] = 57 (a;.b;]. Then
after some relabelling the intervals, we must have a; = a, b, = b, and a; = b;_, for
2 < i < n. So by definition, we have p({a,b|) = 377 p((a;, b;]) = F(b) — Fla), ie.,
it is finitely additive.

(i1). Checking e-subadditivity (i.e., checking condition (ii) of Theorem 2.10.1). Let §
U?ilﬂir where 5. 5; € 5.

If SR 0 {—oc}}, o-subadditivity is easy to check, similar to (i) above.

It suffices to consider S = (a, b] and S; = (a;, b;]. That is, let (a, b © U {a;, ],
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(a)., Case I: —o0 < a < b < .
W.L.O.G., assume that —oo < a; < b; < oo for all ©. By right continuity of F, we
can pick & = (0 and »; = 0 so that

Fla+4d) < Fla) + ¢,

Fiby + ;) < F(b) +¢/2".
Note that o + 8,0 C (a,b] © UF(a;, b © U {ag, b; + 1), i.e., the closed interval
has a countable cover by the open intervals (a;, b; +1;). So there is a finite subcover
(evi, ). 1< 7 < J. By monotonicity of F, we get

F(b)— Fla) = [F(b)— Fla+d)]+[Fla+d) - Fla)]
< [F(b) - Fla+4d)] +¢

J

< D IF(B) - Flay)] +e

a=1

< NI +m) = Fla:)] +e
i=1

= Z[F{bg} — Fla;)] + 2e.
i=1

Letting ¢ — 0, we get

pl(a,b]) < Zﬂuﬂ'h bi]).

|'=|

(b). Case II: —o0 =a < b < oo, i.e., (—oc, b © UF(ay, by
Let —oo < M < b < oo, Then [M,b] C U™ (a;, b;]. From Case I, we get

F(b) - F(M) < S [F(b) - Fla)].
=1
Letting M — —oo, we get F(b) — F{—00) <57 [F(b;) — Fla;]], i.e.,
p(a b)) < pl(ai b)),
i=1

(). Case I1I: —o0 < a < b = oo, Proof is similar to (b).

(d). Case IV: =00 = a < b= oo, Proof is similar to (b).

Combining (i} and (ii}, we have shown that p is indeed a measure on the semialgebra S by
Theorem 2.101.1.

Also we can see that g is o-finite as
[ ]

Q=R = [-oc,x| = {—ox} Z (n,n + 1] + {cc},

ft=—00

and each component on the right hand side has finite measure.

Finally, we can apply Caratheodory’s Extension Theorem to get the desired result. g

2.10.3 Relationship between probability measures and distribution functions

We mentioned that there is no 1-1 correspondence between all L-5 measures on (R, B} and all L-5
measure functions, However, there is a 1-1 correspondence between all probability measures on (R, B)
and distribution funetions.

Definition: A real-valued function F' on R is distribution function (d.f.) if
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(a), Fil—oc)=lim, . - Flx) =10, Filoo) = limg .ne Flar) = 1.
(). F is nondecreasing, ie., Flz) < Fly)ifr <y
[

y) s Flr) ity

(). F is right continuous, ie., F

THEOREM 2,10.3 (Correspondence theorem) The relation
F(z) = P{{—0c,z]), re R (10.13)

establishes a 1-1 correspondence between all d.f.’s and all probability measures on (R, B).

Proof. (1). Given a probability measure P on (R, B), we first show that F determined by {10.13) is a
d.f. (i.e. {a)-(c) above hold).

(a) Given x, ~, —no0o, it follows that (—oo,x,] ™, #. Since P is continuous from above, we
have

Flr,) = P((—oc,za]) \ P(0) =0.
Thus, limg~ o Flz) = 0. Similarly, img~ ., F{z)=1.

(b) If & <y == (—oc, 2] C (—o0,y]. By the monotonicity of P, we get
Fla) = Pl{—oc,2]) = P{(—c0,y]) = Fly).

(¢) Given x,, ™, r, it follows that {—oc,x,] ™, (—o0, x]. Since P is continuous from above, we
have

Flaa) = P((—00,au]) \ P((~o0.2]) = F(z).

Thus, lim,~_,. F(x) = F(y). i.e. F is right continmous.

(2). Given a d.f. F, it must be a L-5 measure function. Applyving Theorem 2.10.2, there exists a
unique probability measure P on (R, B) satisfying F(z) — F(y) = P{{y. z]) for £ < y. Letting y ™, —o0,
wir have

Flz) = lim [F(z)-Fl= lim P{(ya])=P((-cc,z]). u

Remarks:

(1) From the above theorem, we can define a distribution function (d.f.) by
Fir) = P{{—n0c,x|), r e R.

This definition does not invelve any random variables (which we have not discussed yet}.
Different. versions of d.f.'s involving r.v.’s can be found in Durrett, for instance.

(2) Fis a d.f. and F is a probability measure. Then the following are equivalent
(1) P((—o0,b]) = F(b)
(2) P(lab]) = F(b) — F(a),

(3) P(la,b]) = F(b) — Fla—),
(1) P(la.b)) = F(b=) = Fla=).

(5) P(la.b)) = F(b=) - Fla).
(3) Other nseful relations are

(6) P{{—oc, b)) = F(b-)
(7) P({a}) = Fla) — F(a—).
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(4) Let X be a random variable (to be introduced later) on (€2, A, P}, and let Fx(z) = P(X <
). Then F'is a right continnous, nondecreasing function with Fi—oo) = 0 and Foo) = 1.
some authors define such functions to be d.fs.

(5). For a d.f. F, the set
S(F)={x: Flr+e€)— Flxr—¢) >0, forall e > 0}

is called the support of F'. Furthermore, any point & € S{F') is called a point of increase.
It can be shown that

(a) each jump point of F' belongs to the support and that each isolated point of the
SUpport is a jump point.
(b) S{F) is a closed set.
() a discrete d.f. can have support (—oc, 20).
Proof. (&) xisa jump point if Fla)—Fle—) =0, clearly Fla+4e)—Fle—e) = Fle)—Flx—) =
0 for all € = 0. Thus, x € S(F).

(b). Let {x,,n = 1} € §(F) and x,, — x. We need to show that = £ S{F). Given ¢ = (),
ANy = 0 such that for all n = Ny, we have |z, — x| < /2, or o,, — /2 < ¢ < x, + /2.
Therefore, choosing anv ng = Ny, we have

Flz+¢)— Flx —«) Flzn, —¢/24¢) — Flx,, +€/2—¢€)

Flag, +€/2) — Fla,, —/2) = 0.

I N

(¢) The discrete d.f. with positive jump size at each rational number is such an example. g

2.10.4 Different types of distributions

Definition:

(). A d.f. & is called degenerate at t if

(check that it is indeed a d.1.)
(ii). A d.f Fis called discrete if it can be represented in the formn

= )

Flx) = Zf}mﬁrz" ().

1

(check that it is indeed a d.f.) where {a,,n = 1} is a countable set of real numbers, p; > 0
for all j = 1} and 3" p; = 1.

(iii). A d.f F is called continuous if it is continuons everywhere.

Remarks:

(1). Degenerate distribution functions.

The unique L-5 probability measure on (R, B) for a degenerate d.f. &(x) = [{z =t} is

P((a,b)) = d(b) — d(a) = 1 t € (a, bl
= 0 t @ {a, bl

(In particular, we have P({t}) = &(t) = &{i—=)=1-0=1.)
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Another probability measure for &:(x) = I{x = ¢} defined on a different measurable space

(£2, P{11)), where & = {t} and so P($1) = {0, 2} = {0, {t}}. is
Pi{t}) =1, Py = 0.

(2). Discrete distribution functions.

The unigue L-S probability measure on (R, B) for a discrete d.f. Fiz) =37 | pnd., (x) is

P{[ﬂm} - -FI:'E':I - -Fli':{} = Z:!'}n n11 _ ZPJL r|1,
=1 =1
= > pulda,(b)=bu, ()] = > pa
=1 {ri'.::q.‘:r:"_ilnll:-

sinee d, (b)) —d, (a)=1if a < a, <5

Another probability measure for F{x) defined on a different measurable space (€2, P(02)),
where £ = {aq. a9, ....0,, ...} (either finite or countably infinite), is

Py(A) = Zp, for A= {a;,, a5, iy, ot

(3). The set of jump points for a discrete d.f. can be dense.

Let {a,,n = 1} be any given enumeration of the set of all rational numbers, and let {p,,, n > 1}
be a set of positive numbers such that 3 p, =1, e.g., pp, = 27", Define

= Z T-"?’.'-{E-:E-,. |:,£':|
1

Since 00 < d&¢(x) < 1, the sequence on the right hand side of F' is absolutely and uniformly
convergent. Also since &;(x) is increasing, we have for ¢ < y,

Fly) - F(z) = LPH an(¥) = 8a, () = 0.

Hence, F' is nondecreasing. Due to the uniform convergence, we may deduce that

g ]

F(z) = F(z=) = Y palfa, (@) — o, (z—))

1
= i {ag,n =1}
ey A=l o= 1.

Therefore, F{x) has jumps at all the rational points and nowhere else,

Remark: The example shows that the set of points of jump of an increasing function may
be countably infinite and everywhere dense,

2.10.5 Decomposition of distribution functions

Lemma 2.10.1 The set of discontinuities of o non-decreasing function is countable.
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Proof. Every discontinuous point of an increasing function must be a jump and every jump contains a
rational number.

Let {a;} be the countable set of points of jump of a df. F and p; = Fla;) — Fla;—) = 0 the size
at jump at a;. Consider

Filz) = ijﬁﬂ}. (x) = sum of all the jumps of Fin (—oc, 7. (10.14)
=1

It is clearly nondecreasing, right continnous with

Fy(—00) =0, Fi(oo) =) p;.
&)

THEOREM 2.10.4 Let F.(x) = Flx) — Fy(x). Then F_ is nonnegative, nondecreasing, and continuous.

Proof. Let & < y. then

Faly) = Fylx) = sum of jumps in (=oc,y| = swm of jumps in (=00, z|
Z Pj Z (Flag) — Fla;—))
R T} Eling T
< Fly) — Flx). (10.15)

(i). From (10.15), we get
Foly) = Fole) = [Fly) = Fla)] = [Fa(y) — Fale)] = 0.

Thus, F. is nondecreasing (so are Fy and F).

(ii). Letting & — —oo in {10015}, we get Fyly) < Fly). Thus F.(y) = F(y) — Faly) = 0. So
F. 18 nonnegative.

(iii). Finally, by definition of jump point, we have

Fleg) - Flz—) = p; ifx=a;j=1

= 0 otherwise.
Similarly, by definition of F; in (10.14), we have

Falz) = Fylz=) = p; ter=a4j=1

= {1 otherwise.

Therefore,
Folz) — Fola—) = [Flz) — Flz—)] — [Falz) — Falz—)] = 0.

That is, F,. is continuous, g

THEOREM 2.10.5 If Fix) = G.(x) + Guix), where G. is continuous and Gy is discrete, i.e. Gulr) =
> i Pidar(x). Then
G.lx) = F.(x), and  Ggla) = Fglx)

(t.e., the decomposition is unigque).
Proof. If F; # G4, then either

(i) {ay.n =1} # {a,.n = 1}, or

(i1) a; = a for all i = 1 (after some reordering), but p; # p; for some @ > 1.

42



In either case, there exists at least one a = a; or a! for some 7 = 1, such that

Fala) — Fala—) # Gala) — Gala—). (10.16)
In view of Fr) = F.(x) + Fylx) = G.(x) + Gglx), we have
0 = F.Ja)- F.la—)
= [Fla) — Fala)] — [Fla—) — Fala—)]
= |Fla)— Fla—) — [Fula) — Fyla—)|
# [Fla)— Fla—)] — [Gala) — Gala—)] from (10.16)
= [Fla) — Ga(a)] ~ [F(a—) — Gala—)]
{

I
=

This is a contradiction. Therefore, we must have Fy = Gg, and consequently F. = G.. g

THEOREM 2.10.6 Every d.f. can be writien as the conver combination of o diserete and a continuwous

one:
Flx)=aFx)+ (1 = a)Fs(x). Fy: discrete and Fs : continuwous,

Such a decomposiltion is unique,

Proof. Given a d.f. F(r), from the last theorem we can write Flx) = Fy(xr) + F.(x) uniquely. Let
o = Fy(ao), then 1 — a = Fl.x).

If « = 0, then 0 < Fy(x) < Fy{oo) = a = 0 for all &, i.e., Fylx)} = 0 for all . Hence, F.(x) is
a proper d.f., and we can write F[;;;j 0= Fylw)+1 = F.lx).

If oo =1, then 0 < F.{z) < F.loc) = 1—o = 0 for all &, i.e., F.lx) = 0 for all . Hence, Fy(x)
is a proper d.f., and we can write F{z) =1 x Fylx) +0 = F.(x).

If 0 << v < 1, then I can be written as

B L FJLI] F.:(I]
Flz) = Fylz)+ Folz) = CF(o0) +(1- ﬂ}f'};(-ﬂﬂ}

= alr)+ (1 - a)bz),

where it is easy to see that F; and F5 are both d.f.’'s. g

COROLLARY 2.10.2 Fvery d.f. I is either a discrete d.f. or a continuous d.f., or a combination {or a
mizture ) of both.

2.10.6 Further decomposition of a continuous d.f. F

We can further decompose a continnons d.f. as

A continuous d.f. = an absolutely continuous d.f. + a singular d.f.

But the above further analysis of d.f.'s requires the theory of Lebesgue measure, and integration, which
we have not done so far. We only list some definitions and conclusions.

Definition:
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(i} A function F is called abselutely continuous [in (—20,2¢) and w.r.t. the Lebesgue
measure] iff there exists a function fin L' (i.e. [ f{#)df < o0 is defined and finite) such that
for every @ <y,

)
Ply) - Fo) = [ Fityat
Here f(t) is called the density of F. It can be shown that F'(t) = f{t) a.e.

Alternative defintion: A d.f F is called absolutely continuous ifl there exists a lunction
f = 0 such that

F{x}=f_ f(t)dt.

Here f(t) is called the probability density function (p.d.f.).

(ii) A function F is called singular iff it is continuous, not identically zero, F” exists a.e., and
Fit)y =10 a.e.

THEOREM 2.10.7 Every d.f. F' can be written as the conver combination of a discrete, a singular con-
ftnuous, and an absolulely continuous d.f. Such a decomposilion is unique.

Let us give an exaimple of a singular distribution.

Exmaple. (Uniform distribution on the Cantor set.) The Cantor set ' is deflined by removing
(1/3.2/3) from [0, 1] and then removing the middle third of each interval that remains. We define an

associated d.f. by setting
Fla)=0for z <0,
Fley=1forx =1,
Fiz)=1/2for z € [1/3,2/3].
Flr)y=1/4=1/2% for x € [1/9,2/9] = [1/3%,2/3%],
Flr)y=3/4=1—=1/2% for z € [T/9,8/9] = [(3% — 2)/3%, (3% - 1)/3%,

It can be shown that the resulting function F' is defined for all all # € K. Further it is nondecreasing,
continous, and F(—o0) = 0 and Fisc) =1, i.e., it is a d.f. (Check carefully about the continuity of £}
Also, it is easy to see that F'(z) = 0 for all # € R except perhaps for those on the Cantor set {i.e., those
points m/3", m,n € N'). By definition, F is clearly a singular d.f., which is called “Lebesgue’s singular
function”.

REMARK 2.10.1 For Cantor ternary sef, one can see QQuestion 10, page 25, Chow and Teicher.
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2.10.7 Some examples of distributions

Absolutely continuous d.f. F's with p.d.f. f's

1
(1} Uniform distribution: f(r) = mf{n < x < b},

1 2
1) Normal distribution: [ g ® 2
(i) fl&) = —=
(iii) Canchy distribution f{x) = ¢
Y T

(iv) Exponential distribution f{x) = ¢ "I{xr = 0}.

Discrete distribution

(i) Binomial d.f.: P(X =ux) = (T)j‘f“ Pt 0 ps 1, x=10,...,n
AIF—A

(i) Possion d.f.: P{X = x) = r r=012 ...

(iii) Empirical distribution function (e.d.f.) of observations {r,,....x, }:

i 1
F.lz)= " ZI{J.‘,; <z}
=]

(i.e., Fi,(x) is the proportion of data < x.)

2.11 Radon-Nikodym theorem

Let g and v be two measures on the measurable space (€2, F).

DeEFmviTioN 2.11.1 We say that 1 is absolutely continuous w.r.t. p. wrillen as v << p, of
plA)y =0 implies gl A) =0, g

ThHeoreEM 2.11.1 (Radon-Nikodym theorem) Given a measurable space (X, X), if a measure v on
(X, E) is absolutely continuous with respect to a sigma-finite measure g on (X, 2), then there is a mea-
surable function f on X and taking values in [0, 00), such that

(Al f fedyu
A

The function [ satisfying the above eguality is wniguely defined up to a p-null set. that is, if g is
another function which satisfies the same property. then f = g. p-almost everywhere. It is commonly
written dy/dy, and is called the “Radon-Nikodym derivative”,

for any measurable set A.

The theorem is named alter Johann Radon, who proved the theorem for the special case where the
underlying space is H™ in 1913, and for Otton Nikodyvin who proved the general case in 1930,

For a proof of the theorem, see Wikipedia.



2.11.1 Applications

The theorem is very important in extending the ideas of probability theory from probability masses and
probability densities defined over real numbers to probability measures defined over arbitrary sets. Tt
tells if and how it is possible to change from one probability measure to another.

For example, it is necessary when proving the existence of conditional expectation for probability
measures.  The latter itself is a key concept in probability theory, as conditional probability is just a
special case of it

Amongst other fields, financial mathematics uses the theorem extensively. Such changes of proba-
hility measure are the cornerstone of the rational pricing of derivative securities,

2.11.2 Properties

Let 1, g, and A be o-finite measures on the same measure space.

o If v << Nand << A (v and p are absolutely continuous in respect to A), then

dv +p) _dv  dp
d A dA  dX

A-almost everywhere.

o If v << p << A then
diede dp
da dpdA
A-almost everywhere.
e If p << X and g is a g-integrable function, then
dp
gdu = f g dA.
1/-1: -1’ d'.l
o If p << 1 and v << p, then
du _ ((dv
dr \dp
e If 1 is a finite signed or complex measure, then
ol v - il
dp  |dul’

2.11.3 The assumption of sigma-finiteness

The Radon-Nikodym theorem assumes that the measure p is o-finite. Here is an example when g is not
a-finite and the Radon-Nikodym theorem fails to hold.

ExampLE 2.11.1 Let B(R) be the Borel o-algebra on the veal line, (i.e. the minimal o-algebra containing
all open intervals). For A € B(R), define
plA) = 1A,

the cardinality of A. That is, p(A) is the number of elements of A if A is finite, and infinity otherwise.
Let v be the usual Lebesque measure on this Borel algebra. Then we can show the following.

o ;o is indeed a measure, but it 18 not sigma-finite;

FProof.  The first part is easy to check. For the second part, note that not every Borel sel (e.q.
(0.1)) s at most a countable union of finile sets.

e v is absolutely continuous w.or.t. u:

Proaf. For a set A, one has p(A) = 0 if and only if A is the empiy sel, and then this implies that
v A) = 0.
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e The Radon-Nikodym theorem does not hold.
Proaf.  Assume that the Radon-Nikodym theorem holds, that is, for some measurable function f

amne has
(A} = [ fdu
A

for all Borel sets. Taking A to be a singleton set, A = {a}, and using the above equality, one finds
0= fla)

fora € K. This implies that f =0, which further implies that the Lebesgue measure v = 0, which

12 a contradiclion. g
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2.12 Exercises

1. Let (£2,.4, P) be a probability space, and A; € A, i =1,...,n (n > 2). Show that

P(Uis 4i) =z iP{ﬂ-ﬂ - Z P{A; M Aj).
i=1

'Ii:.'a.:.‘,';;{'rr

2. If (0, A, P) is a probability space, and {A4,,.,n = 1} € A (i.e., they are a sequence of events).

(i} Verify that P{lim A, ) = lim P (N>, A;).
(ii) Show that P{n=, A;) =1 P{A4;)=1,n>1

3. 16 (0, A, ) is a measure space, and A, € A,

(i) Prove that p(lim A,) < lim (A, ). Analogously, if p(U2 A;) < oo for some n = 1,
then p(lim A, ) = Hm pu(A,).

(ii) If g is a finite measure, and lim 4, = lim 4, = A, (ie. lim A, = A}, then
lim p(dn) = p(A).

(iii) If 577 pe(A,) < oo, then p(lim A,) = 0. (This is half Borel-Cantelli Lemma when g
is a probability measure. )

4. Ay, Aa . are a sequence of events on the probability space (11, A, )

(1) If P(A,) — 0and 307, P(A, A%, ) < oo, then P(A,,i.0) = 0.
(2) If P(A,) — 0 and 507 P{ASAns) < oo, then P(A,,i.0) = 0.
(3) If A,'s are independent, provide a simple proof for (1).

(4) (Optional.) Give examples to show that (1) may not be true if only one of two
conditions holds.

. Let g be a nonnegative additive set function on an algebra A and {4, .n = 0} C A. Show

an

(1) pu is o-additive (hence a measure on A) iff for A, 7 A, all € A, we have lim,, . p(4,,) =
p(A).

(2} if for every A, ™, 0, we have lim,, (A, ) = 0, then p is g-additive (hence a measure).

6. [Alternative definition of o-finite measure). Let g be a o-finite measure on a semialgebra &.
Then there exists disjoint { By, n = 1} € &, such that 3.7, B; = 2 and p{B,,) < oo for each n.
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Chapter 3

Random Variables

3.1 Mappings

Since {1y is arbitrary, it is often convenient to consider a function (mapping) X from ) to a simpler
space {1y {eg. 1o = R).

Definition: Let X : £} — ()5 be a mapping.

(). For every subset I £ {1y, the inverse image of I3 is

X YB)={w:we, X(w)e B}:={X € B}

(ii). For every class G C {la, the inverse image of § is

X YG)={X Y(B): Beg}
(So A € X~ YG) means that 3B € G s.t. A = X~"1(B).)
THEOREM 3.1.1 (Properties of the inverse image) .

(1). X is o mapping from £y do Qa. Then

i) lmgj—m XHpy =,

it) By = [Xx"YB)".

i) X MU erB,) = Uﬂrrﬁ"l[ L) for By © Qa, v e T,

t'l] X" ryerBy) =MyerXYB,) for B, C g, v I,
where I' is an index sef, nm‘. necessarily countable,

(v) X YB -B)=X"YB)- "i"'[E';] for By, By C 15,

(vi) By C Ba C §)a implies that XY B) € XY By).

(
(i)
(i
(

(2) If B is a o-algebra in Oy, then X1 (B) is a o-algebra in Q.
(3) Let C be a nonemply cluss in Qa, then
X1 (o (C)) = o (X1(C))
Proof. (1).

(i) Note that
X ') ={we : X(w) e 2} =0y,

XY ={we : X(w) e} =0
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(i) X~YB) ={w: X(w) € B} ={w: X(w) € B} ={w:wé X (B} = {w:we X YB)} =
X—H(B)-.

(iii) we X1 (e B,) = X{w) € U,erB, = X(w) € B, for some v € I' &= w € X ' (B,) for
some vy € I' &= w e U,er X 1 (B,).

{iv) Similar to (iii).

(V) X~UYBy — By) = X" YBNBS) = X (BN X"YBS) = X~ YB) N [X" B = X~ 1(B,) —
X_l[:ng}-

(vi) X HB)) ={w: X{w) e B} C {w: X(w) € Ba} = X 1(Ba).

(2). First X1 (B) is nonempty as €, = X1 {0) € X1 (B). Next, let A € X~ (B). Then 35 € B s.t.
A=X"YRE) So A*=X"1B%) e X 1(B). So X~ 1(B) is closed under complement. Similarly, it can
be shown that it is closed under countable union. Thus it is a o-algebra.

(3). Clearly, X~'(C) € X' (¢(C}), which is a g-algebra from (2). Thus o (X~'(C)) € X~ {a(C)). Tt
remains to show
X Yol Co [X'l I[{f}} .
Diehine
G={G: X G ea (X 1)}

It suffices to show that o(C) © G. Since ¢ © G, we only need to show that § is a g-algebra. (Proof of
CC G: take G € C, then X 1) e X 1 (C) € o (X 1(C)), hence G € G.)

It remains to show that G is a o-algebra. Let G € § = X G e o (X‘l {IZ']I]I, — X1 G") =
X HG) ea (X 1)) = G € G = G is closed under complement. Similarly, we can show that it
18 closed under countable nunion. The proof is complete.

Remark: Clearly, X '(-) on Q5 preserves all the set operations on €,



3.2 Measurable mapping

Definition:
(1) (£2;..4) and (15, B) are measurable spaces. X : {1} — {), is a measurable mapping if

X' B)={XeBle A  ¥BeB

(2) X iz a measurable function il ({1, B) = (R". B(R")) in (1).
(3) X is a Borel (measurable) function if (£2,, A) = (R™, B{R™)) and (., B) = [R", B(R"))

in (1).
The next theorem is uselul in checking if X is measurable or not.

THeEoREM 3.2.1 X : (0, .4) — (9. B) is a measurable mapping if B = o(C) and X ') € A for
all ' € C.

Proof. From Theorem 3.1.1 (iii}, we have

X UB) =X""{aC))=c (X)) CalA) =

THEOREM 3.2.2 If X : (0, .4;) — (22, Az) and f: (s, 4d2) — (5, 43) are measurable mappings, then
FIX)=f-X (8.4 — (Qs..43) 15 also measurable.

Proof. l":-".q;; = .;l;{, {_||I - X = 44;;} - {.;51_ e JI_]{AH} = .:4.'}} = .rd.l-

A more detailed proof is: Y45 € Ag,

(F-X)MAs) = {w:f-X(w)e As} = {01 X@) € f 1(A3) € As)
= {w:we X7/ 4))} € A.

(A picture will make this very clear.)



3.3 Random Variables (Vectors)

3.3.1 Random variables

Definition: A random variable (r.v.) X is a measurable function from (0, A) to (R, B).
= {X € B} = X 1(B) € A for all Borel set B € B;

We then say that
X is A—measurable,
or simply write it as

X e A

Remark: This definition does not involve any probability measures. Some aunthors define r.v.’s on a
probability space with extra condition.

Another definition: A random variable (r.v.) X is a measurable mapping from (£}, A, F)
to (R, B) such that P(|X| =) = P({w: |[X(w)| =} =10

We shall use either definition whichever is more convenient for us.

3.3.2 How to check a random variable?

To verify X is a r.v., we don't need to check that {X € B} € A for all Borel sets B. One only needs
to check this for all intervals. This is justified by the next theorem, which is a simple consequence of
Theorem 3.2.1.

ThneoreEMm 3.3.1 X is a rov. from (80, A4) to (R, B), (i.e., X € A)

= (X <z}l=X""[-oc,z])c Aforallzec R,
= {X <z} =X"1[-no.2]) € A, x €D which is a dense subset of R.

Proof. Take C = {[-oc, bl :b e R} or £ = {[—oc.b] : b € D} in Theoremn 3.2.1.

Remark:

(i). We can take D to be all rational numbers.

(ii). {X < x} in the theorem can be replaced by any of the following:

(X <z}, {X=z}, {X<z}, {X>=zx}), {z<X <y}, ce

3.3.3 Random vectors

Definition: X = (X, ..., X, ) is a random vector if Xy is arv., on (£, A4) for 1 < & < n.

THEOREM 3.3.2 X = (Xq,.... X)) is a rendom vector = X i3 o measurable function from (Q, A) to
I::'R.ll X E[R”-:I:]-

Proof. Let I = {ag, by, oo <ap <b, <oc, k= 1. Sinee {X; € I} € A,

L3
(X =(X;, .. X)) el x..xL,}=[){X;e Lt} € A
k=1

The proof follows from this and Theorem 3.2.1 as B{R") = ¢ I:{l_[r_l Iit).



3.4 Construction of random variables

Unless stated otherwise, all r.v.’s are measurable functions from ({1, .4) to (K, B) from here on.

3.4.1 Algebraic operations (+, —, x.+)

THEOREM 3.4.1 If XY are rov’s {Le, X, Y € A), so are
aX +bY, X VY =max{X, Y}, XAY=mn{X Y}
X2 XY, XY (Y{(w) #0).

Proof.
faX <t} = {X <t/a} ifa=0

(X =t/a} ifa<,

e A

(X +Y <t} = U ({X <r}n{Y <f—r}). (Q = all rational numbers),

.:-E-l';!
(the proof of this is given at the end)

e A

(X?<t} = {|X]|<VH={X<Vi}—{X<—Vt} ift=0

i, if £ <)
e A
Xy = % (X+Y)P-X?-Y%)ecd
11/YV <t} {1/ <t}n({Y < 0}uU{Y = 0})
= ({1/Y <t}n{Y <ohu({1/Y <t} nlY = 0})
= {Y=1/t}ulY <0} ift=0
Y =1/4yn{Y <0}y  ift<q,
e A
XY = X{(1/Y)e A
[XAY =2t} = {X=t}n{Y =t} € A,
(XvY <t} = {X=<tn{Y <t} £ A

Proof of (4.1). Clearly, RHS < LHS.

If LHS holds, i.e. X+Y <, == Clearly, for any point (r, s} in the open triangle with vertexes
(X, V), (Xt — X)), and (¢ — Y.V}, denoted by A, we have r + 5 < . = In particular, we
can choose a rational point (v, 8) € A, Then we have X < rand ¥V < 5 <t —r.

Definition: The positive and negative parts of a function X : 1 — R are
X7 =max{X.0}, X~ = —min{X,0}.
It 15 clear that X = X — X~ and |[X| =X+ X,

G

(4.1)



CoroLLary 3.4.1 If X isarv (e, X e A), soare X7, X7 and | X|.

3.4.2 Limiting operations
THEOREM 3.4.2 X, Xz, ... are r.ov. on (£, A), {i.e, X; € A)

(1). sup,, X,,, inf,, X, limsup, X, and liminf, X, are r.v.’s {i.e., they are all € A).
(2). If X{w) = lim,, X,,(w) for every w, then X iz a rov., (e, X € A4).
(3). If S{w) = 57 X, (w) exisis for every w, then S is a roo., (e, §€ A).

=1
Proof. (1)
o T
{sup X, <t} = [Xn<t} {infX, >t} =(){X. =t}

Ti T
=1 =1

limsup X,, = infsup X,, liminf X,, = sup inf X,,.

i k m>k it l- Mmook

(2) X{w) =lim, X, (w) = limsup, X,(w) is a r.v.
(3) This follows from (2).

Definition:

Let X1, Xs, ... be a sequence of r.v.’s on (2, A, P). Define 0y = {w : lim,, X, (w) exists} =
{w: limsup, Xy(w) — liminf, X, (w) = 0}, Clearly, £ is measurable from the last theorem.

If P({2) = 1, we say that X,, converges almost surely (a.s.) and write X, — X a.s.

3.4.3 Transformations

THEOREM 3.4.3 X = (X4,..., X)) is a random n-vector, f is a Borel function from R"™ to R™. Then
fIA) is a random m-vector,

Proof. The proof follows directly fromm Theorems 3.3.2 and 3.2.2.

Remark:

1. Note that continuous functions are Borel measurable. So if X, Xy, ..., X, are r.v.'s, 50 are

X +...+ X, sin{.X ), e Polynomial(X), ete.

2. We illustrate how to show that the function flx,,x:) = r; + 12 15 measurable. We need
to show that {(xy,22) : #; + r2 < a} is an open set in R*, which is true since {(x1,x2) :
x4z < a} = |J,cona Bectangle(r, €,) € B,

3.5 Approximations of r.v. by simple r.v.s

First we introduce a few simple r.v.’s, which forms the basis of all other r.v.'s.

THEOREM 3.5.1 .
(1). (Indicator r.v) If A € A, the indicator function I4 is a r.v,
(Recall: Th(w) = Hw e A} idicates whether A occurs or not.)

(2). (Simple rov). If Q= T A, where A; € A, then X = Zf aifa, 18 aro.

( For simplicity, we assume that {ay,...,a,} are distinct,)
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Proof. Method I: by using the definition.
(1). ¥B € B, note that
[facB} = 0 if0¢gB. 1¢B
A if0eB. 18
A ifogB 1e B
{t ifle B, 18,
Since A € A, we see that {/4 € B} € A. Thus I, is ar.v.
(2). ¥B € B, note that {X € B} = U{i_ﬂ,'_:”} A, £ A The proof is complete.

Method II: by using Theorem 3.3.1.
(1). Clearly,
[Ta<t} = 0 aft<0
A ifo=<t<1
0 ift>=1.
Thus {4 € B} € A, i.e., Iqisar.v.

(2). It follows from (1) that T4 's are r.vs. Then the proof follows from Theorem 3.4.1.

Any random variable can be approximated by simple ones (this is erucial to the definition of
expectation later on). From now on, when no confusion arises, we often write

I =I{A}.

THEOREM 3.5.2 Given a rove X = 0 on (£, A), there exists simple rov. s 0 < Xy < X < .0 < L with
X, (w) A2 X(w) for every w e f1.
Proof. 7n = 1, let

it

k=1 k=1 k&
Xnlw) = Z an f{ o < Xiw) < F} +nl{X(w) = n}.

k=1

One can draw a picture to see that the claim in the theorem is true.

Now let us give a rigorous proof of the theorem. Clearly, X, (w} = 0 for all n. Next we show that
XNo(w) A for all w e ), For any n > 1 and w ¢ £, we have

(n+1)2m!
k—1 k-1 . k )
Xonw) = Y S f{gm < X(w) < gull} F(n+ DI{X(w) > n+1)
k=1
n2"tt  (n41)27Tt .
k—1 =1 . k .
= Z+ Z WI{W{JLEHJ}E"'.:IH-+|-}+{?r+1}r{h{ﬁ}}n+]}
k=1 k=nanr+l4]

= A+ B+,




N ow

nantl
S| k=1 k
A = WJ{F‘;:E{M}EE“"}
k=1
1 1 1 2
= 0x f{ X{w) 3:::—1} T ant f{gnﬂ < Xw) = 2:::—1}
2 2 3 3 3 4
wh o
+Er1.—'l I{E {“}} — gn+t ]}+ En—'l I{En—l {X{‘d} - En—]}
n2mtt 2 n2"tt —2 n2" 1 np2™tt 1 n2"tt 1 n2m !
+ STl I{ o < Xlw) = =TT }+ T f{ Tl < Xw) < TEs }
1
> 0 r{ﬂ-::x W€ brox o <X < 5
3 1 3 2
_ - o
EFI. { {X |'.|.. — £n+'|} e f{2n+] {XI:I'.E':l_ E:ra}
+
. R
ﬂg.'r ] Hgﬂ 1 'i"E-E” F1 1 1121’-{ -I ﬂETI 1 1 lnzu I1
+ a I{ P < XI:':""] £ Eﬂ--l }+ o j{ 'Eﬂ-|| < X{d] E It 1 }
2™
k=1 E—1
= 2 I{ g < XW) }
k=1
and
(n41)27 1 ko1 ko1
B+C = > oo I{E“H -::X{w}i_iE"H}+{n+1:lf{};'{w]|}n+1}
k_:='rr2"'+|'+|
{n+1)2™ ! N )
n2" k-1 ke
> Y i <X < g X @) >
k=mn2ntlg]
> nl{n<Xw <n+1}+nl{X(w) >n+1}
= nl{X{w) = n}.
Therefore,
k-1 (k-1 k
Xonw)=A+B+C=) 5 1{ 5o < X(w) < o5 }—I—HI{X[[.,I =n}=X,(w) =0
k=1

Thus, X, (w) " for every w £ ). So limy, .~ X, (@) exists (maybe o),

It remains to show that lim, .. X, (w) = X(w). First, if X{w) = 20, then by definition, we have
Nolw)=n —o0=X(w). If X{w) < o, then for n large enough, we have

n2™

k-1 (k-1 k
X(w) =3 r{ - *"‘"5*"}‘:;}

=1

We observe that there exists (1 < k < n2") such that { < Xw) < " } in which case X, (w) = &2,
the left end point of the set. Therefore,

k— J. 1
0 < X{w)— 7 d}—}f,,{haj{——;ﬂ N
REMARK 3.5.1 For any x € 'R, let
[x] be the lorgest inleger < @) || be the largest inleger < .



It is easy to see that

x| = [z if ¥ is a non-integer

[x] —1 if & 15 an infeger
Then, il can eastly shoun that the expression X, (w) given above can also be written down simply as

Xplw) = %{u]] A T,

Proaof. Left as an exercise. g

3.6 o-algebra generated by random variables.

3.6.1 Definition
Definition. Let {X,. A € A} be a nonempty family of rov.’s on (£, .4) (A may not be countable). Define
c(XaAeN)=c(XaeB BeBAeA) =0 (X, '(B),AcA) =c(UnenX, ' (B)),

which is called the g-algebra generated by Xy, A € Al

(i} For A ={1,2,...,n} (n may be oc), we have

o(X;) = o(X; 'B)) =X (B)={X; B},
(X1, Xn) = o (UL X, HB)) = o (UL o(X:)).

(ii) For A = {1,2, ..., }, it is easy to check that
HI:XIII i !:I'I::Xl,..-]'i:rg]l U n{Il, ees :'.':-n}

o (X1, Xa. o) D 0( X, X o) D s D (X Xyt o)

(iii) The o-algebra M=, (X, Xog1.......) is referred to as the fail o-algebra of X, X, ...

n=

3.6.2 Some examples

EXAMPLE 3.6.1 [The o—field genervated by a discerete rov) Consider a diserete rov. X taking distinet
valies {x;,1 < i < n} (where n could take oo ) and define A; = {w: X(w) = x;}. We have the following
results.

(i) {A;,1 = 1} constitute a disjoint partition of {1.
(it} Choose C = {Ay, Aa, ..., A}, then

G’(l‘::l — {TI::.."!.'l ' .-"1.31 rEgg .l"ln_} —] {Tl::.."'lu_._ :'111 .."'!.H:, . ."111_) — {Ui'-':-!ﬂ'i . I ':: {D, ]121 FEES 'H.}}:,

where Ay = 0. (Hint: show that the RHS forms a o-algebra.)

Proof. Left as an exercise. g

REMARK 3.6.1 One key assumption in the above example is that the sets A;’s form a partition of ()
(i.e., they are mutually exclusive and echaustive.) When this is not salisfied, we can use disjointization
technigues to form a partition first and then apply this theorem. See the next example.
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REMARK 3.6.2 Noie that when n is finite, the total number of elements in a(A, Aa. .., Ay) s

T

EXAMPLE 3.6.2 Let () be a sample space, and A, B, C < ). {For simplicity, we assume that all three sets
are NOT mutually exclusive to each other and NOT equal to ) or (1.) Let |A| denote the total number of
clements in A, Find

1. o(0) and |o(@)|;
2. o(A) and |o(A);
o(A, B) and |o(A, B)|;
o(A, B,C) and |o(A, B,C)).

Solution. We provide two different methods to do this,

Method 1.

L. a(lh) = {0,0} and |a(0) =2
2. a(d) = {0, A, A%, 0}, lo(A)| =4 = 22,
3. The answer to this is more complicated:
oA, B)={0A B A B°, AUBJAUB“ A"UB A"UB", A°NB A"NB,ANB", ANB,
(AN BYU (AN BY), ((An Byu (AN B%Y)", O},
and hence (A, B)| = 16 = 2% = 22",

4. It can be seen that it will get messier as the number of subsets increases. Just try to find o(A, B, C)
this way vourself. You will find that |o(A, B.C')| = 27" = 256, certainly too many elements to write
down by hand.

Method 2. One alternative method is given below, which provides a general method to do this. The
kev is disjointization. If
D=A1+ A+ ...+ A,

then,
(A, Ag) = {Uies AL T is asubset of {001, .. n}}

where we denote 4y = (.

1. (@) = {0, 01} and |o(0)| = 2
2. First we will find a(A). From the Venn diagram, we can disjointize {1 as
N=A+A"= A, + As.
Following Remark 3.6.3, |o(A4)] = 2% = 4. From the last example, we have

ald) = oA A%) =0o(d;, A2)
= {UiepA; J s a subset of {1,...,n}}
= {0, 4;, 45, 4,0 A3}
= {i A, A", Q}



4. Next, we will find (A, ). From the Venn diagram, we can disjointize {} as
=A-B)+(B-A)+(AnB)+{AUB)" = Ay + ... + A4
Following Remark 3.6.3, |o(A, B)| = 2! = 16 = 4%, From the last example, we have
alA,B) = oA, .. Ay)
{Use Ay, J is a subset of {1,...,n}}
= {0, A, Az, Ag, Ay, Ay + Aa, Ay + Aa, Ay + Ay, Aa + Ag, Ao + Ay, Ag + Ag,
A+ A+ A3 A+ A+ Ay A+ A3+ AL Ay +H A+ Az + Ay
— 0,0, A, B, A, B,
AUuB AUB" A" UEB, A"U B°,
AN B A*NB.AN B AN B,
(ANBYU(A N B ((AnB)u{A° N B}

4. Finally, we can find oA, B, C), just as above. Similarly to the above, we have |o(A. B, C)| = 92" =
2660, We leave the rest as an exercise. g

REMARK 3.6.3 [f Ay, A, are nol mutually exclusive Lo each other for all pairs, then from the last
cxample, we conjecture thal |o(Aq, ..., A,)] 22" In fact, this can be argued as follows. Pick any
w, o may or may not belong to Ay ¢ = 1, ..on. Thus the total nuwmber of mutually evclusive sels is
2% 2% ...x2=2" Following Remark , we get |o(A;,..., A,)| = 22",

Now we take A = {X| =1}, B={Xs = 1}, and C = {X3 = 1}. Also let
Y = Xl | XE | .:‘:3
to be the total number of heads in 3 tosses. Define

Fi=alAd), Fa=c(AB), Fi=0(A BC).

Find
H('E-"'LF]:] =Tt H[F|F2] =Tt HI:T”|F'3) =7

ExXAMPLE 3.6.3 Toss a coin three times. Then we can construct a probability space (£, F, P), where
O = {HHH,HHT. HTH, HTT. THH, THT. TTH. TTT} =: { A}, As, ....... A7. As}.

F = all possible subsets of £, |F| = 2% = 256,
Let X; = be the number of H's in the i-th toss, i=1.2.5. Namely, X; = IH{the ith foss is o Head} for
i=1.2,3. S0 X, s are r.v.s taking two possible values 0, and 1. Now
ol X1) = o({Xi=0L{X1=1})=c({X) =1}"{X; =1}) = ({X1 =1}
= o({HHH HHT HTH HTT})=o({A, A2, A3, Ay })
= {0, {A;, Az Ay, Ay b {As, Ag, A, Agt ) 22 = 4 elements

Similarly,
o(Xz) = o({X2=1})
= ‘{E', ﬂ, {ﬂ] . .'12, ﬂj,."lﬁ]', ‘{:13.1 .."'1,1,,, :’1';1 ﬂa]’} 2‘3 = 4 elements
7(X5) = o({Xs=1})
= {[‘.’],ﬂ, {Al,."'l:_q, AE,AT}, {Amﬂ.;,ﬂmﬂg}}. 22 = 4 elements
o(X1, Xo) = olo(Xy),o(Xa)) =o({X1 =1} {X2=1})

= 7 ({A, A2, Az, Agh { A1 A2, As, Ast)

— 97" Z 16 elements

ol Xy, X3) = 92° = 16 elements
alN:. Xg) = 22 — 16 elements
o(X1, Xa, Xg) = o({X; =1} {Xa =1} {Xz=1})

— 9% — 956 elements.
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In fact, we can show that F = (X, X2, X3). »

3.6.3 The o—field generated by a continuous r.v.

For discrete r.v. Y, we have seen that o(}") can be generated from ¥ = y; for all y;'s. However, if ¥ is
a continuous r.v., the g-algebra generated by the sets {w : Y(w) = y}, v € R, is, from a mathematical
point of view, not rich enough. For instance, sets of the form {w:a < Y({w) < b} do not belong to such a
m-algebra. However, it turns out that it is enough to have a g-algebra generated by all (open, half open,
or closed) intervals.

3.6.4 A useful theorem

THeorEM 3.6.1 Let Xy, ..., X, be rov's on (£, A). A real function ¥ on s o Xy, ..., X, )-measurable
for a r.v. on the o-algebra) iff ¥ has the form flX,,..., X, ), where f iz a Borel function on R".

Proof. See Chow and Teicher, page 17.

3.7 Distributions and induced distribution functions

3.7.1 Case I: Random wvariables

Associated with every r.v. is a probability measure on R.

THEOREM 3.7.1 A rov. X on (81, A, P) induces another probability space (R, B, Py ) through

¥BeB: Px(B)=P(X ' (B)) = P(X e B).

Proof. Clearly, Py () is nonnegative and Py (R) = P({}) = 1. It is also m-additive as
Px(> Bi)=F (_J{ ‘{ZH,-}) =) P(X'(B)) =) Px(Bi)

Definition: X is a r.v.
a) The distribution of X
Py(B)=P(X '(B))= P(X € B). BeB.

b The distribution function of X

Fy(x) = Px((—oo,x)) = P(X < x).

Definition:

(i} Given two rv.s X and ¥V oon (4,4, P) and (£, As, Ps) respectively, X and Y are
identically distributed (i.d.) if F'y = Fy, denoted by X =, ¥,

(ii) X and ¥ on (€2, A, PP} are equal almost surely (a.s.) if P(X =Y = 1, denoted by
"1:. =I'I'.."I'- };'

Remarks:
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(i) X and Y in Definition (i) does not have to be in the same probability space while in
Definition (ii) they must be .

(ii]l X =4 Y 18 a much weaker concept than X =, . Y. The former may not have much bearing
on the latter. One could have X =; ¥ even if P(X # Y} = 1. For example, X ~ N(0, 1) and
Y =—-X. Clearly PIX=Y)=P(X=0)=0,but X =, Y.

Definition: A r.v. X on (£1, 4, P) is discrete if 3 a countable subset O of R s.t. P(X € ) = 1.

THEOREM 3.7.2 X ix discrete <—> Iy i3 discrete.

Proof.

“e—=" If Fy is discrete, then Fy(zx) = %" pd,, (x), where 3% p; = 1. Let C' = {a;,i =
1}, then we have

Py(C) = Px (U {a:}) = D Px ({a:}) = ) _[Fx(a) = Fx(ai=)] =Y pi=1.
i=1 i=1 i=]

That is. X is a discrete r.v.

=", If X is a discrete r.v., then Py {C') = 1, where ' = {a;,i = 1}. Then

Fx(z)=P(X € [-00,z]) = P(X € [-oc,z|nC) = > Px({a})

2 E|—oo,x]

= ZP‘{({ﬂt’}]I‘I{ai E .i‘} = ‘ P_};‘({ﬂé}}ia,(iﬂ} = Zpi&u. [:"L,:I
i=1 i=1 =1

That is, Fyv is discrete.

3.7.2 Case 1I: Random vectors
Definition: X = (X,.... X, ) is a random vector.

a) The distribution of X:

Py(B) = P(X ' (B)) = P(X € B). B € B".

b) The (joint) distribution function of X:
Fx “] = P[Il XL, N -T-'le-

Marginal d.f. can be uncovered from the joint d.f. while the reverse is not true.

THEOREM 3.7.3 X = (X,..., X,.) is a random vector. Then for any subset I = {iy, ..., i} of {1, ...,

m <, we have

Fx Xi I{.’J‘,‘E_l s ienq -T:a,,,] = lim F_\'h___lxﬂ [.L‘1 2Tty .'f.'n}

- .o
Proof. As x; /" oo, j & I, we have

T m

(Xy <oy, Xp S} = [ {X S} /[, S}

i=1 =1

n},

Definition: A random vector X om (£, .4, P) is discrete il 4 a countable subset O of R" s.t. P(X €

C)=1.
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THEOREM 3.7.4 A random vector X = (X1, ..., X)) is discrefe iff X is discrefe for each 1 < k < n.

Proof. Let ' be a countable subset of R™, define O = {&; : (2, ..., 2, ) € C'}, which is clearly countable.
Then we have O =) = ... % (. Then

PIXeC)=1, <=  PM{X,echH=1
= PUMX;ECH=0 = P{X;€CH=01<i<n

— PHX;eCi})=1L1=i=<n, <+ X, isdiscrete for all i. g

3.8 Generating random variables with prescribed distributions

Given a r.v. X on a probability space (22, A, P), we can induce a d.f. of X by Fxlx) = P(X < ). Now
given given a d.f. F, can we find a r.ov. ¥ such that ¥V has d.f. F7 The answer is aflirmative.

Definition: The inverse of a d.f. F, or quantile function associated with F', is defined by
F~Hu) =inf{t: F(t) = u}. u € (0,1).

An example of the plot of F~1{u) is given below.

(An example of the plot of F~'(u)).

Remarks. From the above plot, we make the following observations, which turn out to be true in general.
(1). For u € (0,1), the set {1 : F(t) = u} # 0 since F{t) — 1 as { — oo. S0 F1{u) is well
defined.

(2). F~Hu) iz left continuous (see the next theorem).
(3). F~! jumps when F is Hat. F~1is flat when F jumps.

(4). In fact, F~'u) is a mirror image of F(t) along the line u = ¢.

Some of the properties of F~!{u) are listed in the next theorem.
THEOREM 3.8.1 Let F~Yu) = inf{t: F(t) = u}, Yu € (0,1). Then
(1). F~u) is non-decreasing and left continuous,

(2). F7Y{F(z)) <z, ¥z € R.

(3). F{F~Y(u)) = u, Yu € (0,1).

(4). F~Mu) <t <= u< F(i).

(3). If F is continuous, then F(F~'(u)) = u foru € (0,1).
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Proof.

(1), Monotonicity. Let u; < us

= if F'(t) = uq, then F(t) = us > uq,

= {t: F(t) > w} 2 {t: F(t) = ua}

— F~Yuy) =inf{t: F{t) = u } <inf{t: F(t) = ua} = F~Y{ua).
Left-continuity. Let w, 7w

s> F~Wu,) < F~Wu) and F~Yu,) 7 b, say.
(Monotonicity shown above)

= FYu,)<b< FYu) forall n.

== u, < F(b) from (4} {proof given below).

— F{b) = lim,, u,, = wu.

== b {t: F(t) = u}, hence, b = F~ 1 {u).

— lim,, F~Yu,)=b=F""u). g

(2), F-HF(x))=inf{t: F(t) = F(z)} <rasx e {t: F{t) = F(r)}. g

(3). First we claim that the set {t : F(f) = u} must be a half interval in the form of
1t Ft) = ul = (a,x), or [a,20) (8.2

(In fact, we will see that it CAN not be of the first type (a, o0).)

To see this, suppose that » € {f : F(f) = u} (implying that F(r) = w), then for any v > r,
we must have F(r') = F(r) = r, implying that " € {t : F'(t}) = u}.

From (8.2), we obtain that F~'u) =inf{t: F(t) zu} =a. Nowsincea+n~' € {t: F(t) =
u}, we have Fa +n~ ') = u. Letting n — oo and using the right continuity of #, we have

F(F ' u))=Fla) =lim, ... Fla+n")>u g

Remark. The last line in the above proof of (3) states that a = F~Yu) € {f: F{t) = u}. So
we must have

{t: F(t) = u} = [a,0c) = [F~{u), oc).

Therefore, we have

F~'u) = inf{t : F(t) = u} = min{t: F(£) > u}.

(4). “e=". IfF(t)zu=tec{t: F{t) > u} =t =f{t: Ft) > u} = F u).

“==", If F~1{u) < t, then since F is non-decreasing, we have F(t) = F(F~Y(u)) =
u from (3).

(5). From (3), F(F~'(u)) = u. We now show that the equality mmust hold, If not, denoting
a = F~Yu), we would have F{a) > u. By continuity and menotonicity of F, we can find
d = () such that Fla — 4} > u, implying that a — 4 £ {t : F{t) > u}. We then would have
a— & = inf{t: F(t) = u} = a, implying that § < 0. Contradiction. g

Tneorew 3.8.2 (Quantile transformation.) F s a d.f on B, U ~ Uniform{0.1). Then

X:=F Y U)~F
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Proof. Since F~1(u) is non-decreasing (monotone), it is Borel measurable, Thus, X ;= F~1{U7) is a r.v.
Furthermore, from the last theorem (4], we have

P(X <z)=PF Y U)<z)=PU < F(z)) = F(z). g

REMARK 3.8.1 Theorem 3.8.2 is the basis for many simulation procedures, First one needs to generate
“random number” U7 from the wuniform d.f. Uniform(0, 1}, and then apply Theorem 3.58.2. Feasibility
of this technigue, of course, depends on either having F~' available in closed form, or being able to
approrvimate il numerically, or wusing some other lechnigues.

Example. Think about how to generate r.v.’s [rom

(1) Exponential(1), (ii) N{0,1), (iii) Canchy,

(iv) the empirical d.f. of observations =y, ..., z,: F{z)=n"" E:"_l HX; <}
Solution. Let U7,V ~ Uni form{0, 1), and they are independent.

(i) Take X = —Inl/. {Using Theorem 3.8.2, we get X = —In{1 - L7).)

(i) Let 8 = 270, R = +/—2InV. Then X = Reosf and ¥V = Rsinf are both N(0,1) and

independent.
(Note F(t) = ftm {f_fﬂd;ﬁf\fﬂﬂ- So F~u) has no close form.)

(iii) Let X, ¥ ~ N{0,1) and they are independent, then & = X/Y is Canchy.

(There is no close form for F~1{u).)

(iv). We note that F,(r) is a step function. Let xyy.....x(,, are ordered observations of
1, .00 Iy 0 ascending order. For any U7 ~ Uniformi{0, 1), we can easily see that

1
FHU)y = : 0 7 < —
() Ly —- .
1 .2
= Tjz, —"E:L'E—
TE T
n-—1
= Tin). " ':'.:UE].

Clearly, the range of F~'{U) is {x(y),..., 2() } and

k=1 k 1
P(FNU) =1y, = P( <U < —) =—.  k=12..n
L i L

That is, to draw a random number from F,{x), we can simply draw from the observations
with equal probability. g

When F is continuous (not necessarily absolutely continnous), a converse to Theorem 3.8.2 holds
as well.

THeorREM 3.8.3 If a r.v. X has a continuous d.f. F, then F{X) ~ Uniform(0,1).
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Proof. For x (0,1},

PIF(X)<z) = 1-P(F(X)>z)
= 1-P(FIX)=x) (from Lemma 3.8.1 below)
= 1-P(X=F 1) (from (4) of Theorem 3.8.1)

1-F [:X = I:L:]] (X is a continnons r.v.)
= P(X = F ')
= F {}’_1 [,L'j} = (from (5} of Theorem 3.58.1). g

The following lemma is used in the above proof.
Lemna 3.8.1 If a rov. X has a continuous d.f. F. then F{X)} is also a continuous r.uv..

Proof. The range of F{X) is [0.1]. We need to show that P(F(X) =1) =0 for any £ € (0,1). For any
£ (0, 1), since Fis continnous, from the proof of (3) and the ensuing remark in the proof of Theorem

3.8.1, we see that
{o: F(r) =t} = [inf{x: F(x) = t},00) = min{x : F(z) = t},00) = [inf{r: F(z) =1}, 0c).
Similarly, one can show that
{x: Flr) <t} =(—oc,sup{x: Flr) <t} = (—oo,max{zr: F{x) <t}] = (—oo,sup{x: F(x) = t}].
Therefore,
[z Flr)=t})={x: Fiz) =t} m{:r F(z) <t} =inf{x: F{z) =t},sup{z: F(z) =t}| := [a.b].
[t then follows that F(a) = F(b) = t. Therefore,

P(F(X)=1 = P(Xe{z:Flz)=t})=P(X € [a.b])
= Pla<X<b=Pla<X<bh=F{b-Fa)=0 g

REMARK 3.8.2 Lemma 3.8.1 states that of X is continuous with d.f. F, so iz F(X)., What about G{X)
Jor any continuwous function ¥
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3.9 Exercises

1. Let 2 =1{1,2,3,4,5,6}, and let A= a({1,2,3,4},{3,4,5,6}).

(a) List all sets in A.
(b} Is the function

[~
i
EE.

I
=]
£ K
[
=
)

ar.v. over ({1, .4)7

2. Let X,Y berwv. son (£2,.4), and A € A

a) Show that {X <Y}, {X < Y}, and {X = Y} are events, i.e., they are all A—measurable.
b} Show that

Zw) = Xw) wed
= Yiw) weA°

15 8 1.V,

3. Show that X~ = (- X" (X +¥)P < XT 4V (X4Y) =X +Y Jand X' < (X +Y)" +Y .
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Chapter 4

Expectation and Integration

4.1 Expectation

Let X be arov. on {§2, A4, F).

4.1.1 Expectation for simple r.v.’s

Definition: The expectation of a simple r.ov. X = ZT a; Ly, with E’ll A; =10, 4, € Ais

i
EX =) a,P(4). g
1

In other words, given a (measurable) partition {A4;} of {2, we assign value a; to A;, then the EX is simply

the weighted average of a; with weights being the probability of A;.
Remarks:

(). Since probability measure is a finite measure, we won't encounter the situation oo — oo,
For general integrations w.r.t. some measure (not necessarily finite). we can define integrals
for nonnegative measurable function, in order to avoid the possibility of o — nc.

(ii). We have mentioned in the last chapter that if X is a r.ov. on (£, A, P), then we require
P(|X]| = o0) = 0. For a simple r.v. X =% 7 a;l4,, this implies that |a;| < oo if P{A4;) = 0.
Clearly, this implies that E|X]| < ~c.

LEvMA 4.1.1 EX is well defined in the sense: if 330 ada, = 370 bilp, with @ = 30 A

> iy By, then
T i
S aP(A) =Y bP(B;).
a=1 =1
Proof. If 371" jaila, =310 bidg, with @ =3"" A4; = 37", By, then we have
T il 7l Tt
Z Z ailanp, = Z Z bila,ng; .
i=1 3=1 =1 5=1

which follows since

LHSY = i: Jzn:ﬂff;gl-'-;_rj — zn:?zu:ﬂl-fjr.fﬂj = (i flj_.f_ql.) ifﬂj — zﬁ:ﬂffﬂ,.
i=1

i=1 5=1 i=1 1=I i=|] j=
e T e it e n e

s = 3 Stunn =SS it = () (S0 = ot
i=1 j=1 i=1i=1 =1 i=1 j=1
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So a; = by if A; N B; # 0. Therefore,

L) T

D_wP(A) = Y > aP(ANB} =3 > biP(ANB) =) bP(B). u
=1

i=1 i=1 j=1 i=1 j=1
Some properties are listed below.
THeorEM 4.1.1 XY are simple v s

(1). EC'=C

(2). El4 = P(A)

(3). aX +bY is simple and E{aX +0Y) =aFEX + bEY. (Linearity)
(4). X =0 = EX = 0. (Nonnegativity)

(

). X 2Y — EX > EY. (Monotonicity)

(1). EC = E(Clq)=CP(Q) =C.
(2). Ela=E(1l = T4+ 0= I4)=P(A)
(3). XY are simple, so X =% a:l4, and ¥ = Z;-":lbjf;_,-j. So

ol

aX +bY = (aa; + bb;)a,np, (1.1)

i=1 j=1
is a simple r.v. and therefore,
7L Tre
E(@X +bY) = Y% (aa; +bb;)P(A; N B))
i=1 j=1

Tt e
= a) a;P(A4)+b) bP(Bj)=aEX +bEY.
i=1 j=1

(4). X =3, ails, =0, = a; = 0 for all i with P(4;) > 0, =

EX =) a:P(A;) = 0.
i=1

(3). Since X =Y, from (3) and {4), we have 0 < F(X - Y )= FX - EY.
Remarks:

(1). Probability is continuous. However, expectation is NOT.

e.g. Take £ = [0,1], A = B [0,1] and P = Lebesgue measure (i.e. a Uniform
distribution on [0, 1]). Define
Xn = ﬂ-f{{r,u"}-

Then Yw € 1 X, (w) — 0= X, but for each n, we have EX,, = nFP((0,1/n)) =
140=EX.

(2). Expectation is continnous for the following two special cases:

(i} Monotone convergent sequence (see the Monotone Convergent Theorem later)
(ii) Dominated convergence sequence (see the Dominated Convergence Theorem
later)

We shall see that the example in (1) does not belong to these cases, To illustrate that (i) is
not satisfied, we see that even though X, — (0, the convergence is NO'T monotone.
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4.1.2 Expectation for nonnegative r.v.’s

(I). DEFINITION

Any nonnegative r.v. X can be approximated by an increasing sequence of simple r.v.’s whose expecta-
tions are already defined.

THEOREM 4.1.2 Ghven a nonnegative r.ov. X, there exists simple rovc’s 0 < Xy < Xo < . such that
Xolw) 7 Xiw) for every w.

Proof. This has been shown in the last chapter. We just give a brief sminmary here. For each n, let

2"
k—1 k—1 k |27 X (w)]
— E < — L4 _ = A 1
X, 2 on I{ g = XN < 2“} nlyxen) on A n

Since X is a r.v. = [j,< x oy are indicator r.v.’s = X, are simple r.v.'s,

On the measurable set (event) {(k —1}/2" < X < k/2"}, X, equals the left endpoint (& — 1)/2", which
ENSUTes

(a) Xnlw) < Xpp1(w) Ve e, (Monotonicity)
(b) 0 < X(w) — Xp(w) < 1/2" W¥nz1

Then X, (w) converges (from (a}) to X(w) (from (b)).
Definition: X = 0is a r.v. on (12, A, P).

(a) The expectation of X is EX = lim, . FX,, < oc, where X.'s are simple, nonnegative,
and X, 7 X.

(b} The expectation of X over the event A € Ais Fa X = E(X14).
(c) EY < 0is arv., on (2.4, P), define EY = —E{-Y).

REMARK 4.1.1 (1). The definition forces monotone condinuity from below for simple rov’s { X} X, 7
X implies EX, ~ EX.

(2). The following notation is often used (for X = 0 or otherwise):
EX = f X{w)Pldw) = / XdF = fXdP,
N ;z
EaX = f X{w)Pldw) = f NdF.
A A

FX is well defined in the sense:
THEOREM 4.1.3 X, =0, Y, =0 are simple rov.s and X, X, Y, X, Then

(1) Ty, oo EX,, and limy, .o EY,, enist.
(2) limy, .. EX, =lim, ... EY,,.

Proof.

(1) X, " X = FX, < EX, ;) = lim, . X, exists (maybe o¢). Similarly, lim,, .., EY;,
XIS,

(2) Given £ = 1, ¥} is simple and Y, < X, If we can show that

Vk>1: EY;<limEX,, (1.2)
T

which implies that limg EY, < lim, FX,,. By symmetry, limg Y, = lim,, FX,,. This proves
the theorem.

Proof of (1.2). Fix ¢ > 0 and & = 1. For each n, define A, = {X,, > Y. — ¢}, which is
measurable. Note that
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(1) An 7 sinee X, 7 XL
(ii) X, = (Y —e)la, (note that both sides are still simple r.v.'s.)

Therefore,

EX,

I

E[(Yy —e)la,] = E (Y[l = La:]) — eP(A,)
> BV~ (maxVi(e) ) P(45) - eP(4,)

(Y is simple, s0 "max™ exists and is finite)
—  FEY. — e, a8 1 — o0,

since € is arbitrary, we have lim, EX,, = EY;. The proof is finished.

(11). ALGEBRAIC OPERATIONS
THEOREM 4.1.4 X.Y =0 are r.v. s

(1). XY =0, and ab = 0, then ElaX +bY) = aEX + bEY. (Linearity)

( “ab = 0" <= “a and b have the same signs”, so to avoid the possibility oo — oc.)
(2). X =0, =+ EX > 0. (Nonnegativity )
(3). X =Y =0 =+ EX > EY = (. Monotonieity)

Proof. Let X, =0, Y, =0 be simple r.v.’s and X, 7 X. Y, . X.

(1) Clearly, aX,, + bY,, are also simple from (1.1). Thus
E{aX +bY) = limE{aX, +bY,)=lim(aEX, +bEY,)
(L3 LS
alim FX,, + blim EY,, = aEX +0EY.

(2) EX =lim, EX, =1
B X-Y>20and (1) = FEX=FY+[X-Y|)=FEY+FEX-Y). = EX-EY =
E{X =Y} =0 from (2).

THEOREM 4.1.5 X > 0. Then EX =0 <= X =, . (L

Proof. "=". Suppose that X =, . 01s not true, i.e., PIX =0) <1 = Fy(0)=F(X =0)=P(X =
() < 1, = J¢ = 0 such that Fy(¢) < 1 since Fy is right continuous, Therefore,

EX = E(XIix.g)+EXIix<y)
= f.EI:.T{I_-H}} =eP{X =€) =0

Contradiction. This proves that X =, . 0
Yae==", Noting X = (), we have

0 < EX=FE(XIix_n)+E(XI{xe0) = B(XI;x=0})

< (.c..up Xl[u:}) Elfxwny < (m:p X[u}) PIX =0)<o0x0=0.
wEld w Ll

THEOREM 4.1.6 .

(i) If X = 0 a.s., then EX = 0. (ie., strict inequality is preserved by expectation)
(ii) If EX =0, then P(X = 0) = 0.

Proof. (i} We first show that if X = 0 as., then EX > 0. Clearly, X = 0 implies that EX = 0. We
show that E'X can not be equal to (0. Otherwise, if EX = 0, coupled with the assumption X = 0 = (),
we pet X = () as from the last theorem. This contradicts with X > 0 as. Thas we have shown that
KX =1

(i1} If the conclusion is not true, then P(X > 0) =0, i.e., P(X <0} =1, or X < 0 a.s. Similarly
to the proof of (i), we can show that EX < 0. This contradicts with the assumption EX = 0,
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(ITT). LIMITING OPERATIONS

The next theorem is critical in proving monotone continuity of expectations. It is also important in its
own right.

THEOREM 4.1.7 (Fatou’s lemma)

1. Suppose that X, =Y a.s for all n and some Y with E|Y | < oo,
E(lminf X, ) <lminf EX,. <  E(lm,X,) < lim, EX,.
fe—+ 00 T— D

(Typically, one can choose Y = 0 in practice. )

2. Suppose that X, <Y a.s for all n and some Y with E|Y| < oc.

TP+ =i

E (lim sup X n) = hmsup EX,. — E {lim”.ﬁ' n] > lim, EX,,.

Proaof.

1. Without loss of generality, we can choose ¥ = 0, otherwise, we could consider X,, — Y instead.
For each m, let 2, '= infy-,, X}, so that £, 7 limX,. [(Recall imX, = lminf, .. X, =
SUP,, = Mfgzm X = sup,,~q £ = limy, 2, )

Note X, = 0 = hmX, > 0 = there exists a sequence of simple rv.s {Yi, & = 1} such that
0 < ¥, 7 himX,.

Fix & = 1 and € = 0, and for each m, define A, = {Z,, > Y, — ¢}, which is measurable. Since
X = 2y i, X, = Yy > VY, —e, then A, 7 (0. Thus,

Ym: X =2 (Yo —e)lla,,
Therefore,

EXym = E[[Vk - ﬁj‘rﬂm] =FE {Vk“ - I.Jlf;,]} - 'EF(AIJL}

> EY; - (n;; mwn) P(AS,) — eP(A,)
(¥} is simple, so “max” exists and is finite)
—  BEY. — e, as m — oo,

since € is arbitrary, we have lim, KX, = FY,. Letting & — oo, we get lim, KX, = limj. KV =
E (lim, X, ).

2. The proof is similar to that for liminf and hence omitted. g
REMARK 4.1.2 We have the following simple relationships,

Fatouw’'s Lemma — the Monotone Convergence Theorem (MCT).
(The MCT will be introduced later. )

1. Fatou’s Lemma implies the Monotone Convergence Theorem (MCT). This can be seen from the
proof af MC'T later,

2. The Monotone Convergence Theorem trnplies Falow's Lemma.
Proof.  Assume that X, = 0. First we have

inf X, < X,,.

k=

Taking erpectation on both sides, we gef
EE%E X < FX,
Note that infy-,, Xp 7 liminf, X,,, and hence the LHS is non-decreasing. Take lminf, on both
sides and then applying the MCT, we get
liminf £ inf X =limFE inf Xg = Elim inf Xg < Eliminf X,,. g

TE k= ! [ e o ok>n !
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REMARK 4.1.3

(a) The inequality in Fatou's lemma can be strict, For example, in the last example, we have
lim, X,(w) =0 and EX,, = 1. So ElimX,, =0 # limEX, =1,

(h) Fatow's lemma s particularly useful in establishing results about the convergence of the
expectations of the elements of a sequence of random variables.

(c) Suppose that the sequence of functions is a sequence of random variables, X1, Xa, ..., with
XY (almost surely) for some Y such that E(|Y|) < oc. Then by Fatou's lemma

E (nm inf xﬂ) < liminf EX,,.

T b T i T80

It is often useful to assume that Y is a constant. For example, taking Y = 0 it becomes clear
that Fatou's lemma can be applied to any sequence of non-negative random variables.

Now we shall introduce the first form of continuity for expectations: monotone continnity,

THeorEM 4.1.8 (Monotone convergence theorem) Let X, X1, Xs, ... be nonnegative r.v. s, Then,

(1) Xﬂ(m}f}x{w} — EX, " EX,
(2) Aplw) ™ Xlw) and EX,, < ¢ forsomem =1, = FEAX, ~ FX.

Proof.

(1) X <« X = FX, < EX = limsup, FX,, < FX. 5o
FX =FlimX, = Fliminf X,, < liminf FX,, < limsup FX, < FX.
T n

e

That is, iminf,, FX,, = limsup, X, = lim, FEX, = FX.

(2) WLOG, assume that X, < oo, Then, X, (w) ™ X{w) = Xi{w) = Xplw) .~ Nlw) -
Xw = EX, - FEX, " EX| - EX = EX, ~ EX.

ThHeEOREM 4.1.9 If Yy = 0 and )7 | Yi(w) < oc, then
o o
p(3on) -3 e
k=1 k=1

Proof. Letting X,, = % YV, and X =37 Vi, Clearly, X, (w) 7 X (w) for every w from the assumptions.
Applyving the Monotone Convergence Theorem: RHS = lim, EX,, = EX = LHS.

IV. EXPECTATIONS EXTEND PROBABILITIES

(1). A, S A= 1Ty, T4 = PA,) = Ely, /" Ely = P(A). Similarly, A, ~, A =
P(A,) ™~ P(A). So the Monotone Convergence Theorem implies monotone continuity of P.

(2). Take Y. = I4, where A; are disjoint. Then

P> Ay) = Hlex 1, =2 Ela, =) P(A),
1 1 1

the o-additivity of P.
(3). Take X, = I4_, then since liminf, T4 = liwing, 4., . Fatou's lemma implies that

P(liminf A,,) = Eliming, 4, = Fliminf T4, < lminf P(A, ).
T mn T

Sl

which was used to prove continuity of P.

(4). Measures are always continuous from below, and conditionally continuous from above.
Expectations are alwayvs continuous from below, and conditionally continuous from above,
(3). Finite measures (including probability measure P) is always continuous, but E is not,

To understand why this is so, recall a question in Homework 2, stated below for easy reference:
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If (€2, A, it} is a measure space, and A, £ A.
(i) Prove that p(lim A,) < lim p(A4,). Analogously, if p(U72, A;) < oo for
some i = 1, then p(lim A, ) = lim p(4,,). o
(1) If gt is a finite measure, and lim A4, = lim 4,, = 4, (e lim 4, = A},
then lim pu{Ad,) = u(A).

Proof.
[i} ;L{@ﬁlﬂ] L {1im,, I"‘?'iﬂﬂ.z-:] lirn,, o (l’"fiﬂ .-fl.a_jl < lim,, u.l:,flﬂ.],
and

;:.(HAH_] p(limg, U2 Ay = limg, e (U2 ALY = gl Ay ),
where in the very last inequality, we used the assumption p(l?= A} < <
for some n > 1.

(i) Since g is finite, we apply (i) to get
Hp!.l:..-’-ln]l < ;:,(EAN} plA) = pllimA,) < lim (A, ).

It is clear that the critical steps for continuity of finite measure p is the two inequalities:

p(limA,) < lim,, p(A,), p(limA,) = T, A).
If we can show that

E(limX,) < lim, I7(X,,), E(limX,) = lim, F(X,,),

then E would also be continmons. However, the second inequality is not always true, eg.,
X =nlpgimy — 0, but EX, =1+ 0.

4.1.3 Expectation for general r.v.’s

(I). DEFINITION
Recall X7 = max{X,0} = Xlyx=qy, X~ =max{-X,0} = ~XI;xcp, and

X = Xlxzop + XIix<op = Xlixzop = (= XMxzop) = X7 = X7,
X = | X[xz0p + [ X x <oy = Xxz0) + (X jxco)) = X"+ X
So EX can be defined by EXT and EX . But we need to be careful to avoid EXT — EX— = oo — o,
Definition: Let X be a rov. on (12, A, I?) (not necessarily nonnegative),

(a) For general rov. X, il either KX < oo or FX ™ < oo (but not both), then the expectation
of X is

EX = FEX  —-FEX".
In this case, the expectation of X is said to exist and EX € [—o0, 0ol
(b) If EX™ = EX™ = o0, then EX is not defined.
(c) X is integrable if F|X| < oo
(d) If X is integrable and A € A, the expectation of X over A is

FaX = E‘[XL;]
Remark:

(1). Let L' = {X : E|X| < oc}. This defines the class of all integrable r.v.’s on (0, A, P).

(2). X is integrable, ie. X ¢ L' = E|X| < 0 = EXT < ocand EX™ < oc. S0 EX in
(a) is well defined since we don’t have oo — o))

(3). First X14 is a r.v. Secondly, £ X| < o0 = E|X 14| < oc. That is, E{X 4] in (d) is
well defined. )
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(I1). ALGEBRAIC OPERATIONS

TheorEM 4.1.10 .

(1). X,Y e L', and a,b e R, then aX +bY € L', and
ElaX + 1Y) =aEX + bEY. (Linearity)

(2). For X € L', |[EX| < E|X|.
(3). XYV e L', and X <Y, then EX < EY. {Monotonicity )

Proof.

(1) By the triangle inequality: |aX +0Y| < |a|| X]|4|b]|Y]. Note that each term is nonnegative,
s0 their expectations are well defined and monotonicity of expectations for nonnegative r.v.’s
implies

ElaX 4+ bY| < |a|E|X| + |bE|Y]| < oc.
Thus, aX + bY e L',

To complete the proof, it remains to show that
(a) B(X +Y) = EX + EY. (b) E(aX) = aEX.

Proof of (a). We next show that if 2, Z; = 0, then E{Z, — Z3) = EZ| — EZ;. 1If suflices
to show
E(Zy — Z3) E(Zy — Zy)" — E(Z) — Z3)”
= ElZi - Z:)lz,22, — E(Z2 — Z0)] (7,22,
EZ, - EZa,

or equivalently we need to show that
EZ + E[E":g — E1}f{3|233} = K& + 5{31 — Eg]f{;_-;lzg.z}.
which follows easily from the identity
2y + (2o — D1z 220} = Zo + (21 — Zol 72,5 2,3
(Note LHS = RHS under 3 cases: 2y < 2o, 2 = Z0, £) = £a.)
It then follows that
EX+Y) = EXT X" 4+Y" -V}
= E((XT+VT)—(X™+ ‘}"'j]
= EXt4+¥H -—EX +Y7)
(EXT+EYT)—(EX~ + EY ™)
= FX+ EY

Proof of (b). If a = 0, then

E{aX) = FlaX)"] - E[aX)7)] = ElaX™"] — FlaX ]
= a(EX" - EX")=aEX.

If o < 0. then
(aX)" =aXIj,xz0) = (—a)(~X ) x<qp = (—a)X

Similarly, (aX)” = (—a)X ™. Therefore,

E(aX) = E[(aX)*] = E[(aX)")] = E[(—a)X "] = E[(—a)X*]
= —a(EX - EX")=aEX.

(2) |[EX|=|EXt - EX~|< EX* 4+ EX~ = E|X|.
(X -Yel'and from (1), weget EY —EX =EY-X)=EY-X)"=0. ¢
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THEOREM 4.1.11 X =, . ¥ = EX = LY.

Proof. Let & =X — VY, then
=P X=Y)=PIX-Y=0)=PlZ=0)=P(Z|=0)=PlZ"  =0,Z2" =0).

Therefore, P(Z7 = 0) = 1 and P{Z~ = () = 1 {(here we used the fact that P{A N B) = 1 implies
PlA)=P(B)=1.) Thus, EZT = EZ~ =0, It follows that E(X —Y)=EZ" — EZ~ =1, Finally,

EX=EY +(X-Y)=EY+EX-Y)=EY. g

(I11). LIMITING OPERATIONS

We are now ready to introduce the second form of continuity for expectations: the dominated continuity.
Below, we shall write X,, — X to denote X, (w) — X{w) for all w .

THEOREM 4.1.12 (Dominated Convergence Theorem) If X, — X a.s., | X, < Y for all n, and
EY < oo, then
lim EX, = FX (= Flim X,,).

Proof. First, from the assumptions, we have that | X| < |X, — X|+ X, < C+ Y as Thus, E|X| <
C' + EY < oc. Henee, X € L',

Secondly, | X, | <Y — -V < X,, <Y for each n.
Now Y - X, 0=
EY -FEX = EY-X)= E:limniuf[}“’ - X)) = lillhiuf E(Y — X,)]
= EY + ]ilILilIf[—Eln] = FY — limsup £X,,.

(L

Thus, limsup, EX,, < EX.
On the other hand, ¥+ X, >0 =

EY + EX = E(Y+X)=Elminf(VY + X,)] < liminf E(Y + X,.)]
= FEY +liminf FX,,.

n
Thus, liminf,, £X,, > FX.
Combining the two, we get limsup,, FX,, < FX < liminf,, FX,,. This implies that lim,, FX,, = FX. g
Remark:

(1) Going back to our earlier example, if ¥V dominates X, = nfy 1, for each n, then
we must have ¥V = ZT’-’“I{ 1/in+1)1/m) T0r all m = 1, thus letting m — oo, we get ¥ =
Zi’” ndi1 j(ne1y,1/m)- This implies that

e

)
BY > EY nlajmegam = £ m Y nliminam
1

—=c
1

e

= lim F Z i 10,1 /m) (by Monotone convergence theorem)
i

= Z”Ej-u;l..-'ir:+]}.ll.-'n] = Z”P ((1/{(n+1),1/n))
1 1

= Yn(/n-1m+1)=Y 1/(n+1)

— .

In other words, if there exists a r.v. Y > 0 which dominates all X, (n = 1), then FY = oo,
Thus, the condition in Dominated Convergence Theorem is violated.

(2) If A, — A, then [4, — T4. Taking X,, = T4, and ¥ = 1, we get
PlA,)=FEl,, — Efy = F(A),

the full-fledged continuity of P,



4.1.4 Summary
Assume that X, Y, X, ..., X,, below are all r.v.’s on (2, A, u).

(Absolute integrability). EX is finite if and only if

E|X] is finite,

(Linearity). If the RHS below is meaningful, namely not 400 — o0 or —oc — oo, (e.g. if
XYz0anda,b=0,0orif XY € L' and a,b € R), then

ElaX +bY) =aEX + bEY.

(r-additivity over sets). I A =3"" 4,

EaX = i Ea X.

' —

(Positivity). If X > 0 a.s., then
EX = 0.

(Monotonieity). If X; < X < X, as., then
FXi < FX < FX,.
(Mean value theorem). If « < X < bas on A€ A, then

aP(A) < EaX < bP(A).

(Modulus inequality).
|EX| < E|X]|.

(Fatou’s Lemma). If X, = 0 a.s., then

F (Iiminfﬁ'u) < liminf £X,,.
i

T

(Monotone Convergence Theorem). It 0 < X, 7 X, then

limFEX, = FX = FlimX,,.
T i

(Dominated Convergence Theorem). If X, — X as., [X,| < Y as. for all n, and
EY < oo, then

lim#EX, = EX = Flim X,,.

Tl i

(Integration term by term). If 3% F|X,| < 0o, then

e
SLAPTIPN
i=l1

so that 37 X, converges a.s., and

E (Zx: A’Iu) = iﬁ-’ﬁfn.
i=1 i=1
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Remarks.

(1). Note that when EX is well defined, i.e., EX = EXT — EX ™ is not of the form oo — oo,
or —oc + oo, then E'X has only three possibilities:

o0, o0, finite,

(2). Tf a relation involving r.v.'s is true a.s., then we can simply pretend it is true everywhere
when we calculate integration or expectations. This is justified by the following theorem:

Toneorem 4.1.13 [f P(A) =1, then Eqn X = E X

Proof. EnX = EaX + EaX,but 0 < |EaeX| < Eae| X| < 00 x P{A%) = 0o x 0 = 0.

(3). If the mean of a nonnegative r.v. is bounded, the r.v. is bounded as.

Tueorem 4.1.14 If E|X| < oo, then |X| < o0 a.s.
(Namely, if P(|X]|=o0c) =0, then |EX| =0 ).

Proaf. If the theorem is not true, then we have P{|X| = oc) = 0. As a result,

F X X| = o0o0) = o0.

X| = E|lX|[I|x)cxx + E|X || x|=c = ElX|J|x |2 = 20 % P(
This implies that |EX| = oc, which contradicts with our assumption.

PROOFS OF THE SUMMARY.

X is finite.

(Absolute integrability). FX is finite <= F
Proof, EX < o0 +— EXT <ocand EX™ < o0 = F|X| < .

(Linearity). If the RHS below is meaningful, namely not 400 — o0 or —oc = oo, (eg. if
XY>=0anda,b>0,orif X.Y € L' and a,b € R}, then
E{aX +bY) = aEX + bEY.

Proof. There are four possible cases:

(1) X,¥ £ L', This has been shown.

(2) X € L' and ¥ & L', Similar to (3) below.

(3 X & L'and ¥V € LY. WLOG, assume that EX T = 0o, thus EX— < o,
EY™T < oo, and EY ™ < oo, Also assume that a,b = 0. So RHS = ~¢ and

LHS = E[{aX™ +bYt) — (aX™ +bY 7).

But FllaX™ +b0Y7) = FlaX7) = abEXT = 00, FlaX~ +0Y7) < 0,
therefore, LHS= >~ = RHS.
(4) X & LY and ¥ € LY. WLOG, assume that EXT = sc, and EY1 = a0,
Thus FX ™ < oo, , and EY ™ < oo, In order for the RHS to be meaningful,
we must have ab > 0. Assume that a, b > 0. Then the rest of the proof is
similar to that in {(3) above.

(r-additivity over sets). If A =37 A4,
.
EaX =) EaX
i=1

Proof. If X =0, then applyving the Monotone Convergence Theorem, we get
E.X = EXIy—E (Z r:»l‘._x') Y E(XIy) =) EaX
i=1 i=1 i=1
For general r.v., X = X7 — X~ the proof is left as an exercise,

i



(Positivity). If X =0 a.s., then EX = (0,
(Monotonicity). If X1 < X < Xy as., then EX, < FX < EX,.

Proof. It suffices to show that X < Y as. mnplies FX < EY.

If both EX and FY are oo (or —oo), then the inequality clearly holds. Otherwise,
since ¥ — X = 0 as., by the linearity and positivity of expectations, the proofl
follows from

EY —EX=EY-X)=0

(Mean value theorem). If ¢ < X < b a.s. on A, then
alP(A) < EaX < bF({A),

Proaof, a< X < bas. implies alg < X144 < 0l4 a5, The proof is done by taking
expectation on both sides.

(Modulus inequality). |[EX| < E|X]|.
(Fatou’s Lemuma). If X, = 0 a.s., then

FE (]im inf Xﬂ) < liminf EX,,.
(Monotone Convergence Theorem). If 0 < X, " X, then

lhmFEX, = EX = Flim X,,.

(Dominated Convergence Theorem). It X, — X as, X,| < Y as for all n, and
EY < oo, then
lim FX, = FX = Flim X,,.

(Integration term by term). If 5.7, F|X,| < oo, then

z X, | = oo, m.s.
i=1]

so that 507, X, converges a.s., and
- 0
E (Z Jf,,) =% EX,.
i=1 i=1
Proof. By the Monotone Convergence Theorem, we get
20 e
F(Sw) -3
i=1 i=1

By Theorem 4.1.14, we get 3~ | X,,| < oo a.s., which in turn implies that 377 X,
converges a.s. Finally, apply the Dominated Convergence Theorem, we have E (37 X)) =

ST LEX,.

X | = oo,
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4.2 Integration

4.2.1 Definition

Integration over a measure space (§1, A, p) is conceptually the same as expectation. The integral is defined
via the same procedure, and the properties are nearly identical.

Definition: Let f be Borel measurable on (€2, A, ). The integral of f w.r.t. pis denoted by

[ st = [ sau= [ 1

a) If f=>3"Tad4 with a; =0,

/fﬂ'ﬂ = Zﬂ.f,u(ﬂt-).
* |

by I f =0, define
/fci,uz lim / Fadpt,

where f, = 0 are simple functions and f, ./ f.

Remark: An equivalent definition is (see Shao, 1995, or Durrett)

ff{l;.t : HIL[}{ [*r,-f-'rﬁ;r. L= H.l’} .

where 55 = the collection of all nonnegative simple unetions 4 such that ¥(w) < flw) for
any w € £,

¢} For a general function f = f* — f, define

I/fﬁl‘.lu.::ff"'fip.—[.f_"fﬂ

if either | fTdp < ocor [ fdp < oo, If [ frdp = oc and [ f~dp = oo, then [ fdu is not
detined.

d) f is said to be integrable wr.t. pif | |f|ldy < oo (or equivalently, [ f7dp < oo and
| fdu < o). We shall use L' to denote all integrable functions,

e} If either f = 0 or f € L', and A £ A4, then the integral of f w.rt. pover A is defined by

/,1 fﬂf#=ffi.d.rfﬂ=—/.f[mjj_d_{umwmjl

Remark: By taking [ = T4, then it follows from (a) and (e) that

plA) = [ Iadp = [q il
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4.2.2 Some properties of integrals

Here are some properties. Proofs are similar to expectations and hence ommitted.

Assume that all functions below are Borel measurable on (€2, A, ).

(Absolute integrability). [ f is linite if and only il [ |f] is finite.

(Lineariity). If the BHS below is meaningful, namely not 400 — o0 or —oo — oo, (eg. il
fig=0and a,b >0, orif f.g € L' and a,b € R), then

f{uf + by jdp = ﬂ/ fdp + !ifynflu..

(r-additivity over sets). If A =57 A,

L_fd,u = g[d fdu.

(Positivity). If f = 0 a.e., then

j fedpe =10,

(Monotonicity). If fi < f < fy a.e., then

[r<fi<[n

(Mean value theorem). If a < f < b a.e. on A € A, then

apl A} = f fdpr < b A).
A

1< [

(Fatou’s Lemma). If f,, > 0 a.e., then

[1'1m il f,, < liminf [_f,r-
(Monotone Convergence Theorem). It 0 < f, . f, then
lim / fn = f_f = / lim f,.
L . 71
(Dominated Convergence Theorem). If f, — fa.e., |f.| < g a.e. for all n, and j' g < 0o,

then
limn /._J",, = /.f = /Hln_,l"n__
Tt 1

(Integration term by term). If 55 [|f.| < oc, then

e
Zlfn < 00, 4.6,

i=1

(Modulus inequality).

el
so that .7, f, converges a.e., and

[505

i=1 =1

Gl



4.2.3 Special cases: Lebesgue-Stieltjes integral and Lebesgue integral
Definition: f is a Borel measurable function on (€2, A, ).

(a). In the case of ({1, A, p) = (R, B, u), if we write x = w € R, then

[ s@mtaw) = [ 1@)utas

is just the ordinary Lebesgue-Stieltjes integral of | w.r.t. .

(b). In the case of ({2, .4, ) = (R, B, A), where A is the Lebesgue measure, then

/ﬂi)”df} = /f[:!::ldu:
is just the ordinary Lebesgue integral of f w.r.t. A. (Note: Aldr) = dr.)

Definition: Let F be a nondecreasing and right-continuonus funetion on R (e, L-5 measure function).
It is known that there exists a unique measure p on the measurable space (R, B) such that

plla,bl) = F(b) — Fa). (2.3)

(a). Then we can define

[ 1aF = [ $@aF () = [ fla)ntdn) = [ fy

to be the L-S integral of f w.r.t. F.

(b). In the special case F(x) = o, the unique measure p determined from (2.3) reduces to the
Lebesgue measure A, As a consequence, the integral in (a) reduces to

[ sz = [ s = [ sax
which is the Lebesgue integral of [. (Note: Adr) = dr.)

Remark: X isarv. on (02, A4, P).

(1) Expectations are special cases of integrals:

EX = [Jf{ij[rfw]l = fx[?‘-:ldf:x (), where Fy(t) = P(X < t).

(2) For L-5 integral, .Jr(u.u] fdp may not be the same as _]"[”_ b fdp ect. So we don't write
'f.l 4 - - - g ]

| fdp. For L-integral, it is OK to do this.

(3) We know (or do we really?) the relationship between Riemann integral and Lebesgue
integral. Now there exist some similar relationship between Riemann-Stieltjes (R-5) integral
[actnally we have not discussed the R-S integral in this course yvet] and Lebesgue-Stieltjes (L-
=) integral. Now let us point out one more difference between them. Well, roughly speaking,
the R-S integral [ f(x)dg(x) is defined as the limit of R-S sums as the mesh goes to 0. We
must require that f and g do not have discontinuities at the same point in order for the limit
to exist. On the other hand, no such regquirement is necessary for the L-5 integral.

Some special cases

Consider the L-5 integral of the form

f fdG,
i

where B is a Borel set in K. The abstract definition quickly translate into straightforward formulas when
(+ has some properties,
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[y }

. (& 15 a discrete (i.e., a step) function.

When (7 is a step function, it will have at most countably many jumps {x1, 72, ...}. where AG(x,,) =
Glan) — Gla,— 1 = (). The measure @ will be discrete with positive measure at each of the points

) 9. e, SO
[ fiG= ¥ Fa)AG,)

i e

. W i .
In particular, defining j'l = J[“ ;- we have

t
[ gic= [ jic= ¥ j)ac).

" [”'Il .l.;.:.-:.-.'_'._.ru{.'.

In this case, the L-5 integral is a short and convenient notation for a sum with a finite or countably
infinite number of terms.

. (& is an absolutely continuous function

When G is an absolutely continuous function with derivative g, then

w((s,t]) = /[ . gl )da.

/ﬂ fdG = /B fdp = Lf':i'].f;[r]ce‘.r.

Thus,

. (7 18 a mixture of discrete and absolute continuous functions

Suppose that G : [0,00) — R, is right-continuous on [a, o0), and is differentiable on R except at
points in a countably infinite set {4, xo, ...}, where each x; > a. In most applications, one can take
it = —ono or a = (). Then, (7 can be written

G{f}=f.?(u}|+f glz)ds+ Y AG(wn).
“ TR e |

In this case,

[{ ! fla)dGla }—[ fle)gle)dz + Z Flan ) AG(z,).

(a, TRy,

. is a right-continuous function of bounded variation.

When G is a right-continnous function of bounded variation, then we have G = G — Go., where
both (77 and (o are nondecreasing and right-continuous functions. In this case,

/f‘ﬂr{ﬁ fff{-:u —f ff”?g.
(5]

Using this decomposition, it is easy to show that all of the standard results from Lebesgue integration
hold for fﬂ fdG.

. Integration by parts formula

If F and & are differentiable inctions with respective derivatives [ and g, then from caleulus we
have the following integration by parts formula:

F()G(t) — Fi(s){(s) = [[r' Filx)g{x)dr 4 / Glx) f(x)de

a I'.'b:..!.]

- /. F'la)dGx) + Glx)dF(x)
ERY (a1

If either F' or G have discontinuities, then a bit more care must be taken with the L-5 integral.



ToeoreM 4.2.1 Let F, G be right-continueous functions of bounded variation. Then

F(HG(t) — F(s)G(s) = j:'_tjf*{m_jdc{xu Gz)dF(z) (2.4)

|:."5'-r:

- F(a)dG(z) + f Gla—)dF(x), (2.5)
R (=]

F(t)G(t) F[S]G'l[s}=f{ H F(z—)dG(x) ft r. G(z—)dF(x)+ Y AF(x)AG(z). (2.6)

TSy,

FProof. WLOG, we will only prove the case for s =, Note that, whenever s < ¢, by definition,

F(s) — F(0) = u((0, 5]) = f dyp = f dF(x) = / Lipere s dF(z).
(1), =] (i, s| (0.

F(s—) F[U]I=,u[|:[}~.ﬂ;}]=[

S,

dp = f dF(x) = f IipereaydF ().
(0,2) {0.1]

By Fubini’s Theorem, (although we did not discuss this theorem in this course yet!)

{F(t) = FIHG) - G(0)}
—  F()G(t) — F(0)G(t) — G(O)F(t) — F(0)G(0)

- dF(z) = dG ()
S0t {0, 1]

f / dF (2)dG(y)
(0.¢] {0.2]

f f Tpesey  dF()AG(y) | [ [ ToeyenydP(2)dG(y)
(0] o {01 S, S0,

= f (_/ ‘i{ur::-::.r}fﬂpt'-”j) dG(y) +f ([ I{UJ:J;EI}JGETJ]) dF(x)
(0,¢] \ (0] (0.t) N (0]

= [ {Fy-) - FO}GW) + [ {Glx) - GO0)}dF()

(0,2 (i, ¢]

Fly=)dG(y) = F(0) [ dG(y) + Glr)dF(r) - G'IIUJf dF(x)

J(,e] S0, J(0,1] {0.1]
— f Fily—)dG(y) + Glx)dF(x) — F(0)G(t) — G(O)F(t).
(13,¢] (0,¢]

Algebraic simplification leads to (2.4). Proof of (2.5) is similar.

To prove (2.8), in view of (2.4}, it suffices to show that

f Glo)dF(x) = | Gla—)dF(z) + 3 AF()AG(x).
(5.0

(5] nigsr,, Tt

or equivalently,

AG(z)dF(z) = Y AF(z)AG(x).

(5.t] ST o Ly

Let F{x) = Folx)+ Fylx) = Folx)+ 3 ., AF(s), where F. and F}; are the continuous and discrete
parts of F', respectivelv. Then,

AG(a)dF(a) AG(x)dF.x) + AG(x)dFy(x)

(a.1] [a.t] N

= 0+ Z AG(x)AF (),

Om=<i
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where we used

AG(x)dF.(x) = 0, (2.7)
(a.8]

which is true since F,. is continuous (and hence assigns measure 0 to any single point) and AG = 0
at all but at most a countable number of points in (0,f]. See the remark below for a more detailed
proof. g

REMARK 4.2.1 Here we provide a more detailed justification of (2.7). Denote Dg and Cg; to be
the set of all jump points and continuity points of G, respectively. Then,

fﬂ{:[:ﬂ]{iﬂ(;ﬂl = / if:(:{:]fiﬁ-{,ﬁ]l+/ AG(x)dF.{x)
B J BN g

o Bl

— / OdF, () f AG(x)dF.(x)
d B e ENDe

[ 0dF.(x) + f AG(x)dp(x)
BNCa Bl

(pe is the corresponding measure to F.)
= 1

since B MOy is a countable set, and

p(BNCg) = »  pel{za}) = D [Fulzn) — Felzn—) =0 g

T = T Iy = ML

REMARK 4.2.2 [n the infegration by parts formula,

F(1)G) — F{s)G(s) -/I: ; Fla—)dG(x) + [ Gle—)dF(x) + Z AF(x)AG(x).

' I:*-:.I': TLE e,

We notice that Fe—) and Glx—) are continuous functions. Therefore, there is no common jump
points between Fle—) and G(x), and also between Fix) and Glz—). All common jump points have
been absorbed by the lost ferm.

4.3 Measure-theoretic and probabilistic languages

We now have two parallel languages, measure-theoretic and probabilistic:

Measure Probability

Integral Expectation
Measurable set Event

Measurable set Random variable
Almost everywhere (a.e.) Almost surely (a.s.)

4.4 How to compute expectation

Integrating over (£2. A, ) is nice in theory, but to do computations we have to shift to a space on which
we can do caleulus, The following theorem will prove most useful.

THEOREM 4.4.1 (Change of variable formula) .

Assume the following holds:
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(i) Let X be measurable from (£2, .4, P) to (4, Ao, Py ).
where Py = P - X1 is the induced probability by X.

(it} g s Borel on (£, .4g).

(¢it) Fither g =0 or E

g{X)| < ec.

Then
Fg(X) = fg ! gly) Py (dy).

Remark:

(1) To explain why this is called “Change of variable formula”, we note
Ba(X) = [ g(X@NaP = [ gw)ipx.
JIT o Thp
It is as if we changed our variable from w to ¥ = X{w).

(2) In most cases, we choose
(%, Ao, Px) = (R, B", Px)

where Py (B) = P(X £ B) for B € B" is the distribution induced by X, In this case, X will
be an n-dim random vector, and g(X) will be a random variable as g is Borel function.

(3) One practical implication of the above theorem is that we can compute expected values
of functions of random variables by performing L-S integrals on the real line . Below, we
shall first change it into L-integrals which equal R-integrals when the latter exists,

(4) We will prove this result by verifying it in four increasingly more general special cases.
The method emploved here is a common one. and will be used several times later,

Proof of the theorem:

Case I: Indicator functions. If g = 'y with 77 € A, then the relevant definitions show
Eg(X) = EIg(X)=P(X g B)= Py(B) —ffmipx

- /; Iy} Px(dy) —[ gly) Py (dy).

il

T

Case I1: Simple functions. Let If g =37  bilp with B; € Aj. The linearity of expected
value, the result of Case 1. and the linearity of integration imply

T mn Tk
Eg(X) E(Zmrﬂ,{x}) Y BEIg(X) =) b L I, () Px (dy)
i=1 i=1 U

i=1

= [sz (E E’|'IH;|:H}) Py (dy) = [ gly) Py (dy).

i—1 Ik

Case III: Nonnegative functions. Now if g = 0, then there exists a sequence of simple
functions {g,.n = 1} such that 0 < g, /" g. For instance, we could choose

gnlx) = ([2"g(x)]/2") A n,

where [r] is the integer part of x. From Case 1T and the Monotone Convergence Theorem, we
et

By(X) = limBgu(X) =lim | g.(o)Px(ds) = [ g)Px(dy)

- !':l” k 5:1':3
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Case IV: Integrable functions. For the general case, we can write glx) = gla)™ — gla) ™.
The condition that g is integrable guarantees that Eg{X )" < oo and Fg{X)~ < co. So from
Case (III) for nonnegative functions and linearity of expected value and integration

EglX) = Eg(X)" - Eg(X)
= /;-;: gly) ' Px(dy) - /ﬂ aly) Px(dy)

= i!;[yJP.x'(d:u}- 1

4.4.1 Expected values of absolutely continuous r.v.’s

LEMMA 4.4.1 Let X be an absolutely continuous r.ov. with density function f, i.e., Fy(zr) = f_‘x flt)dt.
Let Py be the unique probability measure corresponding to Fy. Then

Pyv(B) =f fdd = / fla)de, ¥B e B, (4.8)
5 Jr
where A is the L-measure.

Proof. We shall give two different proofs,

Method 1. Denote p(B) = f.[i! fla)de. Tt is easy to show that both RHS u(-) and LHS Px(-) of (4.8)
are probability measures on (R, B). It follows from (4.9) below that Py|s = p s on the semialgebra
S ={{a.b : —oo <a<b< oo} By the unigueness of the extensions of measures from a semialgebra &
to the s-algebra B = (&), we prove (4.58).

Method 2. Let A = {A € B: Py(A) = [, fle)de}. Tt is easy to show that A is a g-algebra, and
A28 :={(—o¢,x].x € R}. Therefore, A O a(8) = B. The proof is done. (In fact, we have 4 = B.)

THEOREM 4.4.2 Let X be an absolulely continuons rov. with density function f, i.e., Fx(z) = [ J'%_ Fit)dt.
Assume further thal g i3 Borel. Then

Eg(X) = [ o(2) f (z)da.

T

provided that f.R gla) fla)de < oc.

{(Thus. L-5 integral is changed into L-integral, which equals R-integral if the later exists.)

Proof. Let Py be the unique probability measure corresponding to F'y such that

Py ({a,b)}) = Fx(b) — Fx(a) = . f(t)dt. (4.9)
| ez ir

From the last lemma, we have
Py(B)= f fla)der, vB e B.
I

From Theorem 4.4.1, we have Eg{X) Jiﬁ: gla) Py (de). To complete our proof, we only need to
show that

[ o) Py (dx) = [ o) f(2)de. (4.10)
4T

IR
Proof of (4.10). We shall employ the same method used in the last theorem.

Case I: Indicator functions. If g = I'gp with B € B, then

LHS = / In(x)Py(dr) = P(X € B) = Py (B) = f To(y)f(y)dy = RHS.

=

where the second last equality comes from (4.8).
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Case IT: Simple functions, If g =3, blp, with B; € B. The linearity of expected value,
the result of Case I, and the linearity of integration imply

LHS = /\(Zh‘!rﬂf[:ﬂj) Py (da) Z!}i_ffnl{-c}!:’x[rf,r}
* i=l1
= Y b f-fﬂ () fly fi’u—f Zh Ig, () f(y)dy = [.r;f:rf]f{ﬂ}fiw

i=1

= HRHS.

Case 1II: Nonnegative functions, Now if g = 0, then there exists a sequence of simple
functions {g,,n = 1} such that 0 < g, /" g. From Case II and the Monotone Convergence
Theorem, we get

LS =tim [ g,()Px(dy) =1 [ 9.0y = [ o) f(0)dy = REES

Case IV: Integrable functions. For the gene ral case, we can write g(x) = glx)* — glx)™
The condition implies that g is integrable, ie, EgiX )7 < oo and Fg(X)™ < o0, So from
Case (111} for nonnegative functions and ]11u—*ﬁ,ntv of expected value and integration

LHS = /.ﬂ{h'}JrF’x{iiy} — [.c:[-’i'ﬁl":'.‘m"iffﬂ}
= [ @iy [ s 5@y = RS,

This proves (4.10), and hence the theorem. g

Remarks:

(i) For an absolutely continuous r.v. X, we have several equivalent expressions:
Ba(X) = [ go)Px(dr) = [ g@)aFx(x) = [ o(e)f(a)ds,

(ii) The last integral in (i) is L-integral, which equals R-integral when the latter exists. This
will greatly facilitate our caleulations.

4.4.2 Expected values of discrete r.v.’s

The expectation for discrete r.v.’s is easier to caleulate.
THEOREM 4.4.3 Let X be a discrefe rov. toking values @y, xa. ..., with probability P(X = &) = pr for
B =1, and g be Borel. Then

Fona]

Eg(X) =) glae) P(X = i) ZPHJ' )

k=1

provided that EJ-.I_] pielglee)| < 0.

Proof. Clearly, g(X) is a r.v. taking values g(zq), g(x2), ..., and we can write

ZUJ:A My e,

k=1

Case I: If g(X) = 0, then glxy) = 0 for all & = 1. Define

L
Ly = Z!f'{JfA:”[x_n}1 a form of truncated r.v.
=1



Clearly, given X, we have 00 < Z,, /7 Z = (X)), and Z, are simple r.v.’s. Either by the
definition of expectation for nonnegative rov., or simply applyving the Monotone Convergence
Theorem, we get

EglX) = lnnEE} — lnnzg (i ) P(X =xp) = ng (x5
k=1

f‘aqe IT: Let us consider general g. It follows from Case T and the assumption that Eg(X) =
gk )| < oc. Therefore,

Eg(X) = Eg(X)" - Eg(X)" = Zpkg[rﬂ.J' -3 mate

— Zp;,. Iig{j:;..j :_,r x| ZIJAE.I' -H.} [ |
=1

4.5 Relation between expectation and tail probability
We shall introduce several powerful inequalities relating expectations to tail probabilities.

THEoREM 4.5.1 We have

ZP{|1{|::-HJ-:: F|X]| -::1+ZP X| = n).

n=1

f and only if -7 P(|X| = n) <

Proof. By the g-additivity of expectation over sets, if 4, = {n < |X| < n+ 1},

)
EIX| = By 4 |X]= 3 EalX.

n=ll

By the Mean Value Theorem, nf(A, ) < Ey |X| < (n+ 1)P(4,,), thus

Zni (A4,) = Zm*{a,,} < E|X| < Z{n+ P(A,) =1+ z-r'd"{f-!”}_ (5.11)

n=—1 n=i] n=f(l n=1

It remains to show that

0
) nP(A,) Z P(|X| > n) (5.12)
n=1 =1
Proof of (5.12). Note that
I L T
Y nP(4,) = > nPn<|X[<ntl)=) ) — P{|X| = n+1)
n=1 n=1 =]

— P(X|21)- P(X|22)
+2P(|X] = 2) - 2P(|X| = 3)
+3P(|X| = 3) - 3P(|X] = 4)
tmP(|X| 2 m) - mP({|X|Z>m+1)

Tl

(| X] = m+1).

n=|

That is, >, P(|X| = n)=5%"" , nP(A,) + mP(|X| Zm+1). So

n=|

m m

ZT‘:P n) *iZP |X| = n) *iZuF n) FmP(|X| = m+ 1), (5.13)

n=1 =1 =1
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where the last tern satisfies

mP(|X| Zm+ 1) = Emix>m+1) © E|X| ) x12m+1)

Case I: E|X| < oo. Here, E|X|I{|x|>ms1y = E|X| — E|X [ x|cme1y — 0 as m — oo by the
Monotone Convergence Theorem. Thus, (5.12) is true.

Case II: E|X| = no. Here, from (5.11), we have 3~ nP(A,) = co. And then from (5.13),
we get 3 P(|X] = n) = oo, Thus, (5.12) is true as well.

=

Hence, we proved (5.12), and therefore the theorem. g

L

Remark. If we assume that 3™
below.

P(|X| = n) < oo, then the proof becomes much simpler, as given

Proof. Recall that [a] denotes the integer part of a. Note

[[X]] = {total munber of positive integers < | X |}

S r(k< X)) = S HIX] > H,
fe=1 k=1

Therefore, Z HIX|zk<[|X] =X =[X]]+1< ZI{LT{ = k}+1. The theorem follows by taking

k=1 =1
expectation on both sides. and then apply the rule of integration by parts. g

For integer-valued r.v.s, we have the following identity (not inequality).

COROLLARY 4.5.1 If X takes only integer values, then

e )
E|X|=) P(X]=zn).

n=1

Proof. E|X|:= %" aP(|X|=mn) =3 " nP(A,) =3 ", P(|X]| = n) from (5.12). g

re=I} n=]

For any non-negative r.v. (discrete or continuous), we have the following integral expression.

THEOREM 4.5.2 IfY =0, then
EY = f P(Y > y)dy = f PO > )y = [ 1 Fr(w)ldy
L1 0 il

Proof. We'd like to use Corollary 4.5.1, so we first need to turn Y into integer-valued rov. Let Y, =
127y |/2", and X, =2"Y, = [2"Y]. Then 0 <Y, Y, and by the Monotone Convergence Theorem,

EY = lim EY, = lim 27"FX,. (5.14)

F— XD Fi—+ 0

Now that X, is a nonnegative and integer-valued r.v., from the last corollary, we get
) o0 o
EX, =) P(X,zj)=) P(2"V]=j)=) P(2"V =j).
i=1 =1 j=1
But
o0 o (F+1}/2"
[ Pozpa =3 [ P =gy

G=na/en

The above two relations give us

[TPvziy = Y gp(vzd)-gn Y Peyzi

| )
= S [ PEYZH+PEY 20| = %{E;{ﬂ .
F=1
[mpiv} ]{I = iip V}-j+])_iiptﬂ?’}r}"]—lj‘.‘_j:
1] Ly = 211. 2:1 21'.5. = J 2“‘ O



Therefore,

) 1 ; i = J_ 1 1 1
EYy = o BXa < ][] PY z y)dy < o(EXy + 1) = EY, + oo

Letting n — oo and using (5.14}, we prove the theorem.

The second inequality follows from the fact ]',..J’t P{Y = x)dr =0, which will be left as an exercise.
See the homework., g

For moments of any positive order. the following identity holds.

COROLLARY 4.5.2 IfY =0 and r > 0, then

EY" =y / T IP(Y > a)dr = / FIPY > 1)de
S S

Proof. Applying the last theorem, we get

VR

s = = )
EY" = j PY" = zydr = f PYzzV"de =7 / 21 P(Y = 2)dz, where z = 217,
1 L [

The second equality holds due to the property of L-integrals. g

For any integral r.v., we have

CoORrROLLARY 4.5.3 If Y is integrable. then

EY =EYT - EY™ = P(Y = w)dr — f PY < —x)dr.
(i

S

Proof. First, EY T = [ P(YI{Y = 0} = z)de = [ P(Y > x)dz. Secondly, EY ™ = [ ¥ P(-YI{-Y =
0} = x)dr = _]'[]1 P(-Y = x)dr = [ui PY < —x)de. g

Remark. The above identities and inequalities show the close relationship between the existence
of moments and the tail probabilities. The thinner the tails, the higher moments the r.ov, will have.

4.6 Moments and Moment inequalities

Definition: Let X be a rov. and » = 0,

(1) Define

rth Moment: EXT

rth Absolute Moment: E|X|"

rth Central Moment: E(X — EX)"

rth Absolute Central Moment: E|X — FX|"
(2) L" Spaces = {X : E|X|" < 2o},

Some very uselul moment inequalities are given below.

4.6.1 Young’'s inequality

Let i be continuous and strictly increasing luinetion with 2(0) = 0 and h{sc) = =0, Let g = h™' (the
inverse of fi). Then, for any a > 0 and b = 0, we have

o ]
fr.bE[ h.l[]‘]dl‘.+/ qlt)dt.
0

S

Proof. Try to give a direct proof However, one picture is worth a thousand words,

20



4.6.2 Holder’s inequality
Suppose that p,q > 1 satisfv 1/p+ 1/q = 1, and that E|X|* < oo, E|Y|? < cc. Then, E|XY| < oo and

E|XY| < [E|X|PF|MPE V]

Proof. Take h(t) = t*~! in Young's inequality, then

g{&j _ $|II-"[F—|..:| _ Sl:l_lu"p]l,l"[l—|_|-";|u-] _ S':l_j."'fl}fl:,lfr"ﬂ — Slf—].
i il h bg
[ hit)dt = =, [ g(s)ds = —.
40 4 J0 q
Therefore,
[ i
ah < 24 b—
P q

{One could try to prove this directly without resort to Young's inequality and use this as a starting point;
see the Lemma below),

Setting a = | X|/[E|X[P|VP, b= |Y|/[E|Y]|?|"9, we get

XY
[E|XP]e(E

_ X
Via[a = pEIXT " qEY]S

The result follows by taking expectations on both sides. g

Remark. Holder's inequality is one of the most important inequalities in analysis (including
probability). For one thing, it can be used to derive a series of other important inequalities; see below.
The inequality is very sharp and very flexible as one can choose p (hence g) and X, Y creatively to derive
some powerful results.

Finally, let us prove the next inequality directly.

LEMMA 4.6.1 Let a,b =0, and p,qg = 1 such that 1/p+ 1/q =1, then

1 1
—af' + =bT = ab
P i

with equality if and only if a® = b4,
Proof. Fix b, and consider the function

1 1
gla) = —a” + —b% — ab.
P |
To minimize g(a), differentiate and set equal to (O

d
d_!?{a]l = 11, —a" b=, — b=aP"l
F )

A check on the second derivative will establish that this is indeed a minimmum. The value of the function

at the minimmmnm is
1 1 1 1

—a + —(aP" ") —ala’') = —a” + —a¥ —a” = 0.

i q P i
Henee the minimuoam is O and the inequality is proved. Since the minimum 8 unique, equality holds only
if b = aP~1, which is equivalent to a? = b9,

1

4.6.3 Cauchy-Schwarz inequality

EIXY| < VIE

X *LEIY 2]
Proof. Take p =g = 2 in Holder's inequality. g

o1



4.6.4 Lyapunov’s inequality

(1). E(IX]) < B{|X|")"/* for p = 1.
(2). [E|Z|"]M" < [E|Z|*]Y, for 0 < r < s < oo

Proof. (1), Take ¥ = 1 in Holder’s inequality.
(2). Take X = Z7 in (1}, and also let rp = s, we get

E|Z|" < [E|Z|")VP = [B| 2|70 = {[B|Z]*])Y}"

{Alternative proof can be given by Jensen's inequality given below). g

4.6.5 Minkowski’s inequality

Suppose p = 1, then
[E|X + Y[P]V? < [E|X[P]YP + [E|Y[P]VP,
or more generally,
E|X1 4 ... + Xo[P]VP < [E|XP)VP 4 .. + [E| X, |P]V7.
Proof. The proof for p = 1 is trivial. Now assume p > 1. In order to have p~! + g7 ! = 1, we need
g=1{1—p ') =p/(p—1). From Holder's inequality, we have

E

E{X + Y[~ X + Y]}

X +Y

< E{X+YPUIX[}+ E{X +Y[P Y]}

< (EIX + Y0 D) (BLX )Y+ (X 4 Y00 By
< (X + YP)IEX + (EIX + Y ) (B[

< (BIX + V)V [(BIXP)P + (BIY )],

So {E|X +Y[P} VT = [E|X + Y|P]VP < (E|X")VP + (E|]Y|P)VP,

4.6.6 Jensen’s inequality
Let b be convex, that is, for all A € (0.1) and x,y € R, one has

M)+ (1 = A(y) = o (Ae 4+ (1= Ay (6.15)
Suppose that E|X| < oo, and E|y{X)| < cc. Then

PEX) = Elv(X)].

Proof. Denote g = EX. Since ¢ is convex, then there exists A € R (in nice cases, A = ¢¥'(u)) such that
for all

lr) = ) + Az — ge). (6.16)
Put @ = X and take expectation, we get Fer(X) = o{p) + AE(X —p) =uw{p) = 0(EX). g
REMARK 4.6.1 Inequality (6.16) means that there always exists o line (ie. tangent line on the LHS of

(.16} which lics below the conver curve y(x). The tangent line and the conver curve touches at x = p,
and A is the slope of the tangent line, which is the gradient of W (x) at o if it exists,

REMARK 4.6.2 Conver funclions have many interesting properties. For instance, they are always con-
fenuous functions, have both left ond rght derivatives. One can refer to many books devoted o this
fopic.

Appendix: proof of (6.16). We shall prove the inequality in several steps. Here are some of the
unplications.
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(1) Forx <t <y,
Vi) — ) _ ely) —wle) | wly) — ()
t—xe T y—x T y—t

(The geometric meaning of the inequalities is very clear, showing the relationships of the three

slopes.) We only show the first part, which is equivalent to
E—x oy e Y-t -
=2 ) - wlo)] = () + =20,

¢[i}=w(y_tr+t_ry) < (x) +

y— W=
This is certainly true by taking A = ﬁ in (6.15).
(2) Since t — hy <t < t+ hy for by, he > 0, from (1) we get

(1) — Wt — ) _ 9t +ha) — B(1)
iy - fia

LHS (or RHS) is an inereasing (or decreasing) function of by (or k) which is bounded from
above (or below) by the RHS {or LHS). Letting fiy, ho ™, 0 results in

O (t-) < O (t4).
(3) Let t ~, rand t " yin {1), we get

P(y) — Yz ) My) — wlx
Y =0 | gy, L) UG
y—=I W
Changing x into t in the first and y into £ in the second, we get
Oy — Wl bty — b
Ply) —¥it) S, e(t) — ()
y—1 t—ux

< ' (y-),

< '!FI}’[!_ ]I 3

Using (2], we have

Pit) = wlr)

t =

i 1) nﬂflit)‘

< W(t-) < () < S

(4) For any fixed t, choose a so that /'(t=) < a < ¢'(t+), and let
I{z) = alz —t) + (t),

then I{t) = v(t), and (z) = I(=z).
Proof. 1(t) = 4(t} is trivial. The second part is equivalent to {z) = a(z — ) + ¥t} < 4(2)
0ar

Pz} —P(t) = alz —1).
This follows from (3). ( If =z =, trivial. If z > ¢, from (2). [(z) —@()]/(z —t) = ¢'(t+) = a. If
z <t from (2). [(z) —(E)]/(z —t) S ¢'(t-) Za. | n

4.6.7 Chebyshev (Markov) inequality

If g is strictly increasing and positive on (0, 2¢), glx) = g(—=x), and X is a r.v. such that Eg(X) < oo,
then for each a = O
Eg(X)

gla)
Proof. Eg(X) = Eg(X ) ix)=gtay) = gla)ET g x2 g1 = 9l0)Elf x)20 = gla)P(|X| = a).

Some special cases:

P(lX|za) =

Xel'! = P(X :zn-JEE!fl

e

Xerr — p(x|za< X

ul.l

.

Xel* = Plili"i'—EF"IIEﬂ-}liIi':-.EX}I

_ EetlX]

E(‘.’IlA *i':':—'-r-'}ﬂ - P[:l'x- }ﬂ-] = f_.f.rr

3



4.7 Exercises

1.

=1

10,

11.

12.

13

Let X 0 bearv, on {2, A P)and 0 < EX < cc. Then
v(A)= EsX/EX

is a probability measure on (02, A).

. Betteley (1977) provides an interesting addition law for expectations., Let X, Y be two r.v.’s. Define

XAY =mn{X.Y}, and AvY =max{X,Y}.
Analogous to the probability law P(AU B) = P(A) + P(B) — P(AnN B), show that

FIXvY)=EX4+EY -FE(XAY)

. Let €' = 0 be a constant. Then E|X| < oo iff 7% P(|X| = Cn) < .

I E|X| < a0, for any € = 0, there is a simple function X, such that E|X — X, | < e

. Forany r > 0, E|X[" < ociff 770" 'P(|X]| = n) < .

(a). If B X|" < oc for r =0, then 2" P(|X| = x) = o(1) as x — oo,

(b). Give an example to show that the converse to (a) does not hold.

(c). A partial converse to (a) holds: if z"P{|X| > x) = o(1), then EX|"™" < oo for
0<e<r,

(d). (Optional.} Can we replace " P(|X| = &) = o(1}) in (¢) by 2" P(|X| = x) = O(1).

Assume that EX? < 0o and a is real. (i) Let

Y = XHX <al+al{X = a}l.
Z = XI{X =b}+bI{X <b},
W = XIHb<X <a}l+al{X =a}+bI{X < b}
Show that
Var(W) < min{Var(Y), Var{Z)} < Var(X).

(Intuitively, truncation of a r.v. makes it less dispersive and hence has smaller variance.)

M p=FEX Z0and 0 < A < 1, then

(1—A)7p
& —

Consequently, if E|Y| =1, P{|V| = A = (1 = A)?/EY?. (This gives a lower bound complementing
Chebyshev's inequality. )

. Chebyshev's inequlaity states: a® P({|X| = a) < EX?. Show that (i) it can be sharp for some fixed

a by giving an example; (ii) it can not be sharp for all a since lim,_... a*P(|X| = a)/EX? — (.

Let f be measurable on (€2, 4, ) and A € A If w(A) = 0, then fﬂ fdp = 0. (i.e., integration over
a set A of measure () is (0.) (Hint: use Mean Value Theorem.)

For any r.v. Y, show that [ :ﬂ P{Y = x)dr = 0. (Hint: all jump points form a countable set which
has L-measure (1.)

Let X = 0 a.s. Show:
(1) lim yE (;I{X = y}) « 1,

F—+oo

(i) lim yE (%I{X > y}) .0

=0

Let X, Xy, X5, ... beiid. rv.'s with EX? < oo, Show that, as n — oo, we have

04



14.

15.

16.

17.

15.

19.

20,

(i) nP(|X]| > ey/m) — O;

(i) n-1/2 maxj<i<ni|Xe|} — 0 in probability.

(i) If X =0 and E|X

I« og for all p = 0, and

glp) = ln EXY, 0 < p < oo,
then g is convex on [0, 2¢).
(i) Verify for 0 < a < b < d and any nonnegative r.v. Y that

@ = Lt
ol —

EY" < (EY*)a= (EY*)
(iii) Let
hla) =) cLBY.

=1
Utilize the above result to show that if hin} < oo for o = a = 0 and o = a9 = 0, where
< g, then hla) < oo for all o € oy, ozl
(Hint: the following inequality might be useful: a*b'=* < {a +b)Ma+ b1 = (a + ),
where a, b = 0.}

X Z0and Y =0, p>0, then E{{X + Y} < C, (E{XT} + E{YT}]. where
C, = 271 iip=1
= 1, il 0= p<1.
The following questions are optional.

show that an equivalent definition of integration for a nonnegative function f = 0 is

/fd,u = s1p { /t‘l'dﬂi s £ S;} :

where 57 = the collection of all nonnegative simple functions ¢+ such that {w) < flw) for any
w € (L

If X; =0, then

——,
L
iz
e
R
b}
P—
Fat

Y {XTY ifp=l
i=1

T
i=1

Henee,

txy
e,
.::...--—--,‘H
b
-
.\"\.‘-_-_-_._.-r’
—_—
[

T
»E{XFy. ifp<l
i=1

I

Y E(XFY ifpzl
=1

i " 7
1 1
L < -"'"ip' )
E{?j:!:: } < N EXIP, (7.17)

1=

E{_;l,zl’f } < {iZ%Emlf‘}”P}- (7.18)
' =1

Compare these inequalities 1o see which one is better.

Establish that g(t) = (sint)/f is Riemann but not Lebesgue integrable over (—oo, 0o} and find a
function h(t) wiich is Lebesgue integrable but Riemann integrable,

Discuss the relationships between the Riemann but not Lebesgue integrations.
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Chapter 5

Independence

5.1 Definition

Independence is a fundamental new concept peculiar to the theory of probahility.

Definition: Let ({1, A, I7) be a probability space.
(1} Events A4,..., A, € A are said to be independent il
r (ﬂ .:1,-) =[] P4
ic) icJ

for every subset J of {1,2,....n}.

(ii) Classes .4;,...,.A,, are said to be independent iff
P (ﬂ Ai) =[] Pa).
e =N

for every subset J of {1,2,....n}, and A; € A;.

In particular, o-algebras 4. ..., 4, are said to be independent iff

P (ﬂ .4,-) =[] ra) for any A, € A,
i=1

i=1

[ Note we can choose some A; = (2 € 4,.)

(i) The rov.’s Xy, ... X, are said to be independent iff the events {X; € B;} are indepen-
dent, e,

P (ﬂ{:-:.f : B;}) = [[P({X: ¢ Bi}).

e J e d

for every subset J of {1,2,....n}. This is clearly equivalent to

P (ﬂ{}n eﬁf}) =[[Ptixie B} (1.1)
=1

i=1

for any Borel sets B; € B (as one can take some B; = R;).

(iv) The r.v.'s of an infinite (not necessarily countable) family are said to be independent
iff those in every finite subfamily are,

6



(v) The rv.'s of a family are said to be pairwise independent iff everv two of them are
independent.

(vi) The r.v.'s that are independent and have the same d.f. are called independent and
identically distributed (i.i.d.).

Example. Let X, X, Xy are independent rv.’s with P(X; = 0) = P(X, = 1} = 1/2. Let A, =
1N = Xs} As = { X3 = X1}, Az = {X7 = X} Then A;'s are pairwise independent but not (totally)
independent.

Proaf. Note for i # 7,

P(Ay) P(Xo=X3)=P(Xa=X3=1)+P(Xo= X3 =0)
= PXo=1,X3=1)+P(Xy=0,X3=0)
= PXo=1P(X;=1)+P({Xo=0)P(X3=0)=1/4 4+ 1/4=1/2,
P(A;N A;) P(X; = X2 = X3)
= PX1=0X:=0,X3=0+P(X;1=1,X:=1,X3=1)
= P(X;=0P(X;=0)P(X3=0)+ P(X, =1)P(Xy = 1)P{X;3 = 1)
— 0.5 +0.5% =1/4.

Similarly, P(Adz) = P(As) = 1/2, Thus, P(A;NA;) = P(A; ) P(A;). Thus, A;'s are pairwise independent.
But they are not independent since

f’l:_fh I'_‘I..-"l-g M 31;5] = P[..]F:| = X3 = ..]!i-;g} = 1,."—1 }"—: ll."rﬁ = Pl:_f1|:I'Plz.r’l-_:}fjli..fl;gjl.

5.2 How to check independence

In order to check if Xy, ..., X, are independent, one only needs to verify (1.1) for B; = (—oc, 1;].

THEOREM 5.2.1 The rov.’s Xy, ..., X, are independent iff

Frx o x, (tienta) = Fx (t ) By, (Es) (2.2)

for all £, ..., € R.

Proof. “=". If X;,..., X,, are independent, then taking B; = (—oc.#;] in (1.1) results in (2.2).

“e—=". Assume now that {2.2) holds, we shall show that X;...., X, are independent. As the first step,
we shall show that

P(X,eBN{X;<t;})=P(X eB) || P(X;<t;), VBeB (2.3)
J=z

To show this, define
B, = {H €B:P(X € B.njo{X; <t}) =P e B[ P(X; <t)). yeR2< 5 < :ra} _
i=¥

It can be shown:

(i) the m-class: A = {{—oc,t] : t € R} is contained in 5.

(ii) By is a A-class.

Then by the Monotone Class Theorem (MCT), we get that By D o{A) =B, In fact, B, = B as B, C B.
This proves (2.3).

It remains to show (ii): B is a A-class.



(i) R € B; by (2.2).
(ii) If A C B € By, then for all £4,....f, € R,

P(X;eB—An_,{X; <t;})
= P(X) € B.M_{X; <t;}) = P (X1 € A.n_o{X; <t;})

= P(XieB) || P(X; <t)) - P(X, e A) [ P(X; <t))
J=3 J=2

= P(Xi e B-A)[[P(X; <ty).

=2
which confirms that B — A ¢ B,.
(iii) If By € By and By 7 B, then for all t2..... ¢, € R,
P(X, e B,Nj_x{X; < t;}) = lim P(X, € By, Mo {X; < ti1)

k—rra

= lim P(X; € By) [ P(X; <))

J=2

n
= P(X,eB)|]PX; <ty
=2

which implies that B € 5;.

Combining (i}-(iii), we prove that By is a A-class.

We continne this procedure iteratively until the same extension has been accomplished for Xs, ..., X,
For instance, the second step is as follows, Define

B: = {B'eB:P(X1eB X2e B nNj_3{X; <tn})

= P(X; EH]F{XEEB’jHF{Ij < ty), BB, i E:ra,agjgn}.
=3

Using the similar arguments to the above, we can show that Bs = o(A) = B.

Using the same techniques in the last theorem, we can show the next theorem. {Chow, p62.)

THEOREM 5.2.2 If G and D are independent classes of events, and D is a w-class, then G and o(D) are
independent.

Proofl. For anv B € G, deline
D'={A:Aea(D)and P(ANDB) = P{A)P(B)}.

Then it is easy to show that D* is a A-class containing a m-class D, By the Monotone Convergence
Theorem, D* 2 (D). This completes our proof.

Applving the above lemma, we get [Durrett, page 25.)
THEOREM 5.2.3 Suppose that Ay, ..., A, are independent and each A; is a w-class. Thena(Ay), ..., a(A,)

are independent,

Question: Is the condition: “each A; 15 o 7-class” really necessary in the last theorem?
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5.2.1 Discrete r.v.’s

THEOREM 5.2.4 Discrete v ’s Xy, . Xy, taking values in countable set O, are independent iff
Tl
P(X)=ay, ... X, =a,)=|] P(X; = a;) (2.4)
=]

for all ay,...,a, € C.

Proof. If Xq,..., X, are independent, then {(2.4) is obviously true.

On the other hand, if (2.4) is true. then

FX|... - g [ir-'1~ ---~."r-':||l1II = -F'[-Xl < f1, "";{i':'- < "r-'u}

Z Z F{;"Lrl =],.... X, = !1”:]

{ajeCay <t} {a,eCa, <t}

Z Z P(X,=a))-P(X, =a,)

{*-'I.‘Ef-_-":ul.'::'tl H {rr_.,E{-.:':rJ.l_.'i:.'."]-

- X rx=a))of X Pa=w)

{ayECa <t} anECa, <ty }
= P{X 'ﬂi!-l}---f’[ﬁ'“*if”_zl
= Fy (ti)..... Fyx (ta).

Therefore, Xy, ..., X,, are independent.

5.2.2  Absolutely continuous r.v.’s

THEOREM 5.2.5 Let X = (X, ... X)) be an absolutely continuous random vector. Then Xy, ..., X,, are
independent iff

Fx (s own) = ] Fx.(w) (2.5)
i=1

forall yp, ...,y € R.

FProof. If Xq,..., X, are independent, then
n ¢, !
H / P, (i )y H PIX;<t,)=P(X|, <t,...X, <1,)
j=1" "> i=1

t) iy
- / / Fx (s o ym ey .y

Hence,

1 to n
/ f (fx[ia'l-. T H f.?i,l::yi]) dyy...dy, = 0.
of — o — i—1

Differentiating w.r.t. £, ..., f, results in (2.5).

On the other hand., if (2.5) 1s true, then

i -
PX) <t X, < f-n} = [ / Fxtun, ooy Jdin - dyy
TE '-'-.= Tt
= H/ fx.'iysjlfi?-i=]__[f"::"fs£fx}-
=1 "™ =1

Therefore, X;,..., X, are independent.
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5.3 Functions of independent r.v.’s

5.3.1 Transformation properties

THeorEM 5.3.1 If Xy, ... X, are independent rov.’s and g1, ... g, are Borel measurable functions, then
GuiXy ) 0n (X ) are independent rov. s,

Proof. For B; € B, we have g, HB,) e B. S0
(] T1 T
P (ﬂ{.r;f{:n:l - B;-}) = P (ﬂ{m € .r;;wﬂn}) =[[P(x: €97 (B))
i=1 i=1 i=1

= | Paix)eB).
1i=1]

Similarly, we can show that

THEOREM 5.3.2 Let 1 = ng < ny < ng < .. < ng = n; gy be a Borel measurable function of ny —n;—y
vartables. If Xy, ..., X, are independent r.v. s, then

IS CHUND S R ' SRISNIS 5 NN O NS o8y

are independent,

Proof.  For simplicity, we shall only prove it for & = 2. Denote Z; = (X, .., X,,) and Z» =
(Xont1sen Xp)o Then ¥y = gy (1) and Ya = go(Zs) are independent il for all By, By € B, we have

P(Zyegi (B). Zo € g3 (B)) = P(Z1 € gy H(B1)) P(Zs€ gyt (Ba)),
which is implied by the stronger condition
PlZie Ay, Zoe da)=P(Z1e Ay) Pl As), (3.6)
for all A4; € B™ and A: € 5™, To show this, define

Bl = {AeB" : P(ZieAZae By x..%x By )=PlZ € AP (Zs € By % ... % Bu_in),
forany B, e B, 1<i<n-—m}.

Similar to the proof of Theorem 5.2.1. it can be shown:

(i} the m-class: A={4; = .. x A, A, € B,1<i<m} is contained in B;.

(ii) By is a A-class.

Then by the Monotone Convergence Theorem, we get that 5, 2 a{d) = B™. In fact, B = B™ as
B B™.

In a similar fashion, we can complete our proof (3.6).
5.3.2 Convolutions

THEOREM 5.3.3 Let XY be independent and absolutely continuwous. Then X +Y is absolutely continuous
and

feov@ = [ T (- s)fv(s)ds,  teR.

Proof.
PX+Y <t) = P(X.Y)e{(xy) z+y<t})

= [ [ pevtewdsdy= [ [ e dody
B b S y=—o W =—oo
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o0 - pb—uy
/ fx(x]dx] Fy (y)dy

H=—a0

J
- fj _f' fx{z—yllcia']fv{y]dy z=x+y)

= — ae=—0

iz,

— /;_ /; Fxlz =yl fy(y)dy

—

Example. If X ~ N{jy, %), Y ~ N{pz,03), and X, Y are independent, then X + ¥ ~ N{p; 4 pz. 08 +
2
as).

THEOREM 5.3.4 Let XY be nonnegative and integer-valued, Then for each n =10,

L
PX+Y=n)=> P(X=kKPY =n—k).
fe=I(1

Proof.

PIX+Y =n)

P (x{x = kY =n—ﬁ:}) =Y P(X=kY =n-k)
=0 k=0

= Y P(X=K)P(Y =n—k).
fe=Il

Example. If X ~ Poisson{A), Y ~ Poisson{Az), and X, Y are independent, then X +Y ~ Poisson(A;
Aal.

5.3.3 An example

Example. (Durrett, page 23.)

(i) Show that if X and Y are independent, then o(X) and a(Y) are too. Therefore, X and
Y are independent iff o(X) and o(Y") are independent.,

(i1} Show that events A and B are independent, then so are A% and B, A and B®, A® and B*.
Proof. If A and B are independent, then

P(AN B = P(Aﬁ (0= B)) = P(A— (A B))
— P(A) — P(AN B) = P(A) — P(A)P(B) = P(A)P(B")

(iii) Events Ay, ..., A, are independent iff 74 ,..., 14, are independent.
Proof. We shall do this for n = 2. If A;, A2 are independent,

P[Ih = LIﬂ: = lj (ﬂl HA.E:I = P{AIJP[ ] P(Ih = IJP{I“l: = 1}
P(la, =114, =0)=P{A MAL) = P{A)P(AS) = P(la, =1)P(14, =0)
P(I4 = 0,14, = 1) = P(AS O Ay) = P(AS)P(Ay) = P(I4, = 0)P(I4, = 1)
P{la, =0,14, =0) = P(A] N AS) = PIAT)P(A5) = P(la, =0)P(l4, =0}

Thus, I4,.14, are independent.

On the other hand, if 14, T4, are independent, then

P(‘Ill ﬁ-'"lldj - P{IJ-AH =1, Iﬁh = 1} = P{Iﬁn = I}P(-{Az = 1] = P(‘J‘ll}P(‘qEL

which implies that A;, A are independent.
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5.3.4 Correlation
Definition. The covariance of two r.v.'s X and YV is defined to be
Cov(X,Y) = BE(X — EX)(Y — EY) = E(XY) - EXEY.

X.Y are said to be positively correlated, uncorrelated, or negatively correlated iff Cov(X,Y) = 0, = ()
or < 0. respectively.

THEOREM 5.3.5 If XY are independent and integrable r.v. s, then
Cov{X,Y) =10,

That iz, independence tmples uncorrelatedness.

(Remark: The theorem has been proved for discrete and absolute continuous rov.’s in an elementary
probability course. )

Proof. We shall divide the proof in several steps.
Step 1. If X.Y are simple rov.’s e, X Zf_l iy —gy and ¥ Z;.“_L bilyy—p,y. For simplicity, we
assume that a;’s and b;’s are different. Then, EX = 37 | a;P{{X = 0;}} and EY = E_T_L b P({Y =

bit). Note XY = Ef_1 Z}H_] ;b Iy x —aympy=s,1 18 also a discrete rov. and

Ll

E(XY) = Y ) abP{X =a;} n{Y =b;})

i=1 j=I

= Y N abP({X = a})P({Y = b,}) = EXEY.

i=1 5=1

Step 2. If X = 0,Y = 0, then take X,, = min ([2"X]/2", n) and Y, = min ([2*Y]/2", n). So

(i) X, and Y, are both simple r.v.’s.
(i) 0=X, " XNand0<Y, .Y, which in turn implies that

(a) KX = lim, £X,, and FY = lim,, FY,,, by the Monotone Convergence Theorem.
(b) 0 < X, Y, /" XY. (Proof. The first part 0 < X, Y, ./ is obvious. To show
XY XY, wenote 0 < XY — X0, = X(YV —Y,) + Yo (X —X,) — 0as., using

the fact: X, — 0 and ¥,, — ¥ implies X,,¥, — 0 A.5. )

(iii) X, and Y, are independent as Borel functions of X and Y. respectively.

Now applyving the Monotone Convergence Theorem, we get

B(XY) = lim E(X,Y,) = lim E(X,)E(Y,) = (EX)(EY).

Step 3. For general integrable r.v.'s, note that independence of X and Y implies that of X and ¥,
X7 and Y 7; and s0 on. Therefore,
EXY = BE(X*-X")(Yt-v-)
= EX"YY)-EX'Y ) —(EX YT+ EX Y
EXYEY'Y - E(XTEY - EX EY' 4+ EX EY
= (EXt - EX )EY* - EY™)
= FXEY. g

In exactly the same manner, we can show that
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Tueorem 5.3.6 If Xy, ..., X, are independent and all have finite expectations, then

E(Xy- Xo) = (EXq) - (EXy). »

The following provides a covariance ineqguality.

THEOREM 5.3.7 Let u(x) and vi{x) be both non-decreasing or both non-increasing functions on I = (a. b)
{(fintte or infinite interval on R), and P(X € I) = 1. Then.

Eu(X)Ev(X) < Eu(X)v(X)], or Cov(u(X),v(X)) =0,
provided these means exist,

Proof. Let X and Y be independent and identically distributed r.v.’'s. Clearly, we have |[u(X) -
u(Y)|[v(X) — v(Y)}] = 0. Hence,

0 £ Elu(X) - u(Y)|[v(X) - v(Y)]
= Fu(X)Jw(X)+ FulY(Y) — Eu(X)v(Y) — Eu(Y (X))
2Eu(X)v(X) — 2Eu( X )v(Y)

= 2Fu(X)v(X)-2Fu(X)FEuvY),

from which we have Fu{X)v(X) = Fu(X)Ev(Y) = Eu(X)Ev(X). g

REMARK 5.3.1 The theorem implies that Cov(u(X),v(X)) 2 0, i.e, u( X} and v(X) are positively cor-
related (in the broad sense). This makes sense since both w(X) and ©(X) tend to increase or decrease
fogether as X enereases or decreases. Some stmple application of this inequality yields

(BIXI")(EIX]") < EIX[™**,  rs>0.

For instance, we have
(F|IX[)* < EX*, (EIX|JEX?) < E|X],  ete
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5.4 Borel-Cantelli Lemma and Kolmogorov (0 — 1 Law

5.4.1 Borel-Cantelli Lemma
Let {4, }'s be a sequence of events on (12, .4, P). Recall

lmsup A, =m0, Ux_ Ay = lim US_ A, =14, t.o.}.
n Fi— D

liminf A, = 02, nv_ Ay = lim M5 _ Ay, = {A, ult.}
(1] T 2

—

T

liminf A,, = (lim sup Af!_) :

THEOREM 5.4.1 (Borel-Cantelli Lemma)

(@), P(An,i0) = 0 i oo P(An) < 50,
(b). PlAy.do) =143 . PlA,) =00 and Ay, Aa. ... are independent.

Proof.
(a). P(A,.io0) =P (lim, U=_ A0 = lim, P{UZ__A4,) < lim, > P{A4,,) —0.

e =T~ L=

(b). Noting 1 —x < e for all x € R and independence of A,,, we have

0 < 1-P(4,, i) =PA ult)=Plimn;_ A5 ]
e

m=7"
= lim P(lim m,_, A7) = lim lim P(Og,_ A7)

lim lim H 1 - P{A,)] (independence)

=t
r
1 n S = _
< lim lim I I g~ FlAm) fas 1 —a < e™T)
T— Ol P
=T
L . P
1 " —_— I.: ﬂ,” , _ I‘: ‘-1"
—  lim Bim e~ 2amen PR — i g 2y PlAR)
N— Do PO —r 0
= lim0=10. g

n— 0o

REMARK 5.4.1 The inequality ¢* =2 1+ x, all x € R, can be shown by different methods,

Method 1. flr):=e" —(1+x), fflog) =0 = 24 =0, f"(xg) =™ =0, conver at xq. So
flz) = flzg) = 0.

Method 2. [t can be seen easily by comparing the plots of e v.s. 1+ &, and by noting € is
COMVET,

Method 3. Ifx =0, e" 2" =1, = " — 1 = [/ e"dzx = | dr = .

On the other hand, if v <0, e* <=1, = 1 —¢* = ij‘idﬂ" < fmn dr = —,

In fuct, we can continue doing this fo get e* > 1+ 22+ .+ 2™ /m! (forx = 0). g

REMARK 5.4.2 Part {a) holds irrespectively of A, s being independent or not. However, part (b) may not
hold if Ay, s are (strongly) dependent. For instance, take Ay, = A with 0 < P(A) < 1, then ), P(A,) =
oo but P(A,.i.0) = PlA)  (0,1).

Independence can be reduced to pairwise independence in part (b) of Borel-Cantelli Lemina,

THEOREM 5.4.2 P(A,,i0)=1 if Y77, P(A,) = oc and {A,,n = 1} are (pairwise) independent.
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Proof. See Chung, K.L. page 76, Theorem 4.2.5. g

'OROLLARY 5.4.1 (Borel 0-1 Law) Let {A,} s be (pairwise) independent. Then
PlAg, o) = 10 if 3 PlA,) <o
= 1 if 5 PlA,) =00
te, when A, are independent, P(limsup A, ) = 0, orl according fo > P(A,) < or = 0.

The above corollary quickly vields the next one:
COROLLARY 5.4.2 (Alternative form of Borel 0-1 Law) Let {4, } s be (pairwise ) independent. Then

(1). P(An.i0) = 0 — Y PA,) < o0

(2). P(A,.io) = 1 — > P(A,) =

Remarks.

(i) Borel 0-1 Law is a special case of the more general 0-1 laws for tail o-algebras, see the next
section.

(ii) We have seen that, if A, s are not independent, P(A,,, {.0) is either 0 or 1. Now, if A,,'s
are not independent, is it possible 0 < P(A,,, {.0) < 17

CoroLLary 5.4.3 If A, are (pairwise) independent and A, — A, then P(A) =10, or 1.

Proof. P(A) = P(lim, A,) = Pl{limsup,, A,) = P(A,,i.0.), apply Borel 0-1 Law,

COROLLARY 5.4.4 Lel x-rt he [rjt'lfl“.!:'f‘il_.[,l-.':.'-.'{-:) '-'ZT-!-{i{-:prwaﬁ*.rf.;_ Then
X‘r:—. — Ij .4 = Z” !}I:l..'{ﬂ e E:} < - o ".:I"E :::.{]_

(That is, convergence in probability fast enough implies convergence almost sure.)
Proof.

X, —0 1.5.

= P{liﬂlju.fu =0)=1.
= P(N_, Un, mpe 4| Xk| < 1/m}) =1,
= Vm=1: PO, N, (X < 1/m)) =1,
{as P(M5_Bn)=1= %¥m = 1: P{B,,) =1, see the proof given below. )
— Ve =0 PUS, e {|Xe| <€}) =1,
= e = 0: PN, UL, {|Xe| = €}) =0,
— Pirg—, Ui Ae) =0, where Ap = {|X;| = €}
e P(A,.i.0) =0
— Al =€) < o0,

Y P(AL) =) P

(By Borel (-1 law for (pairwise) independent events). g

Remark. In the above proof, we have used the fact: PN _ By, =1=YVj = 1: P(B;) =1,

m=]
Proof. ¥j = 1, we have 0 = P(UT_,B,) = P(B}) =1~ P(B;). S0 P(B;)=1. g

An immediate consequence is

1005



COROLLARY 5.4.5 Let {X, X,,n = 1} be (pairwise) i.i.d., then

() E|X
(ii) E|X

< oo = X, =u0ln) as
oo (r>0) = X,=on"") as

Proof.
(i) Bl X| <o =% P(|Xu/nze =% PlX|Ze) <oo, ¥e >0 = |X,|/n —0as.
(from Corollary 5.4.4)

(ii) It follows from {i). g

Example. Chow and Teicher, p61.

5.4.2 Kolmogorov 0-1 laws

It is a remarkable fact that probabilities of sets of certain class defined in terms of independent rov.’s can
only be 0 or 1.

Definition: The tail s-algebra (or remote future) of a sequence {X,,,n = 1} of rov’s on (81, 4, P) is

m a (‘Tjj = H::' = ﬂ ':‘r(-x-i-:--.-}l':u—l- :l 1
n=1

=1

The sets of the tail o-algebra are called tail events, and functions measurable relative to the tail o-algebra
are dubbed tail functions.

Remarks.

(a). Recall o (X;,7 = n) = a(X,, Xpp1,......) = the future after time n = the smallest o-
algebra w.r.t. which all X,,.m = n are measurable.

(b). Imtuitivelyv, A4 is a tail event if and only if changing a finite number of values does not
affect the occurrence of the event.

(¢]. A is a tail event if the event depends entirely on the “tail series”.
Examples of tail events.

(i) If By, € B, then {X,, € B, i.0.} i3 a tail event,
Proof.

e

{X0 € By io} =limsup{X, € Bo} =[] [ J{Xm € Bu} € [ o (Xu. Xuprso).

=1 =1 fi=1

(ii) {4, i.0.} is a tail event.
Proof. Taking X,, =14, . B, = {1} in (i). we get

(A, i0)={Is =1io}={X, ¢ B, io}

Then apply (i).

(iii) Let 5, = X1 + -+ X,. It is easy to check that (Durrett, p62.)
(a) {lim,, S, erists} is a tail event.
(b) {limsup,, S, > x} is NOT a tail event.
(¢) {limsup,, 5,/Cy = o} is a tail event if O, — oo,
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Proof. (a)

ey s =
{lim &, erists} = {ZJ{“ E'HHEET.I;E:S} = ﬂ {Z Now cunverges}

= | =1 ST TY

€ ﬁa(x,,,x"_l,......J.

=1

A

(b} {limsup,, S, > =} may depend on the initial values of X;'s. For instance, assume that limsup, 5, =
limsup, S, =2 =1 (i.e. take x = 1), ¥m = 1, if we change X, to X, — 2, then lim, 5, =0 < 1.

(¢) Since O, — 2, ¥m > 1, we have

limsup S, /Cn = lim S /Cn 4 limsup{ Sy — S0 )/ Cr = limsup( S, — Sm)/Ch.

3 L) Fi

Hence,
{limsup S, /Cp = x} = m {Iimsup[{?&'mq + .4+ X)) /Cn = :T}
1 =1 mn
= m '!T[Xr.l:-~-x-r.l:+'l~------]| :
m=1

TueoreM 5.4.3 (Kolmogorov 0-1 Law) Tuil cvents of a sequence {X,,.n = 1} of independent r.v. s
have probabilities zero or one.

Proof. (The proof is from Chow and Teicher, p64.) Since {X,.n = 1} are independent,
= n > 1: o(X;,1 << n)and (X, j > n) are independent.
—¥n =1 o(X;, 1 <i<n)and r5_yo(X;,j > m) = D are independent,
fas D C o(X;. ] >mn).)
= A =12 o(X;, 1 <4i < n) and D are independent.
[as for any A € A,

=+ By Theorem 5.2.2, (A} and D are independent.

[as A is an algebra (but not necessarily a o-algebra), hence a 7-class.]
= D and D are independent since D C o(X,,.n = 1) = a(A). (Why?)
==+ ¥B € D, we have P(B) = P(Br B) = P*(B), implying P(B)=1o0r (. g

Remark. When D is independent of itself, then we must have D = {@}, 2}

COROLLARY 5.4.6 Tl functions of a sequence of independent r.ov’s are degenerate, i.e., constants a.s,

Proof. Let Y be a tail function, by the 0-1 law, P(Y < ¢) =0 or 1 for any ¢ ¢ R,

(1). If P{Y < ¢} =0forall c € R, then P(Y =o¢) = 1.
(2). f P(Y <c¢)=1forall c € R, then P{Y = —o) = L.
(3). Otherwise, oy = inf{c: P(Y < ¢) = 1} is finite, hence P{Y = ¢3) = 1 by definition.

COROLLARY 5.4.7 If{X,.n = 1} is a sequence of independent rov s, then limsup, X, and liminf,, o X,
are degenerale o s.
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Proof. For each n = k = 1, X, is a(X;,7 = kj-measurable, and ¥ =: SUP g A 18 T[Ny, 0 = k)-
measurable. Hence, ¥, is o(X;,j = n)-measurable and hence o(X;, 7 = k)-measurable for every n =
k=1 [since o(X;, = n) C a(X;,j = k)]. This implies that limsup,, . Xy = limg oo sup;-, X; =
lithy oo Y is o{X;.7 = E)-measurable for every k = 1. Thus, limsup,_. . X, is N7, 0(X;.0 = k)-

measurable, i.e., a tail function, and similarly for lim int,, — o AX,,. The proof follows from the last corollary.

Remarks: Some comparisons about Kolmogorov 0-1 law and Borel-Cantelli Lemma.

1. The Kolmogorov (-1 law confines the value of P(A,,di.0.) to 0 or 1 (since {A,,,4.0.} is a tail
event), but it does not specify which value it takes. On the other hand, the Borel-Cantelli
Lemma enables us to specify exactly which value it takes.

2. Borel-Cantelli Lemma is applicable to independent and dependent events, while the Kol-
mogorov -1 law applies to independent r.v.’s.
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5.5 Exercises

1.

10.

11.

(1) X ~ N{0,1), Y ~ N(0,1), and X, Y are independent, then X + Y ~ N((, 2).
(ii) If X ~ Poisson(A1), ¥ ~ Poisson(Az), and X.Y are independent, then X + Y ~
Poisson( A + Az).

CAE{E; 1 < 5 < oo} are independent events on (L2, 4, P), then

PLOVE: | =TTPED.
J=1 =1

where the infinite product is defined to be the obvious limit; similarly,

PlJE | =1-]]00-P(E)).
j=1

i=1

. Let {X;,1 < 7 < n} be independent with d.f’s {F;,1 < j < n}. Find the d.f. of max; X; and

min; I_:,-_

A and ¥V oare independent and FX exists, then for any Borel set 5, we have

f XdP = (EX)P(Y € B).
Yeb

. Let { X, X,,.n =1} be Lid. Show that

lim, o | X,|/m < Cas (C>0) & E|X|< o,

. Let {X, X,,,n = 1} be i.i.d. with d.f. given by

1 =
Fa) = Sexp(~|a°/m) r<o
1 )
1-— Ec:-:pl[—ﬂ",f?r]. x =0
Show that
a X“-
litn sup = 1 a.5.

n—oo (mlnn)l/s

(Hint: Show P(X, /(mlnn)® < 14+ ei0) =1, P(X,/(rlnn)® 21 —¢4d0)=1.)

. Let { X, X,,.n > 1} be Lid. with d.[. given by

Fle) = 1—a7" x> 1
Show that
, In X,
lim sup = (0.5
¥ — oD Il TE

for some number ¢ and find e

. Let A, be a sequence of independent events with P(A,,) < 1 for all n. Show that P{U2,4,) = 1

n=1
implies P(A,,t.0.) = L

cAf X, s any sequence of r.v.'s, there are constants ¢, — o¢ so that X, /e, — 0 as.

Let {X,X,,n = 1} be iid. Show that I [m“_,m}{ﬂ = c:x::] =1 = X is unbounded above, i.e.,
PIX <) =<1,all C < .

Let {X,X,,n = l}_bc iid, rv.s. Let o, = 0, a/f > 1. Assume that F|X|® < oc. Then,
Plmaxi_; |X;]| = en) — 0 as n — oo for any ¢ = 0.
)

(ie., max) <;j<q |[X;| = oln”) in probability, whose definition will be given later in the course.
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12. {Optional.) Let X; and X be two independent r.v.'s,
(a). Show that: for all large A,
P{X1] = A) <2P(|X] = A | Xa| < A/2) < 2P (| X + X2 = A).
(b). Use (a) to show: il Xy + Xy € L, for some r £ ((),oc), then X, € L,.i=1,2.
(Hint: E|Y|" = [[7rt" ' P(|Y] > t)dt.)

13. {Optional.) If X and Y are independent, F{|X|"} < oc for some p = 1 and FY = 0, then
E(|X]P) = E(|X + Y|P}
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Chapter 6

Convergence Concepts

6.1 Modes of convergence

Definition: Let X, X, Xo. ... be rov)s on (£, A, P). We say that
(a) X — X a.s. (i.e., with probability 1} if

P ( lim X, = J-.') —p ({.u e0: lim X,(w) = xq-,p-}}) ~1

TE—+ s T —
(b) X, — X in rth mean, or in L, space, where r = 0, if

lim E|X, — X|" =0.

o —s
(c) X, — X in prob, written as X, —, X il

lim P{|X, - X

TE—ri3kn

=) =10, for all € = 0.

(d) X, — X in distribution, written as X, —4 X or Fy,_ = Fyx, if

lim Fy {x) = Fylx) for all continuity points of Fiy(x).

T = 0

(All discontinuity points of F'y has Lesbegue measure 0, hence convergence at continuity

points will be enough to identify the limit. )

Remarks:

(a) Note that

{w e £ lim Xy {w) mnw:rguﬁ} = {.:J e 01 limsup X (w) = liminf X, [u]} .

Tl r T

is clearly A-measurable, thus an event.,

(b} A metric space {X.p} is a nonempiy set X of elements together with a real-valued
function p defined on X =« X such that for all .y, and 2 € X

(1) plae,y) = 0, and p(x, y) = 0 iff & = ¥, (nonnegativity)
(i) plx,y) = ply. x): (symmetry)
(iii) plx,y) < plx. 2) + plz,y): (triangle inequality).

The function pis called a metrice.

(b) p(Y,Z) =Y — Z||, is a metric in L, = {X : E|X|" < oo}, where
|X,. = EX]|, 0<r<l,
(B X0, r=1
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Proof. Nonnegativity and symmetry are easy to check. It remains to show the
triangle inequality.

If v > 1, Minkowski's inequality implies | X + Y| < [|X]||, + [[Y]],.
IfO<r<1,then forany 0 < A <1, we have A"+ ({1 —-A)" = A+ {1 —A)=1. The
proof follows by taking A = |z|/{lz| + |y])- =

=m0 convergence in rth mean may be interpreted as convergence in the L, metric. Thus,
Xy — X in rth mean iff | X, — X||, — 0.

(¢) For convergence in probability, we can define a measure of “psendo-distance” between X

and Y by

pt[X,szF{|X—V|}c]=[dP, where B = {w e 0 | X{w) — Y(w)| = ¢}.
¥

Note that p, is NOT a metric since for fixed e = 0, p. (X, Y) =0+ X =Y as

(d} Levy metrie. For two d.['s F, (7, let
pF.G)=inf{d = 0: Flz —d) -0 < G{z) < F(x+d) + 4, forall z € R}.
Then it can be shown that (see Grimmit and Stirzaker, 1992]

(i) g is a metric on the space of d.f.’s. (p.274)

(ii) Convergence in distribution is equivalent to convergence w.r.t. Levy metric.
(p.285)

(e). The convergence —,, —, , and —p _ each represent a sense in which, for n sufficiently
large, X, (w) and X {w) approximate each other as functions of w € {1, This means that the
d.f.’s of X, and X can not be too dissimilar. On the other hand, —4 depends only the d.f.’s
involved and does not necessitate that the relevant r.v.’s approximate each other as functions
of w. In fact, X;;, and X may not be defined on the same probability space.

6.1.1 Equivalent definition of a.s. convergence

We shall give several equivalent definitions of a.s. convergence which will prove useful in the next chapter
on Laws of Large Numbers.

THEOREM 6.1.1 The following statements are equivalent:

() Xy — X a.s;

(b) We =0 limgy—oe P, {|Xm — X| <€}) = 1:

(e) ¥e =0 limy e P(US_ {|Xm — X = €}) =0

(ef) e = 02 limy wne P{{supl_, | Xm — X[} =€) =0, ie,

sup | X,, — X[ —, 0.

m=n
(e) We =0: P(lX, - X|>Zei0)=10

Furthermore, “Z ¢” and “< " above may be replaced by “= €” and “< ", respectively.

Proof. “(a) <= (b)". First note that

{m: lim X, (w) = X(w)}

T =k 20

= ﬂ U m {I-IJ' : |-]':ﬁ-a{“-;']| X[“ﬂ"]l = ":-'}

e= =1 m=n

112



file, Ve = 0,dn = 1, st |[Xulw) —X{w)| <e¥m>=n)

= ﬁ Cl ﬁ {w:|ﬁfﬂ,[r,u] Alw)| < ﬁl}

=1 n=1m=n

B Dl :IIEI;EHDﬁ {w : XW{L‘}} o X{[‘le = %}

o

: . _ 1
= Jl.ll{i.?alﬁﬂc : {..d DA (w) — Xw)| < E}

= lim lim {|Xm—.1i'| < %}

f— 0 Te—r e

{Recall If A, 7 A, B | B, then A = lim,, A, = U2, An, B = lim, By =Moo By)
If (a) holds, then it follows from (1.1) that

1=F ({w : nlln;lt..ﬁfﬂ (w) = .3'{[.;.1}}) < 1-,111..1.-_-.1.: P ( ﬁ {Lr..' DX (w) — X{w)| < %}) < 1,

M=

which implies that (b} holds.
If (b) holds, since probability is continious, we have

P ({,..1  lim X (w) - I{w}}) = lim_lim P ( O {w X mlw) = X ()] < %}) ~1.
which implies that (a) holds,
“(b) <= (¢)". Trivial.

“le) == (e)". Trivial since

I.f:'.-»::- b= ]
P(|X, - X|zcio) = P[] |J{Xu—X|2 c})
I\n:lrrt:u
I'{ o
= P lim | J{[Xn - X|=¢}
I'n,”_hx.m=+z
= lim P ( ) {1, - X = c}) .

“e) = (d)". Ve =0, let

Ape={we: U{XW—X|E{}}. Bpe={wefl:sup | X, — X| = ¢}

= m2n

Then the equivalence of (¢} and (d) follows from the fact: A, , C B, , C A, ;2. (Why?) g

6.2 Cauchy Criterion

When no linit is specified, the next theorem i3 useful.

THEOREM 6.2.1 {Cauchy Criterion of a.s.)
Xy COMUVETYES @8,

— Ye=0: lim P{X,, — X, e allm>=>m"=n)=10.

Te—+ 00
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— Fe=0: lim P X, — Xl =€ some m>m" =n)=10.
TE— ]

— Ye=0: lim P ( sup | X — Xu| = c) =1l.
M—oo i

"".J:'."" H.I.]p |“:h'i' = u‘:h:l _"j:' [:Iu

e = &

Proof. Left as an exercise, g

6.3 Relationships between modes of convergence

THEOREM 6.3.1
(1) Forr = 1,

X, — X a8
:‘? .‘{-ri-_ _}p X :} .."‘I.F”_ _1'|'|| JY

.."l-ﬂ_ - .h: l'” .L']--

(2) Ifr > 5 =0, then X,, = X in L, — X, — X in L,.

(3) No other implications hold in general.

Proaf.

(1). (a) If X, — X a.s., then X, —, X,

T=r

Proof. Note that 0 < P(|X, - X|z¢) < P(US_ {|Xu—X|=¢€}) = 0asn — o0 by

Theorem 6.1.1(c). Hence, X,, —, X.

The converse may not hold: Let

PXp=0)=1-n"'  PX,=1)=n}

and X,'s are independent. Then X, —, 0 sinee P{|X, — 0] > ¢ < n~! — 0, However,

Xp 7 0 as. sinee for any 0 << e < 1, we have

o M=Ti =TI

r i
P m {l.jl::nt - U| E 'f} - P (TELL ﬂ {l;{i‘iﬂ-l E F}) - -r]i.l.tzld,. P ( ﬂ {l-‘hrilul E t—}

r

— r-]i—urlt H P(lX, <€)= ,ll',ji H (1— -irn._lj

= TrE =71
. n—1 n r—1 ) n—1
= lim = lim = (.
r—oc 1 n+1 T reog T

By the equivalent definition of a.s., we see that X, ++ 0 a.s.

(b) If X;, — X in L,, then X,, —, X.
FProof. By Markov inequality, 0 < P{|X, - X| =z ¢) € E|X, - X

|

"Je" = 0. Thus, X,, —, X.

The converse may not hold: Let P(X, =0) =1—-n"" and P(X,, = n) = n~'. Then

A —p 0, but EX, =1+ 0,

(e) IF Xy, —, X, then X, —, X.
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Proof. Denote Fy,{x) = P(X, < x) and F(xz) = P{X < ). First we have

Fy () PIX, <z |X,— X

<€)+ P(X, <a,|X, — X| > ¢)

< PX<o— (X, - X)X, -X|<e)+ P(|X, - X|>¢)
< PX<a+e)+P{X, - X|>¢€)
= Flr+e)+ PN, — X| =€),
On the other hand,
Fole) = 1-P(X, >x)

1 - P(X, >, |Xn~ X| <€)~ P(X,, > 2. X, — X| = ¢)
1 —P(X > a2 — (X, - X),| X, — X| <€)= P(| X, — X| > ¢)
1— P(X >x2—¢)— P(|X, — X| > ¢)

Flr —¢) — P(|X, — X| > ¢).

IV I

Combining the two, we have

Fiz —¢) - P(|X, - X

=€) < Fulz) < Flr +e) + P(| X, — X[ =€)
Letting n — oo, we obtain

Fir —e) < liminf F,(x) < limsup F,(z) < Flo +€).
If F{x) is continuous at x, then as ¢ | 0, we have Fiz — ¢} T Flx) and Fix +¢) | F{x), the
result is proved.

The converse may not hold: Let X ~ N[0, 1) and X, = =X ~ N{0.1). Then X, =4 X,
but X, 7, X as P(|X,, — X| =€) = P(2|X| = €) # 0.

(2). Trivial since 0 < (E|X,, — X|"}¥* < (E|X,, — X|")Y" = 0 as n — nc.

The converse may not hold: Let P(X, =0) =1 —n * and P{In_= n) = n"%. Then
Xp—0in L' as E|X, —0|=1/n — 0, but X,, /4 0in L? as E|X,, —0? =1 4 0.

(3). We now show that “a.s. convergence” and “mean convergence” do not imply each other,

Example (a): Let P(X, =0)=1-n"%and P(X, =n’*) =n"* Then X, — 0
a.s but X, # 0in L

Proof. X,, — 0as. since 5.7 P(|X,, — 0| =¢) =57 n* < oo, by a criterion
presented later.

However, X, 7+ 0in LY as E|X, — 0| =n — .

Example (b): Let P(X, =0} =1 —n"!and P(X, = 1) = n~!, and they are
independent. Then X, — 0 in L', but X, # 0 as.

Proof. Then X,, —0in L' as E|X, — 0| =1/n — 0.

However, it was shown earlier that X,, % 0 a.s.

6.4 Partial converses

We now provide some partial converses to resnlts in the last section, ie., converse results with some
additional assumptions.

6.4.1 Convergence in probability and distribution to constants are equivalent

THEOREM 6.4.1 X, —, (' = X, —ty ', where O is a constant.



Proof. We only need to show the part *=". Given ¢ > 0, we have

P(|Xe=Cl>2€) = PX;,>2C4+¢)+P(X, <C—¢)
< PX,>=2C+e)+ P(X, =C—¢)
= [1=Fx (C+e)+ Fx, (C—¢)
— [ =Fo(C+e)] + FolC—¢)=1-1+10
= .

where we used that ' £ ¢ are continuity points of F-(x), which is degenerate at €. g

6.4.2 Dominated convergence in probability implies convergence in mean

We first prove two useful lemmas, which are also interesting in their own right.

LEmma 6.4.1 If X, —, X,

No =Y as (de PIXL =Y)=1) foralln, then | X| <Y a.s.

Proof. Given & > 0, as n — oo, we have

PUX|>Y +48) = P(X|>Y +4|X,|<Y)+P(X]|>Y +6,]X,[>Y)
< P(X| > [Xa| + 6| X € Y) + P(|Xa| > Y)
< P(X,— X| =48 +0.

Letting n — oo, we get P{|X| =Y +4) =0, i.e,
the desired result. g

XN =¥ 40 as forany 4 = (0. Letting 0 = 0, we get

LEmma 6.4.2 If E|Y| < oo, and P(A,) — 0. n — oo, then E4 |Y] — 0.

(In particular, E[|Y[I; 1y =] — 0 by the Monotone Convergence Theorem. The result is also trivial by
wsing wi. of X to be introduced later.

Proof. Since E|Y| < 0o, ¥e = 0, 2 A, > 0 st E||Y[Ty5a,3] = e We thus have
Ea Y] = E[YIyyvisada] + EY|Igyicaa,]
< ElY|jyisay]+AEl,
< e+ AP(A,)

Since P{Ay) — 0, n — oo, the RHS < 2¢ for sufficiently large n. g

We are ready to state the main result of this section.

THEOREM 6.4.2 (Lebesgue Dominated Convergence Theorem) [f X, —, X, |[X, <Y as for
all n, and EY" < oo for v =0, then X,, — X in L., which in turn implies that EXT — EXT,

Proof. We shall give three proofs.
Method 1: via w.i.. It 15 special case of Theorem 6.5.5. g
Method 2: direct approach.

From Lemma 6.4.1, we have | X, — X | < 2V as. Now choose and fix ¢ = 0. Since EY" < og,
there exists a finite constant A. > € > 0 s.t. E[Y " Tiay q,3] < e, We thus have

EX, - X|

ElXo = X" x,-x|2a) + E| Xy - X
+E|X, — X" Tjecix, —x|<A.)

BRY) Tiayouy + € + ATP(| Xy — X| > €)
e+ e + ATP(X, — X| = €).

x|z

A 1A

Since P X, — X| > ¢) =0, n — oo, the RHS < 27¢ + 2¢" for sufficiently large n. g
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Method 3. From Lemma 6.4.1, we have | X, — X| < 2Y a5 So
El:{n — _:Jq_'li" . F :’!';_1-. — _Ylf'f{l_x“_xlr_‘t.} “+ El.?{“ - X -'.!r{ -"'n-u.-—-"lflf'l'-}
< TEY Inx.—x|za +€.

From Lemma 6.4.2, the first term on RHS, EY "Iy v _ x|.. — 0 for sufficiently large n. g

Remarks:

(i). The main theorem weakens the a.s. convergence condition in the Dominated Convergence
Theorem to just convergence in probability, HRecall that the Dominated Convergence
Theorem states:

THEOREM 6.4.3 (Dominated Convergence Theorem) If X, — X a.s  and
P(| X, <Y) =1 forall n, and EY < oo, then EX,, — FX, namely. X,, — X in
L.

(ii). Similar to Remark (i), the a.s. convergence in the well-known Fatou's Lemma can also
be weakened to just convergence in probability, or even in distribution. See Section 6.8 or
Durrett, Chapter 2, p4S8.

THEOREM 6.4.4 (Another Fatou’s Lemma) If X,, = 0 and X,, —, X, then
FX = Fliminf, X,, < liminf,, FX,,.

(iii). The proof involves some interesting truncation techniques. There are several trunca-
tions working at different levels,

(iv). The theorem states: convergence in probability and plus dominance (i.e. | X, | < ¥ with
EY < oo} imply convergence in mean. However, the dominance condition is often too strong,
and can be replaced by a wealker condition uniformly integrability condition, to be studied
later.

(iv). As indicated from the proof of Method 1, Dominated Moment Converge is a special case
of uniform integrability.

COROLLARY 6.4.1 (Bounded convergence in probability implies mean convergence) If X, —
X oand P(|X, =) =1 for all n and some C, then X,, — X in L, forallv =0. g

j'il

The following corollary s inmediate.

COROLLARY 6.4.2 Suppose that

An| = C a.s for all n and some C'. Then for r =0,
X,—=XinlL, g X —p X 1
One simple application is as follows:

CoroLLARY 6.4.3 X, —, 0 off E{|X, /(1 + | X,

) = 0.

FProof. Note that | X, /(1 + |X,|) is bounded by 1. Hence

X | X |
E| — « 1, — — s, — Xy —y 0
(l + |‘l:ll:"| . J_ + |_.-}:”| B T i

The last equivalence follows since

|.."‘I.F”_| f
L :f — - E .
P(1Xnl 2 €] P(um” 1+e) O

6.4.3 Dominated convergence a.s. implies convergence in mean

THEOREM 6.4.5 If X, — X as., P|X, <=Y) =1 foralln, and EY" < oc forr =0, then X,, — X in
L‘;.-.

Froof. This follows from the last theorem. g

This is simply the Dominated Convergence Theorem; see Remark 1 in the last section.
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6.4.4 Convergence in probability sufficiently fast implies a.s. convergence

THEOREM 6.4.6 IfS  P(|X, - X|>¢) <oo foralle =0, then X, — X a.s

n=1

Proof. Given e = 0, we have P(|J_ {| X — X

T

= f}} < Z.;::” Pl X X >¢)— 0. g

DEFINITION 6.4.1 {X,,.n = 1} is said to converge completely to X if 3 | P(|X,, — X| = ¢) < o,

=

see Hsu and Robbins (1947). Thus, complete convergence implies a.5. convergence.

6.4.5 Convergence in mean sufficiently fast implies a.s. convergence

THEOREM 6.4.7 If Y7 E|X, — X|" < oo for some r > 0, then X,, — X a.s.

n=1 "

Proof. By Markov's inequality,
G.4.6. g

net PUXn = X[>e) =30 F

(L

XNo—X|"/e" < oo, then use Theorem

6.4.6 Convergence sequences in probability contains a.s. subsequences

THEOREM 6.4.8 If X, —, X, then there exists a non-random integers ny < ng < ... such that X, — X
.5,

Proof. X, —, X implies, for any ¢ > 0, lim,, ... P{|X,, = X| > ¢) = 0. Thus, for every £ = 1, we can
find some large positive integer ny such that P{|X,, — X| = 1/k) < 1/k*. Clearly, {ng, k = 1} can be
easilv made to be increasing. Thus,

Y P(Xp - X[z Y P(X,, - X[>1/k)< > /K <x

F;'_:=-|l."r R:“_'_:-]I."r k}]l."r

The prool then follows from Theorem 6.4.6. g

6.4.7 Convergence in distribution plus uniform integrability implies conver-
gence in moments

THEOREM 6.4.9 Suppose that X,, —g4 X, and the sequence { X'} is uniformly integrable {w.i.), where
r = 0. Then E X|" < oo, and

lim EX| = EX", lim F|X,|" = E|X|".

Proaf. See the section on uniform integrability later. g

6.4.8 Convergence in prob plus uniform integrability implies convergence in
mean.

THEOREM 6.4.10 Let X, —, X, and X, € L, for 0 < r < oc. The the following three statements are
equivalent,

(1) {1Xn|"} ds i
(ii) Xp — X in Ly. (i.e. E|X, — X|" — 0.
(iii) E|Xn|" — E|X|" < oc.

Proof. See the section on uniform integrability later. g
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6.4.9 Convergence in distribution implies a.s. convergence in another prob-
ability space.

Let Bjg1j denote the Borel sets in [0, 1] and Ajg y) the Lebesgue measure restricted to [0, 1].

THEOREM 6.4.11 (Skorokhod’s representation theorem) Suppose thot X, —; X. Then there erxist
ra s Y oand {Yo,n = 1} on ((0,1), By, Py = A,gy) st

(1) Y, and Y have the same d.f. s as X, and X. That is, X,, =3 ¥,. X =, V.
(2) ¥, =¥ as asn— oo
Proof. (1). Let F,(x) and F(x) denote the d.f.'s of X,, and X, respectively. For ¢t € (0, 1), define
Yo(t) = FHt) = inf{a: Fulz) = t}, V(t) = F~(t) = inf{zx: F(z) = t}.
From Theorem 3.8.1, we have
t< Fple) = Y,(t) < and, t< Flzr) = Y(t) <.

Therefore,
PY sx)=P{t:Y({t) <z}) = P{i:t < F(z)}) = Flz).

Simnilarly, we can show that Py(Y, < &) = F,(x).

(2). First fix e > 0 and £ £ (0,1). Pick a point x of continuity of £ such that
Yit)—e < o< Y(t).

[Such an @ must exist in (Y (£) — e, Y(t)) since all discontinuity points are countable.] By (a) above, we
get Fx) < t. Since F,, — F, then F, (r) < { for all large n, implying that ¥, () > r for all large n. Then
we have

Yit)—e < o< Y, (1), for all large n.

Letting n — o0, we get

lin}*inf}”ﬂ_{t] = ¥it), for all £ € (0,1).
Next, if 0 < ¢ < #' < 1, pick a point = of continuity of F such that
Yt <x < Y{t') +e
By (a) above again, t < t' < F{r) and so t < F,,(x) for all large n since F,, — F', giving that
Yi(t) <o < Y(t') + ¢ for all t € (0,1).
Letting n — o0 and € — (), we obtain

limsup ¥, (1) < ¥Y(t') whenever (0 < ¢ < ' < 1.
i)

Thus,
Vit) < liminf Y, (#) < limsup Y,.(#) < Y () whenever 0 <+ < t' < 1,

Now if ¢ is a point of continnity of Y (¢), then letting t' | £, we obtain
lim Y, (t) = Y(t).

However, since Y (f) is nondecreasing, and so the set 1) of discontinuities of ¥ is countable, thus,

0< Py ({t:1mY,(t) £ Y(6)}) < PA(D) =0.

Hemarks:

(1). The theorem is “constructive”, not existential, as is demonstrated by the proof.

(2). The theorem is useful in proving theorems on convergence of moments. Some applications
can be found in Theorem 6.6.2 (¢) or Helly’s Theorem 77 later.
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6.5 Convergence of moments; uniform integrability

We know that convergence in probability does not imply convergence in mean (e.g. Let P(X,, =10) =
1—n"'and P(X, =n) =n"'). We also learnt that with an extra condition |X,| < ¥ with EY < oo,
then EX, — EX (i.e. Dominated Convergence Theorem.) However, the condition |X,| < Y with
Y < oo is often too strong in cases ol interest. A weaker condition is uniform integrability, which is,
in fact, a necessary and suflicient condition for a convergent sequence in probability to converge in mean;
see Theorem 6.5.3 below,

6.5.1 Definition of uniform integrability (u.i.)
First definition of u.i.

For a single rov. X, it can be easily shown from the DCT that
X is integrable, i.e., X € L' = LY((L, F, P)
— FX|[I{|X|>K}—0a K — x,
fas P X|H{|X| > K} ze)=P{|X| > K)< E|X|/K = 0and | X|I{|X|>K}<|X|e L)
— We =0, AK = 0 such that E|X|I{|X| > K} <z as K — nc,

This motivates the notion of uniform integrability for a colleetion of rovis Y, n = 1 by requiring
E{|Yu v, =y — 0 as O — oo uniformly in n:

DerFmITION 6.5.1 A sequence of rovs {Yi,n = 1} on (LA, P) is wd. if and only if

lim sup E{|Y,|[Iyy, j=c1} =0. &
1

O o

REMARK 6.5.1
o As can be seen from Theovem 6.5.1 below, Definttion 6.5.1 implies

sup F|V, < M < og,
which means that Y, are all “infegrable fogether”™. But this does not mean “uniform antegrable”;
see Theorem 6.5.1 below.
o A more general definition than Definition 6.5.1 can be given as follows: A collection of rov.s { X i €

I} is said to be wi. if lime o sup;c; E{ | X[y x, 53} = 0.

Second definition of u.i.

We will give an alternative definition of w.i. below, which is sometimes very useful. To motivate us, we
give the following lemma first, which proves a stronger statement than £|X | I{|X| > K} — 0as K — oo,
given earlier,

LEmua 6.5.1 (An “absolute continuity”™ property) If X is infegrable, i.e., X € L', then, Q(A) .=
F 4| X| s absolutely continuous, i.e., Ve = 0, 38 = 0 such that for any A € A,

QA) = E4s| X = EX|Ty < ¢, whenever P{A) < 4.
Proof. If the conclusion is false, then for some 2y = 0, we can find a sequence (A, of r.vs such that
PlA,) <277, and E\X|I4, = €.
Let H = limsup A,. Since ¥ FP(A,} < o0, then by the Borel-Contelli lemma, we have
P(H) = P(limsup A, ) = P(A,, i.0) =0,

which implies that

Eu|X|=E|X|Iy =0
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On the other hand, by the reverse Fatou's lemma., we have

Eg|X| = E\X|Ig = E

X | Nim sup A, = Elimsup | X |14, = limsup E

X”ﬂu = Ep)-

A contradiction. g

Combining the above “integrable together” property and “absolute continuity” property, we will
have another definition of u.i,

THEOREM 6.5.1 (An equivalent definition of u.i.)
A sequence of row s {Y, 1 on (L A P) ds wad. if and only f

() sup, F[Y,| < oo, and
(b) We =0, 36 = 0 such that for any A € A,

sup £4|Y,| = sup E|Y, {4 < €, whenever P{A} < 8,
i Tl

Proaf.

Sufficiency. Suppose {¥,} is u.i., let us show that (a), (b} hold. Note that

sup E|Y, | = sup E{|Y.l{jv, <o} +sup E{|Yal Ty, =c1 }
T Tl T
< C+sup E{|Y. Iy, =1 1
I
sup E4|Y, | < sup Ea{|Yuldpv, <en b +sup Ea{|Yal Iy v, = }
i ks I
=

CP(A) + sup E{|Yu| Iy, =01 }-

For any ¢ > 0, choose and fix a large enough € so that sup, E{|Y|Ijy, =3 = € Also
choose & < €/C. Then sup,, E|Y,| < C +1 < oc and E4|Y,] < e,

Necessity. Suppose (a) and (b) hold, we now show {¥,} is w.i. First, from {(a), M =
sup,, E|Y,| < cc. For any ¢ > (), choosing § > 0 as in (b), the Chebyshev’s inequality ensures
that, for everv n > 1,

ElYa| _ sup, ElY,| =M
< L —
[ C - C
if we choose ' > M /4. Consequently, from (b), with the choice of A =: {|Y,,| = C}, we
have

P(|Ys| = C) = < 4,

sup EalYe| =sup EIYo Iy, =01 < €. 1
T

i

That is, limg—oo sup, E{|Ya Iy, > = 0. @

REMARK 6.5.2 Recall that Lemma 6.4.2 stafes: [f E|Y| < oo, and P{A,) = 0, n — oc. then
EY|1a,| = 0. Then it seems that {a) could imply (b) in the above theorem. However, this
is not true, We must hove uniform integrability condition.

The following results are easy to prove, either by definition or by Theorem 6.5.1,
THEOREM 6.5.2

IoAAX, s wd off {| X} is wi
20 | X = |Yal, and {Y,} is wi., then {X,} is w.i

Proaf. sup, -, E{|Xn|f{|.":'.‘|:-c}} = SUP,= E‘{ Ya I{|1’,‘|;C}} — U n
34NN} ws wn tff {X T} and { X} are both u.i.
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4. IFAXLE and {Y,} are each wi., so s { X, + Y, }.
. If { X} is wi., so is any subsequence of { X, }.
6. If | Xo| <Y € LY, then {X,} is wi. (i.e., the Leshegue DCT.)
Proof. sup,, oy E{|Xu|lyx, 01} = E{[Y[I{jy|>c}} — 0.
7. If E(sup,, | X.|) < oo, then { X} is w.i
(Note that E (sup,, [X,|)} = sup, F|X,|.)
Proof. Take Y =sup,, |X,| in the DCT above. g

8. Let i = ) satisfy lim Ylz)

I I

= oc. Ifsup, Ev{|X,.|) < oc, then {X,} is w1

Proof. YM =¢ ! =0, dey = 0 such that Wil g for large |x| = ay.

sup E{|Y, Iy, =cy ) < M~ sup E{y(|Y, | v, >0y b < M~ sup Eg(|Y, ]} =: eA.
n T T

Letting O — oo and then letting e — 0. g

(Remark: We need x to be dominated by (x), e.q. v{x) = xlog™ x). In practice, we may choose
wix) = o wnth p = 1, and w.i. 15 checked by using moments, For instance, when p = 2, square
integrability smplies w.i.)

6.5.2 Convergence in prob. + u.i. = convergence in mean
The next theorem weakens the dominance condition in Theorem 6.4.2 to w1 condition.

THEOREM 6.5.3 (Vitali's Theorem) Suppose that X, —, X, and £ X,|" < o0 all n (e, X, € L, ).
Then the following three statements are equivalent,

(1) {XI} s s
(1) X, — X in L,; and E|X|" < o0,
(#i1) E| X" — B|X|" < ~.

Proof.
“(i) == (i1)". Suppose (i) holds. We show (ii) in 3 steps.

(a). We first show that F|X|" < oc.

Proof. Since X, —, X, 3 a subsequence {n;} such that lim;_ .. X, = X as., thus
limy .o | X, |7 = |X|" as. (See Theorem 6.6.2.) By Fatou's Lemma,

EX|" = Eklim N |” = ElimkinfLT'.’ﬂkr = lin}iinf E\X,, " <sup E|X,|" < oc,

where the last inequality follows from assumption {1): {X7} is u.i.
(b). Secondly, we show that {| X, — X"} is n.i.
Xo — X" < O X"+ |X|7). See Lemma 6.6.1 later on,

Proof. We will use O inequality
Then apply Theorem 6.5.2, part 2.

(¢). Finally, we show that X,, — X in L,.

Proof. Fix ey > 0, we have E|X,, — X|"Tj|x _x|=e) — 0as P(|X, — X| = &) — 0. Hence,

E Xn - le = E -Xn - Xlrfﬂ-'fn—-‘i <ep} T Elx" o Ir‘f{lx“ —X|>eol
< et ElXn — X' x,—X15e0)

— )
Thus, X,, = X in L,.
“(id) == (#4)". See Theorem 6.5.4 below.

i) = (i)".
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suppose (i) is true. To prove (i), let A = 0 and construct a nonnegative and continuous
function by

falz) = la”  lal" <4,
< lzIf A<l <A+1,
= 0 2" = A+ L.

(Draw a picture to illustrate)

Since fa(x) 15 bounded and continuous, by Helly's theorem, lim, Efa(X,) = Ef4(X). Also
note that 0 < |2 Ty rcay < fale) < |2 T 2413, 50

liminf E[X " Tyx jrearyy = lminf Efy(XL) = lm Ef4 (X)) = Efa(X)
= BIX[ Iy xp<ay
subtracting this from the assumption (iii): lim, E|X,|" = F|X|" < 00, we get
lim SUp E|X“|T.I{|xn |"=A+1} E El.": rf{|x|r}_.1|} .

The last integral does not depend on n and converges to zero as A — oo, This means: ¥e = 0,
dA4n = Anle), and ng = nol Ap(e)) such that we have

sup E|Xo| Tyx, rsasy <6 if A= Ay
T g
However, since each X is integrable, 24, = Ay(¢) such that

sup E| X |"I[x, rea+1) = 6 if A= max{Aq, A1}

Fipe |

That proves (i). g

6.5.3 Relationship between L, convergence and convergence of moments

THEOREM 6.5.4 Suppose that X,, — X in L, (r = 0), and E|X " < oc. Then
(7). Im E|X,|" = E|X]|", (12). Iim EX] = EX",

Proaf.
(i). For 0 < v < 1, apply the C inequality |+ y[" < 2" + |y|” (see Lemma 6.6.1 later) to
write ||[z|" — [y|"| < |# —y|" and thus

[E| X" — E|X]"| = E|| X" - [X]"] = EJX, - X[
From the assumptions, we get lim, F|X,|" = F|X]|".
For r = 1, apply Minkowski's inequality to obtain
Xu )T = (E

(E XM < (BIX, — X7

From the assumptions, we get lim,, (£]X, "]I“H =(E X|"}”r, Le. lim, E/X,|" = FE|X|".

(i1). It follows from (i) and Vitali Theorem that { X'} is ui. Also from the assumptions, we
have X, —4 X. Then (i) follows from Theorem 6.5.5. g

Remarks.
(i). The mean convergence X, — X in L, (r > 0} does not imply X,, € L, or X € L,. For
example, take X,, = X = Cauchy, then X, — X in L', but X,, = X & L,.

(ii). If X,, — X in L,, then the mean convergence X,, — X in L, implies convergence in
moments (from the last theorem).

The converse may not be true. Take r = 2, Xo,01 = X, and Xa, = =X with 0 = EX? < o,
Clearly, X;, = X in L,, but X, /4 X in L,.
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6.5.4 Convergence in dist. | w.i. = convergence in mean

We've seen in Section 6.5.2 that
Convergence in prob. + u.i. = convergence in mean.

In fact, convergence in prob. can be further weakened to convergence in dist.,

THEOREM 6.5.5 Suppese that X, — 4 X, and {X]} is wi (r>0). Then

(i). E

X" < o, (if). im EXT = EX", (iif). lim E|X,|" = E

X"

Proof.

Method 1. Use Skorokhod’s representation theorem, we find {¥},} and Y such that V,, — ¥ a.s.

(1) ¥, and ¥ have the same d.{s as X, and X. That is, X,, =; ¥,,, X =, V.

(2] Y, — Y as asn — nc.

Then the proof follows from the results on Section 6.5.2 to ¥,:
Convergence in prob. + w.i. = convergence in mean.
Method 2: Direct approach.

(i). Let Flz) = P{X < ). Fix ¢ = 0. Choose " s.t. +£C are continuity points of F' (This
can be done a.s. since the set of all discontinuities are countable). By the w.i. assumption,
we have, as €' 1s large enough,

sup E|X] |11 x, =01 £ €
il

For any [0 = ' s.t. £ are also continuity points of F. we obtain from the Helly's theorems
that

lim E|X7  I{e<|x,, 120} = EIX"[[c<x1<D)-

It follows that Elellf{ti‘glxlgﬂ} < ¢ for all such choices of D). Letting D — oo, we get
E|XT[I;x =01 < e So we prove (i).

(ii). For the same C as above, write

EX, - EX"| <

EX I x, <oy — EX ixicoy| + ElXal" T (x, 20y + EIX

I x=o)

By the Helly's theorems again, the first term on RHS tends to 0 as n — oo while the other
two terms are less than €. Thus, (ii) is proved.

(iii). Proof is similar to that of {ii). g
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6.6 Some closed operations of convergence

6.6.1 Algebraic operations

THEOREM 6.6.1

(a) If X, =, X and Y,, =, Y, then X, £ Y, —, X £V

(b) If X\, - X as and Y, =Y as, then X, £V, ~ X Y as

(e) If Xy = XN and ¥y, —, Y, then X, £ Y, -, X £ V.

() However, if X;, —4 X and Y,, —4 Y, then it is not frue in general that X, £Y, —5 X £V

Proof. 1t is clear that ¥,, — Y in prob, a.s. or L, implies —Y,, — =Y in prob, a.s. or L,. So we only
need to show + relations in the theorem.

(a) Given € = (),

0 < P(X,+Y,—X—Y|>2)
< ;*({.‘-:“—M::-E}U{u;—ﬂ:ae}j
< P(|Xn—X|> e+ P(|Y, Y] >e) — 0,

(b} Given e = (),

0 < Pl {1Xn+Yn-X=Y]> 2]

T2
[

E P U [{l-xm —.Xl - f]’U‘HE:: - }rl = 'r]':|
||.krr|1“-_?n
[

< Pl UK XI= U U {1¥m—YI>e)
||L. mEn I
/

< Pl UXn-X|ze}|+P| | J IV —Y][>¢]

lh‘.lrLE.u. =" 11

(¢} First we need a lemma:
LEMMA 6.6.1 (U -inequality.) |r+y|" < C, (x| + |y|"), where v = 0 and

C. = 1 if0=<r<1
ar-1 ifr = 1. .

(The lemma clearly implies that |z + y|™ < 2" (|x|" + |y|").)

Proof. When r = 1, then the proof follows from |(@ + y)/2|" = (=" + [y|") /2.
When 0 <r < 1, then A"+ (1 =A)" = A+ (1 =A) =1 Tfor A= |x|/(|x] + [u]).
Proof of (c).

0 ElX,+Y, - X Y| =E|(X, - X)+ (Y, - Y)|"

=
< C.(EX,—X|"+E|Y, -Y|")—0.

Note that when v = 1, one could also use the Minkovski's inequality.
(d) X, =4 A, Y, —4 Y, but we may not have X, + Y, —; X + V.
Example: Take X, ~ N(0.1), ¥, = =X, ~ N{0.1). Then X,, + ¥, =0.
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Now take independent X, Y ~ N(0,1), then X + Y ~ N{0,2). n

Exercise. (See 3, Chung, K.L. p70.) If X, —, X and ¥, —, Y, then X}, —, XY, What about
a.s. and L, convergence?

Remark. We have just seen that (d) may not hold in general. However, it does hold if ¥,, —, Y is
replaced by Y, —; ', which is also equivalent to Y, —,, . This is the well-known Shatsky’s Theorem
{see the next chapter for details. )

6.6.2 Transformations (Continuous Mapping)

THEoREM 6.6.2 (Continuous mapping theorem)

Let X, Xo,.ooand X be b-dim random vectors, g - Ry — R be continuous. Then

(). X, — X a8 — g(X,) — g(X) as.
|:|!J.:|. X” —p -’f = .';r[:-]frt:] —'p I;r(X']-
[f.’j. _.-5.,--” —F X — H[_-:'l".:n:] —+ H[."};:I‘

Proof. We shall only treat the case k = 1. The extension to general k is trivial.

(a). By the continmity of g
A= fw: Xo(w) — X(@)} € fw s g(Xu(w) — g(X (@)} = B.
Thus 1 = P(A) < P(B) < 1, i.e., P(B) = 1.

(b). Let € = . We may pick some large M such that P(|X| > M) < e. The continnous
function g is uniformly continmous on the bounded interval x| < M + e, There exists & = ()
such that

lalxz) — gly)| < e, if |r—y|<d and x| < M. (6.2)

First we notice that

g X —g{X)| =e. and

X, — X| <8 =|X|> M.

Proof. To see this, if this were not true, we would have |X| < M, which, in
combination of | X, — X| < 4, implies that | X,, — X| < M+ 48 < M + ¢ {we can
always choose & < ¢). Then from (6.2), we would have gz} — g(y)| < e. which
contradicts with our assmmption.

Therefore,

P{l.'ﬂx-rr-] - .'T':X” =€)
= P(lg(Xy) — gl X)| =, | Xy, — X[ = 8)+ P(lg(Xy) — gl X)| e | X, - X
= PX,=X|=8+P(lglX,) —g(X) = e, | X, — X| < 6)
< P{X,-X|=8+P X =M)
& P(X| = M) <e

)

in the limit as n — oo, It follows that g{X,,) —, g(X).

(c). As X, —4 A, by Skorokhod construction, =Y, Y. Y5, ... on another probability space
(2, A", P') such that ¥, — Y a.s. and X, =4 ¥,,, X =; Y. By (a), g(Y,) — g(Y') a.s., which
in turn implies that (¥, ) —4 g{Y). But this is the same as g{X,,) =2 9(X). g

Remarks.

(1) What is wrong with the following “proof” of part (b} in the continnous mapping
theorem?

Wrong proof. By the continuity of g, ¥e = 0, 36 = 0 such that

X, - X <§ — lg( X)) — g(X)

<,
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Thus P(|X, — X =< d) < PllglX,) — glX)| = ). Take lmsup, ... on both
sides, we get 1 = limg, oo P X, — X| =< d) < liminf, o Pllg(X,) —glX)| <€) <
limsup, . PlglX.)—g{X)} < e). Thus, we have limsup,, ... P{lg(X,)—g(X) <
e) =1 g

(ii) A different proof of (b) is given in Chow and Teicher, Corollary 3. page 68. g

The continuity assumption of g everywhere can be weakened in the last theorem.

THEOREM 6.6.3 Let X, X, ... and X be k-dim random vectors, Assume that g is confinuous a.s. w.r.t.
the probability measure Py, i.e.

Py (X : g(-) 15 discontinous at X) = Plw : g(-)is discontinouns at X{w)) = 0.
Then, Theorem 6.6.2 still holds,

Proof. We shall prove the case k = 1. Using the same notation as in Theorem 6.6.2, we have

A = {w: Xulw) = X(w)}
T {w g Xalw)) — g(X{w))} + {w : g(-)is discontinues at X {w)}

Thus 1 = P(A)} = P(B+ D) < P(B) + P(D) < P(B) < 1, i.e., P(B) = 1.

REMARK 6.6.1 (i) In Theorem 6.6.3. if X = O, then g(x) only needs to be continuous at C.
(ii) We shall now give an example, if Py (X @ g(-)is discontinous at X) # 0, then X, —, X

F= g(Xn) —p g(X).
e.q. Let P(X,, = =1/n)=1, and P{X =10) = 1. Define

gty = t—1, t<0
= t+1, =)

Clearly, Px (X : g(-)is discontinous at X) = Py (X =0) =1 # 0. However, we note X,, —,
X = 0 whereas lim, P{lg(X,}+ 1| Z¢) =lim, P{|=1/n+1| =€) =1 Ye = 0. That is,
g(Xn) —p =17 1 = g(0).

Examples:

(i) TF X, —q N(0.1), then X2 —, N2(0,1) = 2.

(ii). If (X, Y,) —a N{0, 1}, then X, /Y, —,; Cauchy.
(Proof. Let (X, Y) =4 N(0,I), then X, Y are independent, XY =, Cauchy, and P{g(X.Y) =:

X/ ¥Yis discontinous) = P(Y = 0) = 0. Apply the above remark. )
6.6.3 Slutsky’s Theorem

We have seen from Theorem 6.6.1 that: X, — X and Y,, — Y implies that X, £ ¥, — X £} as., in
probability, or in r-th mean, but not true in distribution in general. However, it does hold if ¥ = ' (in
which case Y, —y C = Y,, —, C).

THEOREM 6.6.4 (Slutsky’s Theorem) Let X, —; X, Y, —, C (ie. Y, —3 C). Then

(). Xp+ Y, —a X +C.
“J:I Xa¥n —a CX.
(ﬂj- -x-n.-"ll}l;l. —d X.I'Jf: ifc # 0.
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Proof. We shall only prove (a). The proofs of (b) and (¢) are similar, First note that

Fx, 4y, ) = PX,+7Y, <z

PIX,4+Y, <z |V, -Cl<e)+ P(Xp + Y, <2, |V, — C| =)
P(X, +C <= (¥, = 0).|V, = C| £ ) + P([¥, = C| > ¢
P(X,+C <z+e)+ PV, - C| > ¢)

Fy, 1ol +e)+ P(lY, — O = ¢).

LA LA

On the other hand,

1-PX,+Y, =1

1 - P(X,+Y, >z, Y, —C|<e) = P(X,,+ Y, x|V, —C| = ¢
1-P(X, +C>x— (Y, - C)|Y, —Cl <¢) = P(|Y,, - C| > ¢)
1-P(X,+C>=x—¢)—P(lY, - C| =€)
Fx,yelz —e€) = P([Yy = C| = €).

Fx, 4y, ()

' W

Combining the two, we have

Fx*l+g|:;i’2— EII — P[“’;L — {:.-‘l ) Fxh+}-’” I:;i’!:] = Fxh+gl:ﬂ'1+ E}— P{|Yn —

= f.].
Letting n — oo, we obtain

Fxiclr —e) £ liminf Fy oy, (x) < limsup Fx v, (x) < Fxpole +€).
e )

If Fx i ¢e(x) is continuous at x, then as e | 0, we have Fy (=€) | Fxyolz) and Fxo(r+e) | Fyxiolx),
the result is proved.

Remark:

(i) The proof of the theorem is almost the same as that of Theorem 6.3.1.

(ii) Slutsky's theorems are very useful in proving limiting distributions in so-called d-method.
For an example, see Theorem A, page 118, Serfling (1980).

6.7 Simple limit theorems
We shall use what we learnt in this chapter to prove the following simple theorem.

THEOREM 6.7.1 Suppose that X;'s are uncorrelated and supy.., EXi <M < oc. Denote X =n~'5.0, X,
pi = EX; and p=n"'%0" p;. Then

[E} "}_: ﬂ' *Lo U:
(i) X — i —p O

(i) X — fi =, 0.

Proof. Note that o? =: Var(X;) = EX? — (EX;)? < EX? < M, and p; exists. Write S, = 31, X;,
then
Su - ESH:-

T

X-p=

(i) B(X — ) = .i.:': > E_;‘ E{XG — i) (X5 — py) = .n]'z ARE pi)? = ,:2 E"Tf = ‘:: .
(i1). This is implied by (i} below.

(iii) Then Var(S,) = 3., 7. By Chebyshev's inequality,

7 e ,

Var(S,) - M

nfed T ped’

P{|5, — ESu| = ne) =
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summing over i on HHS, the resulting series diverges. However, if we confine our attention
to the subsequence {n?;n > 1}, then

) _ . M
Y P (|Sp: — ES,zl = nfe) £ ——5 < (7.3)
T e

Henee by Borel-Cantelli Lemma, we have
P (|S,: — ES,z|/n® = e,i.0) = 0.

Consequently, by Theorem 6.1.1, we have

'S'I'-'I — E'Erﬂ.*

3 RUNVS {(7.4)

(In fact, (7.4) is implied directly by (7.3) since convergence in prob. fast enough implies a.s.
CONVErgence. )

Henee we have proved (iii) only for a subsequence n” @ n > 1. We need to fill in the gaps in
the limit process. W.L.O.G., assume that g = 0 all 2. Let

I, = max |8k — Spz).

ni sk {ngl)?
Then we have
2 2
ED: < E max |8 — S,z|
nkaind1)2

(rn+1)? =1

Y E|Sk— Spal®

*;=-;.;.2

(n+l)*=1 k&

= Y ) Xy

k=n? j=n2+l

it

(1) =1 {n+1)" =1

< ) > M

k=n? j=n2+l

< An*M

and consequently by Chebyshev's inequality

. AN
P(D, =n) < 2,3
It follows as before that
D,
ﬂ—g — D,E,S. {?5]

Now it is clear from (7.4) and (7.5) that, for n*® < & < (n+1)*

— 0 as g

0 < 1Sk| _ |Sn2 4 (Sk — Sn2)| < Spz| + |Sk — Snz| < |Snz| + | Dyl
k k k n?

Remark:

(i). The result in the last theorem involves only the first moment, but we have operated
with the second. In the next section, we shall remove the extra second moment condition.

(ii). The method used in the proof is called “subsequence method”, very useful in other
contexts as well. It first proves the result for a subsequence and then fill in the gap.
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6.8 Fatou’s Lemma Revisited
We shall derive a most general Fatou's lemma, (see Durrett, Chapter 2, p4s.)

TneoreEM 6.8.1 (General Fatou’s Lemma) Let gi-) = 0 be continuous. [f X, — X, in any mode
{i.e., in prob, or L, or distribution, or a.s. ), then

liminf EgiX,) = FglX)

ard
limsup Kg( X, ) < FglX.).

T

FProof. We only prove the first inequality here. Applying the Skorokhod’s representation theorem, there
exist Y, and ¥V such that ¥V, —; Yo such that X, =; ¥, and X =, V...

Eg(X.o) = EglY.) = Eg(linY},) Elim Fg(Y,) = Eliminf g(Y;,,)

< liminf Eg(Y,) = liminf Eq(X,.). =

COROLLARY 6.8.1 {X, } is a sequence of rov. s,

(i) If X, =Y in any mode (e, in prob, or L7, or distribution, or a.s.). then

liminf EX,, > E{liminf X, ).
i Tt
(i) If X, < Y in any mode (i.e., in prob, or L, or distribution, or a.s.), then

limsup EX,, < E{limsup X, ). @

Tl T

The proof follows from the last theorem. The case Y = 0 is most often used.

6.9 Summary: relationships amongst four modes of converges

The relationships amongst four modes of converges can be summarized in the following diagram.
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X, —= X
fast
enongh
1 Lr
A - A [';

Skorolkhod's
representation
theorem

fast enough or

subsequence
I‘-L
| \
| !
F il
X, — X X, — X
] |
| X =0

.i. - necessary and sutficient

DOT - sometimes too strong
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6.10 Exercises

1. X, —a X ie lim, F,.(x) = F(x) for all x € C{F) = all continuity points of . Give an example to
show that lim,, Fi.(x) = F({x) may not be true if x & C(F).

(Hint: consider d,—1 () == dplr). But d,(0) =0+ 1 = d§,(0).)
2. If |X| <1 as. then P(|X| =€) = EX® — €.
3. Show that
:I ‘]{-ﬂ _"p-:'i{ — Xﬁ - X —"Pu.
JIEX, = X and X, —, ¥, then X =Y as.
)X, =l = 1/X,, —, 1.
'::d] X pn 0, ¥, n 00— A,Y, ~n (.
) Xp—=p X and Visarv, = XY —, XV
) X —p X, Yo =V = XV, —, XY

4. Check whether the following statements are true or false. Either prove vour claim or give a counter-
example. (Compare with (g) in the last question.)

(1) If X, —as Nand ¥, —, . YV, —= XY, —.. XY,
)X, = XinL,and Y, =Y in L, (r =0}, = XY, — XY in L,.
(i) If X, =g X and ¥, =g ¥, = X, ¥, —q XV

B X‘rr E EL {_: Eﬂ:. -‘I'!'-rn. L5, Y:- ":-'-11':1 g.r.e. .4, 1,.-' — Fﬂ. —*i1.4. F

an

6. Xy |.and X, —, 0, = X, —,. O

7. X, X, are i, rov)s with p= EXy and 0® = Var(X,) < oc. Show that

2 -
X .
nin+ 1) %{ tH TR H

B. Xi....X, are Lid. rv)s with p = EXy and EX} < oc. Let S, = 37 X,. Show that
I.qﬂ

e

— a8,

9. {X,} is a sequence of r.v.'s {not necessarily independent), S, = 37 X;. Then for any r > 1,

a) X, = 0Das. = 5,/n—0as.

b) X,, = 0in L" = 5,/n—0in L".

c) It 0 < r < 1, then (b) may not hold,

d) X, =, 0= S,/n —, 0.
(Hint: ]Lct [X,} be independent and P(X, = 2") = n~ ! and P(X,, = 0) =
Il —n"")

(
(
(
(

(e) Sp/n—, 0 = X, /n—, 0
(f) Sn/an —p Uand apfan_1 — 1 = Xyp/an, —, 0.

10, Let {X,} be i.id. r.v.’s. Then

(a) ™t maxi<pen |[Xi| —p 0 <= nP{|X1] > n) = o(1).
(b) n™lmax cpey |[Xi] — 0 as. = E|X,| < x.

11, Let P(X,, =a, >0)=1/n=1-P(X,=0),n=1 Is{X,.n > 1} wi. if

132



12.
13.

14.

16.

17.

15,

19.

20).

(1} ap = o(n),
(i) a, = cn > 07

If{X,:n =1} and {¥, :n > 1} are both w.i., then so is {X, + ¥, :n > 1}.
If 2Y such that E|Y| < oc and P(|Y,| = y) < P(|Y| = y) for all n = 1 and all y > 0, then Y, is u.i.

(Remark: The condition can also be written as F,(y) = F(y), meaning that Y, <, Y (ie. Y, is
stochastically smaller than Y7), which in turn implies that £|Y,| < E|Y|. So the condition is rather
like a dominated convergence condition. )

Is the limit of distribution functions (d.f.}) necessarily a d.£.7 To be more precise, let lim,, ... F, () =
Fix), where F,(x)'s are d.f.’s for all n = 1. Is F{r) necessarily a d.f.7 Either prove your statement
or give a counterexample.

. Let {X,,n = 1} be a sequence of uniformly bounded r.v.’s (ie. | X,| < C for all n and some

constant C'). Write X =n~' 31" | X;. Show that X — EX —, 0 iff Var(X) — 0.
Pratt’s Lemma. Suppose that

(i) X, <Y, < Z, as.
I:ii} XTI- —il-“___,!‘._ X'. .}-:'l!- _}I'F.-"- V'. ETI‘ _}ﬂ---*:- E'
(iii) EX,, — EX and EZ, — EZ, where F|X| < oo and E|Z| < oc,

Show that EY,, — EY. (Hint: Apply Fatou’s Lemma. )

The following proof is & WRONG proof of the last question. Where did it go wrong?

Wrong Proof. For n large enongh, we have

Ve max{|X,|. |Zs|} a.s.  [from (i)
| X, |+ | £, a.s.

\X|+|Z|+ 2, a.s [from (i1)].

LA 1A TA

Then apply the Dominated Convergence Theorem to ¥, since E{|X| + |Z] + 2¢) < 0o,

Give an example to illustrate that X, — X a5 may not imply

X <X +e, for large enough n.

Let {X,,} be a sequence of independent r.v.’s which converges in probability to the limit X. Show
that P(X =) = 1 for some constant .

Let X, Xy, Xz, ... be rov.s such that X, —, , X. Show that sup, | X, | = O,(1).
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Chapter 7

Weak Law of Large Numbers

In the last chapter, we introduced various modes of convergence (a.s., in probability, in mean, in distri-
bution) for a general sequence X4, X, ....... In the next two chapters, we shall study these issues for some
more “meaningful” random variables, such as X = (X, +...+ X,,)/n (called “sample mean” in statistics),
or equivalently the partial sum S5, = X, + ... + X,,. In probability theory, the following limit theorems
are of major concern:

(i) Weak law of large numbers (WLLN):

. . . S
What are the necessary and sufficient conditions for — — A, tp 0, where {A,} and {B,}
TL

are two non-random sequences, B, = 0 and B, " x7

(ii) Strong law of large numbers (SLLIN):

¥ . S-i-:-
What are the necessary and sufficient conditions for

— Ay — s 0, where {4, } and {B,, }
are as in (i)7 "
(iii) Law of iterated logorithms (LIL):
&
When do we have limsup — = 1, a.s.
—=0 T

(iv) Central limit theorem (CLT):

L

What are the necessary and sufficient conditions for B—“ — A —a N{0,1)7
I

(v) Refinements of CLT:

Berrv-Esseen bounds, Edgeworth Expansions, Large deviations, saddlepoint approximations.

When { X, } are independent, the above issues are well understood. Extensions are still continuing
in different directions:

(a) dependent sequences (mixing conditions, martingales);
(b) linit theorems for other statistics than S,

() functional limit theorems (stochastic processes)

7.1 Equivalent sequences; truncation

Definition: Two sequences of rv.’s { X, } and {Y,,} on (2, .4, P) are said to be equivalent iff

e 1]

Y P(X, # V) < oo

=1

THEOREM 7.1.1 Suppose that { X} and {Y,} are equivalent.
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(1) Z:'_]{}[,, — Y. ) converges a.s.;

1 1
f o 1 ooa, then — — Y — 8.
(b) If a, T oo, then . ;{}L_, Yi) — 0 as

Proof. By the Borel-Cantelli lemma, the assumption of equivalence implies
Pl{w: Xolw) £ Yalw)hio) = P(X, £ Y,.i0) =0
Hence,
P{w: X,(w) =Yo(w)hult) =1=P{X, Z¥,}%i0)=1=P(X, # Y,.i0) =1
Thus, 4 a P-null set N with the property: if w € €2 — N, dng({w) such that
n = nglw) — X, (w) = Y lw).

For such an w, the two numerical sequences { X, (w)} and {Y,.(w)} differ only in a finite number of terms
. \ . 5 .
{(how many depending on w). In other words, the series %7 (X, {w) — Y, (w)) consists of zeros from a

n=1

certain point on. Both (a) and (b) of the theorem follow from this fact., g

An easy and useful consequence of the last theorem is the following.

COROLLARY T.1.1 Suppose thal {X,} and {Y,} are equivalent, and a, T oc. Then with probability one

(n.5.)

T

(1) Z;*_] X or — E X, converges, diverges to +oc or —oo, or fluctuates in the same way
- (I '
T _||—J.
T
50V LE 1_,
L= j=113 a7 e -
=1

(b) In particular, if a;’ E};l X; converges in probability, so does a; E}L:] ¥;.

Proof. (a) follows from the proof of the last theorem. To show (b), if a! jf*_l A —p A, then

T ™

| e 1 1 ] ,
az}l’{ = ”__HZX"I + EZ[}'I — AJ] _}J‘-' .]":. 5
i=1 q

=1 I]':'I_

7.2 Weak Law of Large Numbers

THEOREM T.2.1 Lef {X;} be pairwise independent and identically distributed r.ov's with finile mean
= KX, Then

..f —*n
FProof. KX, < oo, — ElXq| < =
[ )
Z Pl Xy =n) = Z PX, =n) < o, {identical distribution) (2.1)
=l =1

Define the “truncated™ rov.’s {Y,,} by

Yo = Xnl{|x,|<n)
Then {X,,} and {¥,,} are equivalent since by (2.1}

Y OP(X,#£Y,) =) P(X.|>n)<oc

=1 H.=|

¥ - s — T r —_ i - "
Let T, =%  Y;and Y =n~! » i1 Y;. By Theorem 7.1.1, X and ¥ converges or diverges at the same
time. Therefore, it suffices to show, as n — oc,

(1), EY — pu, (i), Var(Y) — 0,



To see why, applying Markov's inequality,

0< P(Y —p| > €) < ElY —p|*fe? = ¢ [Var(Y) + bias*(Y)] — 0.

Proof of (i).

T

.l T 1
0 < |BY —p|=— > (BY; - EX;)| = ~ 1D (BEX;Iyx, <5y — EX)
i=1 1

=

1 m 1
T on| ZEXJI{ X;l=i = n Z EIXilTx;155y — 0,
=1 I=1
where we have used the fact: “a,, — a” = "a — a”, where a,, = E|X,|I;|x_ j=n} — O

Proof of (ii). It is equivalent to show Var (3.0, Y,) = o(n®). Note that Y, are independent (as
functions of X, ) and bounded. Thus

Var (Z n) = Var(Yy) Y EY? =Y EXPIx,crp = > BEXTIx, <n
i=1

k=1 k=1 k=1 k=1

The crudest estimate of this is

T ) LI i 1
Var (E h) < Y REIXilIx, < < 3O REIX| = Snn+ DEIX)| = O(n?),
i=1 k=1 k=1

which is not good enough. { Note that in the above we have used the bound EX?IHL <kl = EE| X, Iiix,=n0
forall k=1,...,n. But when & is small, this bound may be too rough. This suggests that we should per-
haps consider & to be small and large separately.) To improve upon it, we shall use another level of
truncation. Let {a,} be a sequence of integers such that 0 < a,, < n, a, | o0, but a, = o(n). We have

Vﬂ?‘(z—ﬂ) < EEX$I{|I1|{H
=1

L T

= Y EX{Ijx,cn + Y EXTIx, <

=1

k=1 k=ay
= ZEX{EI“‘{”{h} | Z EX¥I{|X1|=':¢_¢,L} I Z E-'Hff{m,.f-:lffllﬂ:kfrr.]
k=1 k=a., fe=ity,
@y T T
= zkﬂxlu{ Xi|=<k} T On Z E|X1|I{|Xl|=iuu} Tn Z E|X1|I{uh{ Xi|=n}
k=1 k=, k=ay
R Tt e
< an Y EXi|+an Y ElXi|+n Y E|XiTx, 5,
k=1 k=it k=ay,

Fa

nig, I

Xi| 4+ n*E| X1 I x5 a0}

which implies that

, - 1 1 ; )
0<Var(Y) = EVGT (Z}’;) < %EWH + ElXq I x50, — O

i=1

This completes our proof. g
REMARK 7.2.1 A finer truncation could be used to bound Var [Y]I_. which goes as follows.

B 1 (] )
Var(Y) < — > EX{Ix, <k
=1
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But

T
EXTIx,zny = D EXTP{ji—1<|X|<j}
F=1
< ) IP{i-1<X < j}
j=1
i
< Y i+ P -1 <X < j)
=1
i 7
< 2) Y iP{j- 1< X < j)
i=11i=1
i T
< 2} Y iP{j-1<Xy| < j}
=1 j=1
i e
= 2) iy P{i—-12|X:| < j}
i=1  J=i
= 2) iP{i—1<|X|<n}
i=]
<

2) iP{Xy|=i-1}
=1

< 2 (1 +§:f:.”{|}f1 = eg})

< 2(24 E\X, )Tttt Check???Tr I
< DO
It follows that
B J_ e
Var (V) = 3 D EXTIx <k
k=1

.I T2 2
= 3 ; EXTIx,|<n)

(A

Lo+ E
T

Nil)—=0. n

The above theorem may be slightly generalized as follows; compare with Corollary 7.3.1 later.

THEOREM T7.2.2 Let {X;} be pairwise independent and identically distributed v s such that
EX X <n} — 0, ard nP{|X{| =n) — 0.

Then X —, 0. p

Remark. We should appreciate the power of truncation from the proof of the theorem.

Remark. If X;’s are independent, then we can use a totally different approach, i.e., the characteristic
function approach (to be introduced later) to prove the above result,

THEOREM T.2.3 Let {X;} be iid. rov’s with finite mean p = EX;. Then

X —+p fb
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Proof. Let ¥y (t) = Ee'™. Since |[EX,| < oo, we have
o, (1) = U, (0) + W (00 + o(t) = 1+ épt + o(t), t| < 4.

Then
A

velt) = (Px, (t/n))" = (1 - '.l:_u% + o (—)) R

Tt

This implies that X —; u, or X e T |

If p = EX, exists, we could prove a stronger result: X —, o p. (see the next chapter.)

7.3 Classical forms of the WLLN

TrEoREM T7.3.1 (Kolmogorov(n)-Feller(a,)) Let { X, } be independent rov. s with F,(z) = P(X, <
x). Letay =0 and a, T oo, Then

Ti

i;h oy 0

=1
if and only if, as n — oc,

n

(i) D PXi|za,) —0

k=1
N i _.:5['
{II} E (Z ﬂ_lf{|_!{1|-::““}) — I
k=1
— X
{'.l.-.l:*.:} Vir (Z u_l‘f{|a’fl|':lﬂ-n}) — )
k=1 "
if and only of, by writing Y, = %f {i] < 1}, as 1 — 0o,

@) S P(Xi|zan) —0
=1
@) E (Z m) —0
k=1
(#ii) Var (i ﬂ*k) — 0.

k=1

Proaf.  Omitted. For details, please refer to Petrov (1995, pl132), and Chung, who give two different
treatments,

REMARK 7.3.1 .

(1) Compare this with Kolmogorov's three series theorem in the next chapter.

(2) For illustration, take a, =n. Let Yy = X0 I{|Xy| < n}, then (ii)-{iii) become
E(Y) =0, var(Y) — 0,

which ensures that Y —, 0. On the other hand, (i) implies that {X,,} and {Y,,} are equivalent,
hence, X —, 0,

133



When {X,.} are i.i.d. r.v.’s, we have the following theorem,

THEOREM T7.3.2 Let {X,,.n = 1} be iid. row s with common d.f. F. Then the following statements are
equivalert:

(i) X=n"'%7 | X; —, C for some constant C,
(it) nP{| X | = n) — 0 and E[X T{|X| <n}] — C asn — o
(ii1) the characteristic function (c.f. ) () of the Xy is differentiable af t = 0 and '(0) = iC.

COROLLARY 7.3.1 Let {X,.n = 1} be iiiid. rov's with common d.f. F. The eristence of a sequence of
real numbers {a, } for which

.l i
ZX-E — iy —*p ()
i=1
if and only of
nP{| X1 =n}—0

in which case we may toke a, = E[X,T{{X] < n}.

REMARK 7.3.2 We make some remarks about Condition [it) in Theorem 7.3.2.

(a). Recall that nP{|X| = n) = o(l) = EX|'"* < o, but # E/X| < nc. Hence,
nP(|X| = n) = o(1) is weaker than the requirement E|X| < oo (the latter in fact implies a
stronger conclusion X —, o p; see the next chapter).

(b). The constant C' in condition (ii) may not be the mean EX,, which may not even exist,
Note that C = 0 whenever Xy is a symmetric r.v. around 0.

(). A sequence of i.i.d. r.v. s satisfies the WLLN bui the SLLN whenever condition (ii) holds
but E|X| = oc. For instance, if Xy is symmetric around 0, but its d.f. satisfies

1
rlogax’

Flr)=1-
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7.4 Exercises

1. Let { _Xm n = 1} be a sequence of 1i.d. r.v.'s, and g a bounded continuous function. Write p = EX,
and X =n~ '3 | X,. Show that )
lim Eg(X) = gl(p).
TL—

(Hint: Apply the WLLN.)

2. Let f and g be continuous functions on [0, 1] satisfving 0 < flx) < Cglx) for all 2 and some
constant €' = (. Show that

I -
nli:;gcf [ z =1 f{vﬁ} N o— % where ]';]1 gla)dr £ 0,
D v

In fact, a more general result i5: for 1i.d. rov. X, X, X, .., we have

Y SIX) Ef(X)
Jim Z?_i g(X.)  Eg(X)

(Hint: Apply the WLLN.)

where Eq(X) # (.
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Chapter 8

Strong Convergence

The central theme of this chapter is to characterize the a.s. convergence of

(i) series 3.7, Xy (when X;'s are independent ),

(ii) averages n~ ™% . _, X, where o = 0 (when X;’s are i.i.d.).

The two problems are related by the elementary Kronecker lemima, and the main results are the

(i) Kolmogorov three series criterion (for series,)
(ii) the strong law of large numbers (for averages).

In a nutshell, the chapter simply studies the relationship between moment conditions and a.s. convergence
for random sequences, series, and averages.

There are many special properties unigue to independent sequences, which are not true for general
¥ N i i L] r
random sequences. For instance, convergence in probability and a.s, convergence for series 3, | X} are
equivalent. (We shall however not cover this here, for details, see Loeve, e.g.).

8.1 Some maximal inequalities

Strong Laws deal with a.s. convergence. One criterion is given in Theorem 6.1.1 (c¢) or (e). That is,
X, — X as if e > 0, as n — oo,

P ({ sup | N — X } = c) = lim P ({ max |AX,, X|} = r) « 0
I ] Ty

Therefore, it is necessary to estimate the “maximal” probability on the right hand side,

THEOREM 8.1.1 (Hajek-Renyi maximal inequality) Let Xy, Xo. ... be mdependent with EX;, = ()
ard r:r'ﬁ Var(X;) < oo, Write 5, Z:‘_l Xi. Let {eg} be a positive and nonincreasing sequence (i.e.

ce = 0 and e | ). Then We =0, and m < n, we have

m Ti
1 2 2 g 0
P max ¢Skl 2 e = = |e E ai 4 E o2 2
m<k<in k Ll o o m k ER

=1 k=m+1

[ )

Proof. TLet

IIT"'TN- {'r:'l It

lEri"l'l-l = l'}_.
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f‘:;.i — { H{\fi {!“ﬁ,|5k|}{f, & 5. |3=-f} m4+ 1< 3 <n,
to E £, = { ma felsil = o}

n
T R IC B )

k=m+1
Note that ES7 = Eif:] .::r:f} E;’s are mutually exclusive. It suffices to show that
e e 1
PA)=P > E | =) P(E)< S BY.
j=m i=m '

Now we can rewrite

Y = rnm_l_zckﬂd ZFILJ.,I

k=141 k=m+1
e T
= Z ;.95 — z cESE_,
L=wn k=1
a—1
- Y ase s
k=m k=1mn
n=1
- Z (i — i) SE+ Sy
k=
=, a8 Cp
S0 .
EY > E(Y1a) = E(Y Iy =Y EVIg,
}_m j=tn
For m < j < n, we have
n—1
EYIg, = Y (¢ —ciy) BESig, +chESA I,
k=m
n—1
> 30 (- i) BSHe, + AESA,

R=j
But for j < k < n, we have
ESHg, = E[(S;+ (5 — 8, IE,
ES{Ig + E(Sy — 8;) g, + 2ES;(S, — S;)1g
= Eﬂjfﬁj + E(Sk — S;)*1g,
(as E[Silp (Sp — 55} = ESiIg, B[S — 5;)] =
since 5; g, and 5 — 5; are independent )
ES: I,
> EEP(EJ}JF(??; (as [¢; 8] = € on E;)

I

Thus,
r—1 o
BYIg, = |) (ck—cip)+en c 11%} = ¢’ P(Ej).
b=y &
Finally, we get
j=m
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This completes our proof.

One important special case is the following,

TuneorEM 8.1.2 (Kolmogorov maximal inequality) Let Xy, Xo, ... be independent with EXy

and o} = Var(X;) < oco. Write 5 = ELL X;. Let e = 0,
(i) (Upper bound)
r (ma_:-: |‘i’i|}£) ELES“

1 e £

(b) (Lower bound). If | X.| < € < oc, then Wik = 1,

(e + C)*
: >el 21— ——r
F (1@&% 15 {> =1 Var(s,)

( Note that the RHS = —oo when ' = oo,

Proof. (a) Take m = 1 and ¢ = 1, & > 1 in Hajek-Renyi maximal inequality,

Direct proof. Let

By = {5 =€},
o= = j = n.
E; {{llﬂaff{ |8k |} < €. |S; }r} for2<j<n

A= Yo m={ e s > )
=1 -

Var(S,) = ES?=ES’I,= Z ESi g, = Z E[(S; + (8. — S;)* I,

i=1 =1

= Y ESiIg +Y B(S, -5, 1g, +2) ES;(S,—S)ip,
_'|I'=]. _'ii=1

=1
T
2
=1

(as B[S,15, (S — S,)] = E[8;15,JEl(S, — §;)] = 0,

since 5;/g, and 5, — 5; are independent)

I

S €P(E;)  (as |¢;S;] > € on Ej)
=1

= P(A)

= P ( max S| = F) :

1<k<n

I

(b). From (a), we have

ESr, = ZF‘:— IE+ZF{&”_—. Vg,

< Ebﬁj |+ C)2 g, +Z Z (EXEH)P(E

=1 k=j+1
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(since (5, — 5;) and Tg, are independent. )

T

T
< Y E(e+C)lg, + (ESZ) Y P(E;)
§=1

i=1
= ((e+C) + ES;) P(A).

On the other hand,

ES214 ES: — ES2 14
> ESI - P(A%) as A° = {{maxi<p<n

= ES2 - +e2P(A).

Sel} < €}

Combining the above, we get
ES: — ¢+ ?P(A) < ESi1y < ((e+ C)* + ES) P(A).

Hence,

g2 2 ™2 2
T Rl SR Cle =) N R Gl =)
ESZ — €2 4 (e + O EST — e 4 (e+ O)? ES?

CoroLLARY 8.1.1 Let Xy, Xo. ... be independent with EXy, = 0 and -:r'f_ = Var(X;) < oo, Write 5, =
Z:":l Ao If | X = C <oe, thenWVk =1 and e = 0,

L (m2
]—MEP(HLH:«: |Sk| = €

Var(s,) 1<k<n

) - Var(S,)

£

Remark. Chebyshev inequality is a special case of Kolmogorov maximal inequality by taking n = 1.

E(X - p)?
P(X — > < ZE—#)"
>

8.2 The a.s. convergence of series; three-series theorem

Definition: %~

ri=1

i, is said to converge (in whatever sense) iff lim, .. 3} | ay exists.

s . . . . P -
To show that 3 | a, converges, one of the most useful tools is Canchy criterion since no limit is specified
here,

8.2.1 Review: Cauchy convergent a.s. or in probability

Definition:

1. The sequence {X,,,n = 1} is almost sure (a.s.) Cauchy convergent
— Pllimg, pone A — X =01=1;

= Ve = 0 limpg oo Plsup,, popy [N — X <6) =15

e e = 00 Ny o F{ﬂupm_ﬂ-__:_l.” X — Xi| =€) =10

= Sup,, oar [ X — X —p 0 a8 M — oc;

= sup X — X, —p 0asn — oo

T =7 |

= SUP,, -~ | N — An| = 0p(l) a5 n — oc.
2. The sequence {X,,,n > 1} is Cauchy convergent in probability
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e =0 limpgose U Xn — X €)= 1;

= Ve > 0 iy, g P, — X =2 e) =0

= Ve = 0 lmg o sup,,—, P Xm — X =) =0;

= Ve =0 sup,,, P(|X; — X =€) =0(l) as n — oo

3. The sequence {X,,,n = 1} is mean square Cauchy convergent

— E|X,, - _Xn|2 — () as m,n — oo.
THEOREM 8.,2.1 X, — X a.s <= X, 15 a.s. Cauchy convergent.
Proof. “==". 4 N:a P—mull set such that Yw £ N*, lim, X, {w) = X{w). Therefore,
0= [ Xnlw) — Xml(w)| = [Xn(w) — X(w)| + [Xn(w) — X(w)| =0,
e, Ay, is Canchy convergent on N*.

“e—="_ INy: a P—null set such that ¥w € N, litng, oo [Xp{w) — Xn(w)] = X{w). Since X, (w) is a
real sequence, then lim,, X, (w) = X(w), ¥Yw € NJ, where X, isarv. g

THEOREM 8.2.2 X, — X in probability <= {X,} is Canchy convergent in probability.

Proof, "=". %e =0 lim, P(|X, — X| = ¢) = 0. Therefore,

0< P(|X, — Xl > 2) < P(IX, — X| =€) + P(|X,, — X| > €) = 0.
e, X, is Cauchy convergent in probability.
“e=". | X, } is Cauchy convergent in probability. Then, ¥e > 0, we have lim,, .. sup,, ., P(|Xm—Xa| =
¢) = 0. Then for anv integer £ > 1, 3 an integer my. such that

P X — X = E_'i‘] < E‘j", for all m = n = m,.

W.L.O.G, we can assume that rmy is strictly increasing sequence. Then setting,

Yer=Xap A= {Xn = Xo | > 27} = {[Vign = Vil > 277},

we have

P(Ar) = P(|Vig: — Yl =278 < 2% forall m = n = my.
Since Yo, P(Ax) < oo, by the Borel-Cantelli Lemma, P(Ag,i.0.) = 0 or P{A{, ult.) = 1. That is, apart
from an w-set N of measure zero, we have

Vit (w) = Ya(w)| < 27,

provided &k > some integer kg(w). Hence, for w € N*, as n — 00, we have

T

Sup [Vin (@) — Ya(w)| < 3 [Veqs () - Ye(w)| < 327k =200 g,

Then,
P (]ilnsup Yi =liminf ¥, = lim Y, = Ji') = 1.

T e T =t OO TR = 20

That is, Y. = X

nye1 —* 4 a.5., hence in probability as well. Then, as k — oc,

P Xy -X|z22) < P(| Xy = Xy | Ze)+ P (| X0, — X| 2 €) =0(1).

S0 X, —, X n
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TueoreEM 8.2.3 X, — X in Ly <= {X,} is mean square Cauchy convergent.

Proof. “==". Suppose that X,, — X in Ls, i.e., F|X, — X/ — 0. By Minkowski's inequality,

1/2

(E|X,, — X, )Y < (B|X,, - X)) 4 (B1X, - X2)Y% o,

as m,n — oc. So {X,} is mean square Cauchy convergent.

“+=". (Subsequence approach.) Suppose that {X,} is mean square Cauchy convergent, i.e.,
E|X,, — X.]* = 0as m.n — oc. By Chebyshev inequality, it is easy to see that [ X} is Cauchy
convergent in probability, and therefore converges in probability to some limit X ... It follows that there
exists a subsequence {X,,, , k& = 1} which converges to X almost surely. Now as n — oc,

E|X,—-X.]? = Elm|X,-X,|*=FEliminf |X, — X, |
be— 0 e —e 0
<  liminf KX, — X, 2 (Fatou's lemima)
fe— o
— [ (Cauchy convergent in Lo ).

Therefore, X, — X in La. g

Remark. Summarizing some of these theorems, we note that

XN, = X a.s. — sup | Xp — Xu| =0,(1), as n — o
TIe 2= 11
X, —, X — sup P{|X,, — X,| = €) = 0(1), as n — oc.
hir =it

8.2.2 Variance criterion for random series

THEOREM 8.2.4 (Variance criterion for series, due to Khinchin and Kolmogorov) Let Xy, Xo, ..
be independent with EXy = 0 and o = Var(X,.) < oc. If Z:L'_] Var{X) < oo, then E?—] Xy converges

[P
(i.e., Lz convergence implies a.s. convergence for independent series)
Froof. We shall give two different proofs, both of which use Kolmogorov inequality,

Method 1: Direct approach. Write 5, = ;f=1 Ay, By Kolmogorov inequality,

: T ] ; 5 —

{m:M<m<n} - € 2

Let n — oo,

k. ¥ F
- Viar( X )
P sup (S — Syl e = 2 ”H_.d :
{rrrm = Ad} €
Therefore,
lim P sup | S — Syl p =e ] =0
M —20 {rreom= A )

Note that sup,, .y |[Sm — Sn| ™ as M 7, and

P ({ sup |5, — Sn|} = 2() < P ( sup Sy, — Syl = c) + P ( sup |5, — Syl = E)

e = A e A ne= L

= 2P ( sup |S;, — Syl = E) — (0, as M — no.

T I

Therefore, 5, is a Cauchy sequence a.s., hence lim,, ... 5, exists. g
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Method 2: Subsequence method. Write 5, =% . X;. By Chebyshve's inequality, for m < n,

E.I:-:= e+ 1 1‘.-"' ﬂ'r(-‘;k :I
EE

P (|8 — Sn| = €}) = — ), as T — 0o,

Therefore, 5, is a Cauchy sequence in probability, e, 5, —, S, say. Henee, 3 a subsequence {ng} " oo
such that 5, —, .. S5 as b — oo,

Now %n = 1, 3k = 1, such that ny < n < ngyy, and

0

Sn = Sac| = |Snyyy — Sac| + |Snpsy — Sl
1She, — S|+ max |8, — 5]

LEY B i
LY SR s S

=
E ”l':ll

A + B

We have shown that A, — 0 a.s. To show By — 0 as. we apply Kolmogorov inequality,

5 (=4 1 1 | 5 (=4 1 k1 _ Z’il E;.:E
Y P(|Biz¢) < Zf—gh (S — Sny) = Zf—g | > EXP< s=— <.
=1 =1 =1 F=m+1

which implies that B, — 0 a.s. Hence, 5, — 5. as. g

CoroLLary 8.2.1 (Kolmogorov SLLN) Let Xy, Xy, ... be independent with = EXy and of =
EX: < oo, Let X =n~! Z:L] X; and i =n"1 Zl'l—l 1 If E?_l EX:E/E? < oo, then X — i — 0 a.s.

Proof. Method 1. Use Hajek-Renyi's inequality and Kronecker Lemima.

Method 2. Let Yp = (X, — EXg)/k. Since 7 var(Yy) < oo, from the last theorem, we get
S (X — EXg)/k converges a.s. By the Kronecker Lemma, n™' 30 (X — EXy) — O as. g

Remark: More general theorems like the last one will be given later,

Hemark: Let X, X, X . be lid rv’s with o= EX.

(1) If EX? < oc, by Chebyshev's inequality, we can show X — p as,

(2) If EX? < o, by Kolmogorov’s SLLN (Theorem 8.2.1) or more directly Hajek-Renyi’s
inequality, we can show that X — o as,

(3) If E|X| < a0, we can apply Kolmogorov's three series theorem (see the next section) or
equivalently the truncation method to show that X — u a.s,

It can be seen thatl the weaker the condition. the more sofisticated fechnigues will be required.

8.2.3 Kolmogorov three series theorem for random series

Variance criterion are useful only when variance of each term X, has finite second moment. However, for
general r.v., where this may be violated, we may still use the variance criterion after proper truncation.
This is the well-known Kolmogorov three series theorem.

THEOREM 8.2.5 (Kolmogorov three series theorem) Lef Xy, Xo, ... be independent rov s, Leb

-.rr.'.l. = ﬂii-:n-f{ Xel=A) — -"T.’:'rl.ﬁ |;{n.| = A
0, 1X.|> A

Then 5.~ | Xy a.s. < for some A =0, the following three series converge:
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(2) E:f_l P{|X,| = A) = Ef_l P({X,#Ys) <00
(#i) 3.0 | EY, converges;

(i) ET_ L Var(Y,) < oo, (t.e. Variance criterion for truncated v, )

Proof.

“4=="" Assume that the three series converge.

S L E(Y, — EY,)? < oo [from (iii)].
Yoo (Y, = EY,) converges a.s. (by Theorem 8.2.4, the variance criterion)

Z?—l Y, converges a.s. [from (ii)].

L1

S0 X, converges a.s. [as { X} and {Y,} are equivalent from (i)]

19

=" Assume that an_l ..-_’irﬂ CONVETges a.s.

Proof of (i). Clearly, the assumption — X, = 5, — 5,1 = 0as — P X,| = A, i.0.) =
0, WA = 0. == 37" | P(|X,]| = A) < o, from Borel-Cantelli Lemma for independent r.v.’s
1A Thus, (1) holds.

Proof of (iii). From (i), {X,} and {Y,} are equivalent. = 3 Y, converges as. But
since |, — EY,| < 24, the applying Kolmogorov maximal inequality, we get

i 2 : 2
(€4 24) (e +2A4)
Pl max E Yil<e] = = =7 . Ve = ().
REJEr fr— Var (Z;-l:ﬂ 1”_1.) E_;'_:u Var (Y;)

Were the series (iii) to diverge, then Z':
letting v — oo, we get

Var(Y;) — oc as r — oo for each fixed n. Thus,

[n
(e +2A4)*
0= P | sup Yi|l<e]l € = = {1, Ve = (.
r E ! >oiey Var (Y]
or equivalently,
[n 4}
P | su Yilzel =1.
"P ; il =

That is, the tail of E;’il Y, alimost surely would not be bounded by any fixed constant €, so
that the series could not converge almost surely. This contradiction proves that (iii) must
CONVErge a.5.

Proof of (ii). We just proved (i) and (iii}, which imply, respectively,

(a). 3 ¥,. converges a.s. as {X,} and {¥},} are equivalent from (i).

TL=

(b). 557 (Y, — EY,) converges a.s., which follows from (iii).

Thus, _
Z EY, = Ve Z(}';a EY,) converges a.s.
n=1 n=l1 n=|\

This proves (ii).

REMARK B.2.1 Note that the Kolmogorov three series theorem gives a necessary and sufficient condition
for a series lo converge a.s.; namely, the moments series (up to the order 2) of the truncated
r.v.'s converge.
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REMARK 8.2.2 Note that the proof only used the second half of the Kolmogorov’s inequality.

Review on Borel 0-1 Criterion: Suppose that X,,'s are independent. Then

X, — 0. a.s. = PllX, Zedo)=0 ¥e=I,
4
— Y P(Xu| =) <00, Vex0. g
=1

8.2.4 Kolmogorov two series theorem for absolute random series

To prove a.s absolute convergence, we have lholmogorov two series theorem.

THEOREM 8.2.6 (Kolmogorov two series theorem for a.s absolute convergence) {X,} are inde-
pendent, Then Z:;l | X | converges a.s. iff

o [
Y P(X, = C) < oo M E
fe=1

n=1

Xﬂ'lr{l-‘:ﬂ "'-:':-1} { . (2'1}

FProof. By Kolmogorov three series theorem, we only need to show that the conditions in (2.1) imply
that > | EX I x, |<cy < oo, which is true since

) o
Y EX2Ix,jccr £C Y EIXo|Ix, <0} < oc.

n—1 n=1

Xalm =

THEOREM 8.2.7 (mean convergence implies a.s. convergence) {X,} are independent, Then S | E
oo (0<r < 1) implies that 5 | X,.| converges a.s.

n=1
Proaf. Apply the last result,
(i) Yot P(IXn| 2 C) £ 302 E|XG[7/CT < .
(i) 2 oey Bl Xallx, oy £ O 300 BN Ty xcoy < OV 3000 BIXG|" < 0

Remark: Note that Y7 E|X,[" < oo (0 < r < 1) implies that 57 F|X,| < o as E|X,| — 0
and hence F|X,| < E|X,|" for large n. Therefore, we can replace the condition 3.7 | E/X,|" < oc
(0<r<1)by 37, E|X,| < oc. Does the theorem still hold for v > 17

Remark: In fact, we can even remove the independence condition here. which of course will
require different proof.

THEOREM 8.2.8 [f{X,.n =1} is o sequence of nonnegative, integrable rov.'s with 5, = X1 + ... + X,
and 3 EX, < oo, then S, converges o.s.

Proof. We shall use Cauchy criterion and subsequence method.

oo

By Chebyshev’s inequality, and the assumption that 3

, EX,, < oo, we have, for m = n,

Py

. m
S — Sp| =€) < g S — S| = ! > EX;—0

£ g =141
Le., 9, 15 a Cauchy sequence in probability, Therefore, S,, — 5., in probability, say. Hence, there exists
a subsequence ny, such that 5, — 5. a.s. But since 5, is a monotone sequence, for any n, there exists
k such that
SJII.- E 'Srn'-l- E S.I

— 5 a5, we get 5, — 5. a8,

b4l ”

Sinee 5

ik

— S, as and 5,
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8.3 Strong Laws of Large Numbers (SLLN)

Definition: A sequence of r.v.’s X, Xo, ... with partial sum 5, = %7, _, X} is said to obey the strong
(weak) law of large numbers iff 5,,/a, converges to a constant a.s. {in probability). The important
Kronecker lemma enables us to convert convergence results for random series into convergence of averages,
1.e., into laws of large munbers,

8.3.1 Several useful lemmas

LEmMMa 8.3.1 (Cesaro’s Lemma) . Given two sequences {b,} and {x,}, assume that

(i) by = 0 and a,, = 1."='.| by o, (ii) @, — @, x| < oo.
Then l
¥ s
1 ZE«' Z;.--] by
L1 k=1 k=1 "k

(t.c., weighted average of a convergent sequence converges to the same value.)

Proof. We =10, 2ng such that |x,, — x| < € for n = ny. Therefore,

.I T
— E bpaxp —
n

‘ Zl.b_l !‘i',l,:('d'.'_g- - :I;jl = fil f}kl;}_-k - J'l + EE:MI_I I!'ill'-'l‘r'ﬁ'-' - -.E'-l

Te . i =i
E _ﬂ._i'l "F"ill-:l"!'k - -fl + LJ.,::H” E}E'E E C(]’l[p] + e

T
2 k=1 D% — thn

Letting n — oo, and noting a,, — oc, we obtain the theorem. g

CoroLLARy 8.3.1 If x, — x (finite), then T=n"13%[ 1) — .

LEmnA 8.3.2 (Abel’s method of summation, “integration by parts”) .

{a,} and {x,} are two sequences with ag =0, 5 = ZT_1 rr, and 5 = 0. Then

i

FL
Z (ApTy = dpoy — Z[ff.l,- — e ) SE—1-
k=1

k=1
or more vividly, by denoting AS, = S, — Si_1 ele.,
i i
> apASp = 0,5, — Y SpAa.
k=1 =1

{ Compare with jl:* fls)yds = sf ()| — {;1 sdf(5) )

FProof.

m

Zﬂk (Sk — Sk-1) = Zﬂkg.k- - Z”L-S.i; 1
L=1 k=1

T
E QT
k=1

k=1
e t— 1 n—1 n—I|
— . — - - -
= L'ﬂ-kf’k - Lﬂ.g.+|5;‘. = (EEHSH + L ISL,I;-S;,.) - L et 10k
k=0 =1 k=0 =0
=1 1
= OpSn — Z (gps1 — @) Sp = 0,5, — Z (g —ap—1) Si—1- 0
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LEMMA 8.3.3 (sums into weighted sums, Kronecker) Ifa, /" o0 and 5. | &, converges, then

1 n
. Z (e — (.

a
oy

FProof. Let 5, = E;‘_1 o and Sy = 0. So 8, — S, say. Applying Abel’s method and Cesaro’s Lemma,
we ged

_I 7 1 (i
_ Al = — | QS — Z (g — ap—1) Sp_1
n Qn

k=1
B I:=1 (ap = ag—1) Sk—1
i
=1 [k — Qk—1)

= 5,

=
. 1
CoOROLLARY 8.3.2 (Kronecker lemma) [If o, 7 oo and E In converyes, then

L
n=1 "

l TL
— > e — 0.
Ly

k=1

8.3.2 SLLN for independent r.v.’s

SLLN for independent r.v.'s: Sufficient moment conditions

All theorems in this section point to the fact: For independent r.v.'s, moment convergence implies
a.8. CONVErgence.

There are other interesting facts associated with independent rov.’s. For instance, convergence in
probability is equivalent to convergence a.s. (See Loeve).

The following theorem is very useful in the following sections. Its proof is based on the three series
theorem.

THEOREM 8.3.1 Let { X, } be independent r.v.'s. Assume that

(1). {gnlx)} are even functions, positive and nondecreasing for x > 0. Assume for all n, at
least one of the following holds:

r

' or o = ()
[3} Hr-t{jr} /‘ I{H v
(i1) ; -E.»F ] N, and gr‘f;;] S forx=0; EX,=0.
o T g
2
(iii) |: ] A for x =0, X, has a symmetric d.f. about 0.
O |0

(2). {an} is o positive sequence, and

-

H.‘Jrl(k"-i-.-j . o
Z Hr-'{”'ﬂ] = {dlgj

me=1

Then we have

— X
Z |:r,_“ CONVETHES (1.5, (3.3)

n=1 o
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If we further assume that 0 < a, /" oc, then

1 e
U—MZXJ —0  as (3.4)
i=1

Proof. The proof of (3.4) follows from {3.3) and Kronecker's Lemmma. Henece, we shall prove (3.3) next.
Let Fo(x) = P(X, = x), and ¥, = X, Iy 1x |<a.y = Yo /o, = (X, /ag 1%, /a0, <11- By the three series
theorem, it suffices to show the convergence of the random variables {X,, /a, } and C' = 1, i.e. convergence
ol series

b} o o b
(a). ZP('T"' :.:1), (B). ZF(?) (c). ZFGE)
fi=1 T T
(Note that () implies that 5. Var (Y, /a,) < 0c.)

Proof of (a). Il | X, = a,, then g, (X} = gola.) (as golx) /7 for @ = 0 and is even). Thus, using
(3.2}, we get

Y P(Xu|Za,) > PlolXn) = glan)) < Z Eg(Xa) _
n=l1

n=1 ﬂ-n}

Proof of (¢). If |X,,| < a,. then clearly g{X,,) < gla,): also we can show that
X‘! - ‘?TL(XNJ
a;, Fnltn)

Proof of (3.5). We shall look at it under asswmptions (i)-(iii) separately.
If (1) holds, then |X.| < a, implies

|Xﬂ.| iy -:‘:;i Q’E (Xﬂ] Qn
< = < == < as —((—% < 1). (3.6
fn [Xﬂ lJ fn [rl.r-e.:l' ’ ﬂ-ﬁ H-E. {"1" Hre I[":"Tr { }

If (i) or (iii) holds, then - [ 7/ for @ = 0. Thus, | X | < oy, implies

_:5:'2 ﬂz XE i_x' :|
TL { Tt i :i i { e .
anl(Xn) = gulan) ﬂ'ﬁ ey

This proves (4.5).

Now it follows easily from (3.5) that

Z SO i . ( i< '}) Z " ('?;{(Xu]} i {“”“}) Z . ( o(an) )

n=1 =1 n=1 =1

Proof of (b). We shall look at it under assumptions (i)-(iii} separately.

Assume first (i) holds. Noting Y, | < a,,, it follows from (3.6) that

EY, EgnlY,
Z (i = Z r;n{u-n

n=1 n=1

Assume now that (ii) holds. If | X,,| = a,, then

|Xﬂ-| { II-.'i'il'l- — |XT'I!-| {: gT'I‘I::XH-:I

Gl Xn) ~ gulag)’ an ~ Gnl0n)

But from KX, =10,

— EY,
Z L0

n=1

=]
Xﬁ'.
2 Er X i<an)

=1

[ ] o 4
) ‘_ZEX" Hixaizan | < 30 2mn) o

iy — .ffn{un]

Finally assmme that (iii) holds, then EY,, = 0. Naturally, |52 EY, /a,| < 0. g

n=1

152



Take g,(x) = glx) = |x|" for all n and r = 0 in the above corollary, we get

CoroLLAaRY 8.3.3 {X,} are independent rov.’s, and 0 < a,, /" oc. Assume that

: E‘|Xﬂ
E = a0, 0<r=2 3.7
DS <rs a7)
-"-!-_ F-!-_
Then, we have
—Z}f — a.s. if 0<r<1;
iy =1
1=
— (I ~ EX;] — 0 a5 if 1<r<2,
Ay 5
=1

Proof. Take g,(x) = |x|".

Case L If 0 < v < 1, then (3.7) is equivalent to {3.2). From the last theorem, we get

Yoo Xn/an converges a.s. and then apply Kronecker’s Lemma.

Case II: If 1 < r < 2, then (3.7) implies that

~ Eg. (X, — EX, . FE|X, - EX,
3 n }=Z | —

=1 gﬂ{ﬂﬁ] n=I1
E|X,| |.E,X "
< nl n by .-inequalit
< E E o (by C-inequality)
n=1 n=1
=] .
FlX. |
< 20, E | T‘”' (as |[EX,|" < E|X,|", r = 1)
i1
=1 n
< 2,

From the last theorem, we get > (X, = EX,,)/a, converges a.s. and then apply Kronecker’s
Lemma, g

Remark. When r = 1, we can either add or drop the term EX; in the above theorem. To see why, note

El.ﬁfnl , —~ EX, _ ,_
that we now have Z . < oo, It then follows from (1.3} that Z ” < oo, Using Kronecker's
' — T

;z ln n=1
Lemma, we have Z EX, — 0.
ﬂﬂ: i'.'!—].

Remark. When v = 2, the above corollary may not hold. Some variants of the the corollary exists; see
the exercises for example.

SLLN for independent r.v.'s: necessary and sufficient moment conditions

We provided some necessary and sufficient conditions for the WLLN for independent r.v.’s in the last
chapter. Here we do the same for the SLLN,

THEOREM 8.3.2 Let {X,} be u sequence of independent ra’s, and let {a,} be a sequence of positive
N
numbers such that a, /" oo, Put Yo = ., . IH|Xe| < an} for 1 <k < n. Assume that

T

S BV, < .

=1
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.I e
Then the relation — E X, — 0 as if and only of
My = '
a=1

Y P(Xu|Zan) <o,  and Y EYy — 0,
=1L k=1

Proof. Hee Petrov, 1095, page 211, Theorem .8,

Applying Theorem 8.3.2 to Lid. r.v.’s, we get

THEOREM 8.3.3 Lef { X} be o sequence of L.i.d. rous, and let {a,} be a sequence of positive numbers
such that a, 7 oo and

-
Y 1fai =O(n/a}).

k=

1
Then the relation Z X — 0 a.s if and only if

]
n _.I_]

Xy

< gy} — [

O X
Z Pl X,| =2 a,) < oo, fitil nk ( : I) I
i

i
n=1

Proof. See Petrov, 1995, page 212, Theorem 6.9.

8.3.3 SLLN for i.i.d. r.v.’s: necessary and sufficient moment conditions

Kolmogorov SLLN for i.i.d. r.v.'s

THEOREM 8.3.4 (Kolmogorov SLLN for iid r.v.’s) Let Xy, Xo, .. beiid. roo s, and 5, = :=| Xi.
Then

; Sy .
(i) E|X| < — n‘ — EX, as. (3.8)
S .
(i) ElX | = — lim sup |5 =00 1.8 (3.9)
it L

Proof. (i). Assume E|X,| < oo, Write ¥, = X, T [1%.|<n}- Clearly,

-

P(IXu| #Ya) = ) P(IXul >n) =) P(IXi|>n) < BX:| < .
1

= n=1 =1

Therefore, {X,,} and {Y¥, } are equivalent sequences. So it suffices to show that

n

1+ 1
.= EY; — FX,, b). — Y, —EY;) — 0 as.
(a)- = D> BY; = EXy, (b). > (Vi = EY;) a3

i=1 j=1

since these would imply

.I It 1 It ]_ )
?—lZ}q - EZ EY; + EZ[&{, ~ BY;) — EX;  as
i=1 j=1 j=1

which in turn implies that n~' 377, X; — FX;.
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Proof of (a). Now
EY, = EXulyx, < = EXiljx, e = E(XT = X0 (% 2n)
= EX{Ijx,<n) — EX Iix, 2
— EX{ — EX] = EX|,

where in the last line we have used the Monotone Convergence Theorem or the Dominated
—_ I .
Convergence Theorem. Thus, n=!''%" i1 EY; — EX,.

Proof of (b). Applying Corollary 8.3.3 with a,, = n to {¥,}, we get

D0 g B
EY I

DD D Db R LI AESY
n=1 n=1

o i

1 .
= Z z ﬂ_-ﬂE|Xl|zf{i.;—1{ X<k}

=1 k=1

a0 b ok}

— Z Z -r:-:* EXTI—1cx,<k)

ho=1 mn=j

o0

= 1
— Z E {xi?f{h._|{ X ER}] (Z E)] {3-][]]
k=1 L n=k

) _‘fE(|f‘-’1|f{rc—l=:|:n|£f=~}) (%)]

k=1 L

= CY E(XiT-1c)x,<4})
k=1
< (CFE|X| < oo,

LA

alternativelv, we could also carry on from (3.10} as follows

Z‘E:;’f < Y [sz}[k—ln‘: X] < k) (%)]

n=I1 k=1

< CY kP(k—1<|X{|<k)
L=
< C(l4+ F|Xy|) <,

where we used the elementary estimate > L < C/k for some C > 0 and all k > 1. (For
instance, if k > 2, then 3.7, # < 5 L < 1/(k—1) < 2/k.) Then it follows from

n=k TA=1n
Corollary 8.3.3 that (ii) holds,

{ii}. Suppose that E|X,| = oc. Then ¥4 =0, E{|X,|/A) = occ. From this and also { X, } are iid, we have

3 P(IXy| > An) = ) P(|X,| > An) = .
n=1

=1

Therefore,

1 = P{X,.| = An, i0.), (Bv Borel 0-1 law for independent r.v.’s)
= Pl|Ss — Sn-1| = An, 1.0
= P58, = An/2, or |5,_1 > A{n - 1)/2, i.0.]
(as |5, — Sp—1| = An = |5, = An/2, or |5,—1| = A(n — 1)/2).
= P(|S,] = An/2, 1.0.).

Thus, for each A = (), there exists a null set N{4) such that if w € 1 — N({A4), we have

. Sal oA
lim sup 5

n T

I

1ao



Let N =J7_. N(m), which is also a null set. Then if w € N, limsup,, Effl = A s still true for all A, and

m=1 3
therefore the upper limit is oo,

Remark. In the proof, we need to estimate the second moment Y, in terms of the first moment, since this
is the only one asswmed in the hvpothesis. The standard technigque is to spit the interval of integration
and then invert the repeated summation.

COROLLARY 8.3.4 Let Xy, X, ... beiid. rovs, and S, =5, Xi. Then
_ 5.
X =" C, .5,
T

if and only if EX| erisis and EX, = C.

Proof. It n='5,, — ' a.s., then
X-n Sﬂ Sﬂ—l S‘J:I 5.-:1_1 n—1

= — = — — — ), a8,
1 n n 1L n—1 n

Thus, P{|X,| = n.i.0.) = 0. From the Borel 0-1 law for independent sequences, and identical distribution
assumption, we get

Y P(Xu|zn)=> P(Xi| = n) <,
=1

n=1

which implies that E|X;| < oo,

Now il E|X4| < 20, it then follows from the last theorem that S, /n — EX; a.s.

Marcinkiewicz SLLN for iid r.v.'s

THEOREM 8.3.5 (Marcinkiewicz SLLN for iid r.v.’s) Let X, Xo. . be dond, ron s, and 0 < r < 2

Then ;
1
Y Z{X"* —a) — (1. 5.
k=1
if and only if E|X,|" < oo, where
o = EX, ifl<r<?

= arbitrary if 0 < r < 1. (Usually, stmply chooses a =0,

Proof. Denote S, =5, _(Xp —a). Ifn= " 30 (X —a) — 0 as., then

X‘r.- LF -SH 'E'T.rl.—'l. - L/ 'SH Sﬂ—'.l {ﬂ' - 1}];':-

nlit  plir T nlivr  plir gl T oplie (n— 1)/t plr — 0, a.s.

Thus, P(|X,.| = n"", i.0.) = 0. From the Borel 0-1 law for independent sequences, and identical distri-
bution assumption, we get

[= % o
zf’ (IIﬁI = n“") - Z P|1Xy|" =z n) < oo,
n=1 n=1

which implies that E|X,|" < ~c.

Now we shall show that if E|X|" < oo, we shall show that —+ %/ (X —a) — 0 a.s. The proof

Trl..'r

is very similar to Theorem 5.3.4. However, we shall write it down below for completeness.

156



E‘,Frit.[} H'I. = Xﬂf{ | X, |<n 1},-,]_ . E].L‘H.I]}’,

o

) 0

SP (X #Ya) =Y P (Xl =07) = 3 P(IX[" = n) £ EIX)|" < .

n=1

qi=1 =1

Therefore, { X, } and {¥,,} are equivalent sequences. Therefore, it suffices to show that

! Z{Fk — r:r,] — ) .5,

1/
m
k=1

Case I: v = 1. This is Theorem 8.3.4.

Case II: 00 <= r < 1.

Applying Corollary 8.3.3 with a, = n"/" to {¥,,}, we get

— E|Y,|
Z ﬂlll.-rj- -

=1

Fa

<

a0 1 e n 1

> e Bl Xl 2y = > e Bl e 1< x <)
= n=1 k=1 '

= & =] l

22 X e raix sk

=1 n=k

- ] X0 1

Z [E{lxllj{k—j‘ilxﬂ"":k}} (Z 'ir?.lf"")]

k=1 n=1l

(Note that the series 57 T'IF converges when 0 < r < 1.)

= 1 C
Z [,ﬂ:l-"r’ P {f{j,;_l-:;l;'il 'EH‘} (W)]
=1

CY kP (Ig1cix, ) <ky)

k=1
C(1+ E|X:|") < <,

where we used the elementary estimate 07 —L- < C/EY"~! for some ' = 0 and all k = 1

when 0 < r < 1,

=k plir

It follows from Corollary 8.3.3 that

.I T
R T I
=1

which in turn implies that

n

1 a
/v > (Yi—a)= nlir ;n ~ g U as

=1

Case 1II: 1 < r < 2 with o = EX,.
Applying Corollary 8.3.3 with a, = n"'" to {¥,}.

[ ] -
Z EY;
nz_,"lf' -

n=1

1

]

-
EXCT x| <ntiey

(]

n=

A

n

I -1 2
2> BX aaix, <y

n=]1 k=1

- ] -I_
> > i EXPIi121x,r<k)

k=1n=

, —
E (X1 Te-121x,721)) (Z ﬂ_g—;ﬂ

n=k

-

]+

k=1
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(Note that the series 3~ —=

-

L converges when 1 < r < 2.)

) C
E L[L.ﬁf _f-’”i_—l{ .x|| {:k}(kﬁ"'r—l)]
k=1
= O kP(k—1<|X)|" <k)
k=1
= C{1+E[X;|") < oo,

. -
where we used the elementary estimate » ", —+

< Y E2=1 for some € = 0 and all k > 1

when 1 < v < 2. Thus, (i} follows from Corollary 8.3.3.

Proof of (ii) and (iii). Note that

= E;{u - -E"}J;l E

L e
Z -”1 .I'IT' Z T ] _.'r
n=1

r

Z “EX, I x, |ani

< Z Xl 1), <)
[ = e .I
= Zz_f "E’.k:}
. . L 1
Ao 7
< Za. Pik—-1<|X,|" <k) (Eﬂ.ﬁ.)
2y EI'
< ZI TP(k—1<|X1|" ‘”‘J(Lz”-l)]
k=1
= CZI.:F[I:—I::|X1|*'¢:I;}
=1
< C(1+ E|X,|") < x.

From Kronecker Lemma and Corollary 8.3.3, we obtain (i) and (iii).

Note that (i) also follows from the equivalence sequence theorem in the last chapter on

WLLN.
Combining (i)-(iii), we get
1 n ) 1 o F
/T ZI: XNi—EXq) 1; Z{Ak_ﬂ»}"' Z{hﬁ —EY, + (EY.—EXp) — 0 as g

h=1 & 1

8.4 Some applications of the WLLN and SLLN

See Chung, page 138,
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8.5 Some results on LIL

1. Let Xy, ..., A, be independent rov.’s with £X; = 0 and EX;-? < oo, Let 5, = ZL] X and
o = Var(§,). Prove that for = = 0,

I ( max Sp = J") <2P(S, >x— u"fEcrﬂ)
1<k<n
and
I ( max | Si| = .L') < 2P(|S,| = & — v20,)
1=k<n
2. {a) Prove that
e e T <272 WreR.

(b) Let X be arv. with P{X =1)=P{X =—1)=1/2. Prove that

tX 22
Eet¥ < g7 /2

(¢) Let Xq,..., X, be iid. rv's with P(X; =1) = P(X; = —1) = 1/2, and let 5, = 5. | X..
Prowve that .
P(|S,| = av/n) <™ 12, Y € R.

(Hint: apply the Chebyshev inequality to &%)

3. Let Xy,.... X, beiid rvs with P(X; =1)=P(X, =—-1)=1/2, and let §,, =37 | X,. Prove
that

< 1 a.s.

limn sup [Sn|
n—oo /21 loglogn

(Hint: use results in Problems 1 and 2(¢}, the subsequence method and the Borel-Cantelli lemimna. )

4. Let Xy, ..., X, be iid. rv’s with the common d.f. F, and let M, = maxg<, Xi. Assume that
Fle)=1—-1/x for @ > 1.
(1) Find the d.f. of M,.
(ii} Prove that P{M, /n < y) — exp(—1/y).
(iii) Prove that

-

lim inf

=1 il. &,
b=t O ﬂl,!" 1ﬂg n o

(Hint: using the subsequence method, one can prove liminf, Tl:é'iﬁ =1 a.5)
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8.6 Exercises

1. Let Let X, Xy, Ao, ... be 1.1.d. r.v.'s. Check if the WLLN and the SLLN hold if the common d.f, is
given bv

'
(). PIX =n PIX =—n _— o= 3.
) { ) ( ) M2 n’n o
(i2). P(X=n)=P(X=-n)= L n=3
Indlnn -
2. Let X1, X2, X5, ... be independent r.v.'s such that P(X; =0) = P(X2=0) =1 and
1 1
P(X, =n) = P(X, = —n) = COPIX,=0)=1- _ =~ 3,
I: ) ( ") 2nlnn [ ) nlnn "

show that this sequence obeyvs the WLLN but not the SLLN. In other words, X —+p 0, but X &, . O

3. {X,} are independent. Then 37 | F

Xol" < oo (0<r < 1) implies that 3 | | X,| converges a.s.

4. Let {X,,} be iid. rv)s, and {C,,n > 1} is a bounded sequence. Assume that EX; = 0. Show
that

] T
— Z I!T_;.T’f_]- — ) fh. 5.
T i1

(Hint: Use [.['I,lll{':.‘ElLi{]tl-:I

. Show that if X, Xs.... are independent with £X,, = 0 and

o

D E(XZHIX,| € 1} + X, {1 X, > 1}) < o,

n=1
then 3 | X, converges a.s.

6. X,. X, ... are independent r.v.’s. Suppose that

D> E[X, P < x,

n=1L
where (0 < p,, < 2 for all n and EX,, = 0 when p,, = 1. Show that Z:_l N converges a.s,
The following are optional questions.
‘}:“ pLET

urll

=1

< o0 for some r > 1, then

Let {X,,} be independent r.v.’s with FX,, = 0 for all n, and Z E
1

o

. Let { X} be independent r.v.’s with
P{X, =n")=P(X, = —n")=1/2, n=12,...
Show that {X,,} satisfies the SLLN if and only if o < 1/2.

9. Let { X, } be a sequence of non-negative r.v.’s such that sup, FX, < oo, EX,, X, < FEX,,EX,, for

m %= n, and
x.

Z var{ X, ) .

2
T
=1

Then,
= () 1. 8.
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10. Let {X,} be a sequence of pairwise independent r.v.'s satisfying

[ = n
var{X,) ]
— < 0, nd — E

E 3 0, and - I.,.E=,

n=l1

X, — EXy| = O(1).

Then.
Hﬂ- - E'E’.Tl

mn

+ (1. 5.

One can not omit the second part of the conditions in this proposition,
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Chapter 9

Weak convergence

Weak convergence or convergence in distribution is one of the most useful concepts in statistical inference.

9.1 Definition

DEFmNITION 9.1.1
() A sequence of df.s {F,.n = 1} is said o converge weakly (o a d.f F. writlen as
Foo = F, if F(x) — Flx), for all 2 € C{F).
(b)) A sequence of random variables (rov.s) X, is said to converge weakly or in distribution

orin law to a limit X, writfen as X,, = X or X, rd X, if their d.f.s Fi (r) = P(X,, <)
converge weakly Flr) = P(X < x).

Note that convergence in distribution is a property of distribution functions; the r.v.’s ¥, 's are not
required to be on the same probability space. Furthermore, some authors define weak convergence
slightly differently, and call the above definition complete convergece.

ExampPLE 9.1.1 Let X ~ F and X,, = X +n~'. Then,
Flsy=PX+nt<a)= Flx — n ) — Fx—).
Thus., we observe the following.

¢ The limit of d.f.s may not be a d.f.

In fact. in the curvent example, F'{x—) is left continuous. If we turn F'(x—) into a right-continuous
function {in this case F{s)), then F' s a proper d.f. and hence we have F,, = F.

e lim, .. F,(r)= F{r—) which equals to F{x) iff + ¢ C(F).

This is why we restrict attention to continuity points in the definition of weak convergence. g

9.2 Equivalent definitions of weak convergence

There are many deflinitions of weak convergence of a sequence of measures or r.v.s, some of which are
more general than others. The following equivalence result is sometimes known as the “portmantean

theorem”.
THeoREM 9.2.1 (Portmanteau Theorem) The following statements are equivalent.

(a) X, = X or X, =4 X.
(b} limint P(X,, € ) = P(X ¢ ) for all open sets 5.

N—x0

(e} limsup P(X, € K) < P{X € K) for all closed sets K.

FL—+20
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(d) lim P(X, € A)= P(X € A) for all sets A wnth P(X € dA) =10,
where dA is the boundary of A.
(e} EglX,) — EglX) for all hounded continuous function g,

(f) EglX,) — Eg(X) for all functions g of the form gl{z) = hix)I, 5(x), where b is continuous on
la, b and a,b e C(F),

(g) limg oy, (£) = o0(t), where o, (8) and 10(8) are the c.f.s of X, and X, respectively.
REMARK 8.2.1

1. Note that (d) uses convergenee in distribution to define weak convergence. a concept which is closest
to the original definition. Also, (b)) and (c) are similar to (d).

2. To help remember (b)) and (c), think about what can happen when P(X, =2,) =1, r, — x, and
x lies on the boundary of the set. If G is open, we can have v, € G for alln, but r ¢ G (s0 RHS
of (b) could be (1), If K is closed, we can have x, & K for all n, but x € K (so RHS of {c) could
be 1).

Proof of Theorem 9.2.1.

e “(a) == (b):" Let ¥,Y, have the same d.f's as X, X, and Y¥,, — Y as. Since G is open, we can
show

liminf {(Y,) = (YY) a.s (2.1)

This can be seen as follows.

(1) If I(Y') = 0, the proof is trivial;
(ii) f I(Y) = 1, —= Y £ (5. Since & is open, for large enough n, we have Y, € ¢,
I; (Y)=1. Hence, LHS =1 = I(Y) = RHS.

Now applying Fatou's Lemma, we get

P(Y € G) = El(Y) < Eliminf I(Y,) < liminf Elo(Y,) = liminf P(Y, € G).

e “[b) == (c)”. Ais open <= A" is closed, and P(A) =1 — P({A").

o “(b) 4+ (¢} = (d)". Let A and A" be the closure and interior of A, respectively. Then, g4 = A~ A",
and 0 = P(X € d4) = P(A) = P(A"), s0

P(XcA)=P(XeA=PXeA".
Using (b) and (¢) now,

P(X € A)=P(X € A) = limsup P(X,, € A) = limsup P(X,, € A)

To— —+ 0o

P(X € A) = P(X € A"} < liminf P(X,, € A") < liminf P(X, € A4),

To— 030 Fe—+ 20

[rom which the proof follows.

e “(d) == (a)". Let x € C(F} and A = (—oo, 2], so P(X £ dA) = P(X = x) = 0. From (d), we
have P(X,, <x)=P(X,c A) - P(X £ A) = P(X < x).

e “(a) = (e)". By Skorokhod representation theorem, let ¥, =3 X, and ¥ =; X with ¥;, — Y
almost surely. Since g is continmons g(Y,) — ¢(¥) almost surely and the bounded convergence
theorem implies

EgiXu) = EglYy) — Eg(Y) = Eg(X), »

For convenience, we give Skorokhod’s representation theorem helow.
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THEOREM 9.2.2 (Skorokhod’s representation theorem) Suppose thal F, = F. Lel B, denole
the Borel sets an |, 1] and Mg q) the Lebesque measure restricted to [0,1]. Then there emst rov.’s ¥Yoond
{(Yoaon = 1} on ((0,1), Bio,1y, Pr = Aqo,y) -1

(1Yo~ Fo, Y ~ F: (2) Y — Y as asn — oo

1 Y=
geely) =4 0 y=r+e

linear Tx<y<r+c¢

“le} = (a)". Let

Since g, (y) =1 for y < x, g, is continuous, and g, (y) =0 for y > x + ¢,

limsup P(X,, <x) = hmbupEf{Xﬂ < x} < limsup Eg, (Xn) = Ege (X

T i 23 T e 00

S EN{X<z+el=P(X <x+¢)
Letting € — 0 gives limsup,, . P(X, < x) < P(X < x). The last conclusion is valid for any x. To

et the other direction, we observe

liminf P(X, < z) =lminf ET{X, <z} = lnmnfﬂqr el Xnl = Ege o (X)

LE S L= X
= EHX <@ —¢e}=PX <& —¢)
Letting ¢ — 0 gives liminf, ... P(X, < x) > P(X < x) = P(X < x) if r is continuity point. The

results for lim sup and liminf combine to give the desired result. g

“e) = (f)". We will prove (f) for glx) = h{z}l;_ . g lx), where h is bounded and continnous,
and b € C(F); the general result follows similarly. To apply (e), we need to approximate g by a
continuous function g defined by

qmlz) = glx) if # & (b,b+d)
glb) [+ (b =x) /8] if @ e (b b+ 48).
Also define
ga() = g(b}[1+ (& —b)/d] if we(b—4d,b)
= g(b)[1+ {b—x)/d] if z € [b,b+ 4)
= otherwise.

(Draw a picture here)

Now [E[g(Xa) — 91(Xa)]| € |Ega(X,)| and [E[g(X) — 91(X)]]| € |Ega(X)], s0

Elg(Xn) - 9(X)]| = |Elg(Xa) = gu(Xn)]| + |[Elg(Xn) = g1 (X)]| + | Elg(X) = g(X)]|
< |Eg(X,)| + |Elg (Xe) — g1(X)]| + |Eg2(X)|
2[Ega(X)| asn — oo,

l

since by assumption (e), Elg(X,) — g1(X)] — 0 and Fg2(X,) — Fg(X). DBut observe that
lg2(x)] = |H|:h]|f{{&—r5.b—ﬂ}1 we have

|Ego(X)| < gb)|P(b—F <X <b+d) =0 asd |0
bwv the assumption that b € O, i.e., P(X =b) =0, Hence (f) holds,

“(f) = (a)". Suppose that (¢} holds now. Let b £ (', Take h{x) = 1 for all x, we have that, if
ce

— Pla<X <h asn—x
— P(X <b) as 0 — —oo through .



A similar argument, but taking the limit in the other direction, yields for ' € C

P(X,=zb) = PlezX,2b) ifez?
— Plez2X=b) asn— o

— PX =) as ¢ — oo through O
It follows that, if b6 € C and b < ¥, then for any ¢ = 0, there exists N such that
PIX<b—e<PX, <) <PX,<W)<PX <l)+e¢

for all n > N. Now letting n — oo, € | 0, and &' | b throngh €', we obtain that Fy (b)) = P(X,, <
h) — P(X < b) = Fx(b). This proves (a).

e “(g) == (a)". This will be proved somewhere else. g

9.3 Helly’s selection theorem and tightness
The next result is usefnl in studyving limits of sequence of d.[.s.

THEorEM 9.3.1 {Helly's Selection Theorem) For every sequence of d.f.'s F,, there emsts o subse-
quence F, o and a vight continuouns function F' oso thaf

lim F,, (x) = F(x), forall e C(F). n

1
E—ma

LEMMA 9.3.1 Suppose that G is a bounded nondecreasing function of D), which is a dense subset of
{—oc. o). Define

Flr)y= lim G(y). Hix)= lim Gy

yE D y—x WE L gy
Then,

o Flx) for Hix)) is a left {or right) continuous, nondecreasing function on (—o0, o0) with C{F) O
()

o Flo)=Glx) (or H(x) = Glz)) for x € C[G).

Proof. Let F{x) = a. For any £ > 0, there exists &' € D with 2’ < x and a > G(x') > a — =. Hence, for
y € DNz, z), we have Fly) = lim.cp .., G(z) = G(z') = a — =, implying F{z—) = a — £, and thus
Flrx—) = a by letting £ >, (. Since F inherits the monotonicity of G, necessarily F(x—) < a, whence
Fle—)=a= F(x).
Now let @ ¢ C'[(). Choose y, . & where y, € L) also choose x,, ~, r € C{() where z,, € D). It
follows that
Gl Glyn) = Flyn1) = Flx) < Filo,) < Glx,) G),

vielding the final statement of the lemma. The second part can be shown similarly. g

Proof of Theorem 9.3.1: The proof uses a so-called “diagonalisation method”. Let vy, 72, ... be an
enumeration of all the rational numbers, denoted by D. The sequence {F,(r1),n = 1} is bounded, hence
by Bolzano-Weierstrass theorem, there exists a subsequence {Fiy, k = 1} of the given sequence such that
the limit

*_li11_1_F“;.I:rJ] =1; [0,1],

exists. Next, the sequence {Fig(ra). & = 1} is bounded, hence, there exists a subsequence {Fop, kb = 1} of
{Fig. k = 1} such that the limit

lim Fop(ra) =1 € [0, 1].
™ :

Since {Fop} is a subsequence of {Fix}. it converges also at vy to Iy, Continuing, we obtain

Fiy, Fle, o Fl, .. converging at r;
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Fay, Fos, .o, Fap, .. converging at v, ra;

Fi,

Now consider the diagonal sequence {Fp, & = 1}, We assert that it converges at every v;, j = 1. To
see this, let r; be given. Apart from the first j — 1 terms, the sequence {Fip, & = 1} is a subsequence of
{P}k, k = 1}, which converges at r; and hence limy, F;,.;,;[:rj} = [;, as desired.

Fhiay oo Fig, . converging at ry, .. rg

We have thus proved the existence of an infinite subsequence {n;} and a function G defined and
increasing on L) such that

Wr e D liflff‘nk[r} = G(r).

Note that 7 is bounded and nondecreasing, but it is not necessarily right continnous. To fix that, we
define a function F from ¢ on R as follows:

Flz)= lim Gyl

welly—x+

From the above lemnma, F{x) is a right continuous, nondecreasing lunetion on (—oo, oo).

To complete the proof, let & € C(F). For any € > 0, there exists § > (0 such that, when |y — x| < 4,
we have |[Fy) — F(x) < e. In particular, we can choose two rationals vy < @ and s > & with rq. 5 €
(x — d.x 4+ 0), such that F(xr) — Fry) < ¢ and F(s) — Flx) < . Furthermore, we can choose another
rational ro with ry < ro < ¢ < 5 so that

Flr)—c < F{ri) < F(r2} £ Flz) < F(s) < Flx) +¢.
Since Fy,, (r2) — Glre) = F{ra), and F,, (s) — G(s) = F(s), it follows that if k is large, we have
Flx)— e < Fy(rz) £ Fo (x) < Fals) < F(z) + =,

namely,
[Fop () = Fla)| <2 n

REMARK 9.3.1

(1) We should note that the limit of a sequence of d.f.s may not be a d.f. {Consequently, the
limit in Helly Selection Theoremn may not be a d.f. either.) For example, ifa+b+c =1, and

f{'ﬂ(j:j = ﬂ'-{{rgu} - hf{_l...__;_, n + f:G{E]I..

where 15 a d.f., then lim, Fi,(z) = Fir) :=b+cGlx). Buf, F is NOT a d.f. as F(—oc) =05
and Floo) =b+c=1—a. In another words, an amount of mass a escapes to oo, and mass
b escapes to —oo.

This type of convergence is somelimes called “vague convergence”, which is weaker than
the weak convergence since it allows mass to escape. For convenience, we write F,, =, I if
Folx) — Flz) for all x € C[F).

(ii) The last example raises o gquestion; how do we make sure that the limit of d.f.s
is still a d.f., or althernatively, when can we conclude that no mass is lost after
taking the limit? To answer this question. we need a new concept: tight, as given below.

DEFINITION 9.3.1 A sequence of d.f.'s {Fu,n = 1} 45 said to be tight of, for all ¢ = 0, there is an
M = M, {free of n) so that

limsup(l — F,(M) + F,(—M)| <€ or limsup P(| X, > M) <e g

T — 00 To— 00

That is, all of the probability measures give most of their mass to the same finite interval; mass does not
“escape to infinity”.

THEOREM 9.3.2 Every subsequentiol limit is the d.f. of a probability measure iff the sequence F,, is tight.
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Proof. Suppose that the sequence is tight and F,, ==, F. Let v < =M. and s > M. be continuity
points of F. Since F,,, (r) — F{r) and F,,, (s) — F(s), we have

1 — Fi{s)+ Fir)

lim (1 — Fy, (8) + Fq, (r))

f—

< limsup (L — Fy, (M) + Fo, (~ M)
h—oo

< limsup (1 — F,(M,) + F,(—M,)]
Fo—+ 0

< g

which in turn implies that

' — Flx)+ F(—x)| < e
Jim [1 = Flr) + F(-x]] = =
(LIS does have a limit since it is a non-increasing function of @ and also has lower bound 0.) Since £ is
arbitrary, it follows 1 — F{x) + F(—x) — 0 as @ — oc. Hence, 1 — F(x) — 0 and F{—r) — 0 as ¥ — .
Therefore, F' is the d.f. of a probability measure.

To prove the converse, now suppose that F, is not tight. In this case, there is an 2 > 0 and a
subseguence n — oo so that
1 — Fo (k) + Fo (k) = &9
for all £, By passing to a further subsequence F“’f.f‘ wir can suppose that Fﬁ_,EJ =, F. Let r < 0 < 5 he
continuity points of F. Since I*’ﬂhj (r) — F(r) and F, kg (5) — F(s), we have

L= F@)+F(r) = Jim (1= Fo, (9 +Fa, (1)
= liminf (] - F,, {Iifjj + Fhn, I[—k_.;})
j—ne : '
:3 =

which in turn implies that

lim [1 - F(z) + F(—z)] = =

iE— 30

Hence, we can NOT have 1 — F(z) — 0 and F(—x) — 0 to hold true at the same time as @ — oo,
Therefore, F'is NOT the d.f. of a probability measure. g
The next corollary is an easy consequence of the above theorem.

CoroLLARY 9.3.1 A sequence of d.f.’s {F,,n = 1} converges vaguely to Fix), denoted by F, =, F.
Then

Fisadf < F, istight. g

The following sutficient condition for tightness is often useful.

THEOREM 9.3.3 [f there is a yr = 0 so that Y(x) — oo as |x] — oc and

= r-mpf“u'.-'(:r)an{xr} = sup Ev( X)) < ¢,

L]

then F,, is tight. (Here we assume that X, ~ F,,.)

Proof. From

c=sw [vEirez [ w@ane = (o ow) [ an

C
— Fa(l nl—M) < ————— :
1 — E, (M) + Fn(—M) e 0. n

we get

167



9.4 Polya Theorem

Pointwise weak convergence of £, to F holds uniformly if F'is continuous.

THEOREM 9.4.1 (Polya Theorem) [f F,, = F', and F is confinuous, then

lim sup|F,(t) — Ft)| = 0.

fR=—kl  §

Froof. Note that

rlil:n_['] — F.(t)] = ,“”'m[] — F(t)] = 0. im Fl.(t) = im Fit) = 0.
For any ¢ = 0, we can choose sufficiently large M such that
sup  |[Fu(t) = Fit)] < e, sup |Fiu(t) — F(t)] < e

te(—oo M) te M=o
Since F' is continuons, it is uniformly continuous on [—M, M. So choose n sufliciently large to get

sup  |Fult) — F(t)] < e
tE M — M, M|

Combining the above results, for n sufficiently large, we get

sup  |Fu(t) — F(t)] < 3e.
bE M = ML M

This proves our theorem.

Remark: For another proof, see Petrov (1995).
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9.5 Additional topic: Stable convergence and mixing*

Renyi introduced and developed the ideas of limit theorems which are mixing or stable. These concepts
are a strengthening of the idea of weak convergence of r.v.s. In this expository note we point out some
equivalent definitions of mixing and stability and discuss the use of these concepts in several contexts.
Further, we show how a central limit theorem for martingales can be obtained directly using stability.

Recall that, if {Y,,} is a sequence of r.v.’s with d.f. F,, then Y, is said to converge in distribution
to Y., arv. with d.f. #,if

lim F,(r) = F(x), x e CF),

T 35

where C'(F') is the continnity points of . We shall write this as

}'rn_*d}{. or Fri._'r'"F-

A strengthening of convergence in distribution is stable convergence in distribution, which is a

property of the sequence of rv's {¥, } on the same probability space rather than of the corresponding
sequence of d.f.s.

DEFINITION 9.5.1 Suppose that Y, v Y, where all the Y, are on the same probability space (02, F, P),
we say that the convergence is stable if

(a) for all continuity points of Y and all events E € F, lim,,_.. P({Y,, < y} N E) = Q,(E)
erists, and

(b) Qu(E) — P(E) as y — 0.

We write this as
Yo —a Y A(stably), or Fo = I (stably).

In other words, the first part of the definition is equivalent to saving: for all events £ such that
P(E) = 0, the distribution of ¥, conditional on B, converges in law to some distribution which may
depend on B and which must, as the {¥), } are tight, be proper.

We now give an example of convergence in distribution but not stably.

ExAMPLE 9.5.1 Let X and X' be i.i.d. non-degenerate rov. s, Let

£y = X for n odd

r
X for n even.

Then we have Z,, — 3 X, but we dont have £, —; X (stably).
Proof. Now 2, — 4 X holds since

PlZ,<x) = PX<ur for n odd
P{X'<1) for n even
= P(X <zx)=F(z)

To see why we don't have Z,, — 4 X (stably), take E = {X < y}. Then,

PlZ, <z E) = PX <z X<y for n odd
PIX'<z, X <y) for n even
= P(X <zxhvy) for n odd
P(X'<z2)P(X <y) for n even
= Filxriy) for n odd
F(x)Fly) for n even.

Since Flrxay) = Flx)F(y) whenever 0 < Fz)v Fiy) < 1, the limit P(Z, < x, F') does not exist, which
proves our claim. g
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Despite this dependence on the sequence {Y,,}, the requirement that a limit theorem be stable is
quite weak., Most known limit theorems are in fact stable and if a limit theorem is not stable one can
choose a subsequence along which it will be stable,

Definition. A sequence {2} of Ly rovs s said to converge weakly in Ly, to £ if

lim E{Z.n) = E(Zn), for all bounded Fomeasurable rov.’s g

L=

or equivalently

lim E(Z, )= E(ZIg), for all F-measurable events E, P(E) = (.

—+ 0

We denote this by
Zn — Z (weakly in L'). g

Az an example, if exp(itY,) — exp(itY'} (weakly in L} for each real {, then clearly, Y, —4 Y.
Therefore, weak convergence in L' is a uselul tool in proving convergence in distribution; see an example
on martingale CLT given later.

The condition of weak convergence in L' is stronger than uniform integrability but weaker than
L'-convergence, That is,

“Li-convergence” == “weak convergence in L7 == “uniform integrability™.

The first relation follows from

\E(Z,Ig) — E(ZIg)| = |El(Z, — Z)I5)]| < E|Z, — Z| — 0.

In fact, Neveu (1963, Propositions T1.5.3 and TV.2.2, “Mathematical Foundations of the Caleulus of
Probability” ) showed even stronger results: suppose that 2 and Z.'s are r.v.'s,

(a) Z,, — Z in L' <= E(Z,Ig) — E{ZIg) uniformly in F € F;

(b) if Z, — Z (weakly in L'), then {Z,} is uniformly integrable (u.i.),

Despite this dependence on the sequence {¥), }. the requirement that a limit theorem be stable is
quite weak. Most known limit theorems are in fact stable and if a limit theorem is not stable one can
choose a subsequence along which it will be stable.

The following proposition gives a number of equivalent definitions of stability. See (Aldons and

Eagleson, 1978).

PROPOSITION 1. Suppose that F,, = F.. The following conditions are equivalent:

(A} Y, = Fy (stably);

(B) For all fixed F-measurable rv's o, the sequence of random vectors (Y., o) converges jointly
in distribution;



() For each fixed real {, the sequence of (complex-valued) rv's exp{it},} converges weakly
in L'

(D) For all fixed k& and B € o(Y1. ..., Y, P(B) = 0, lim, . P(Y, < x|B) exists for a
countable dense set of points @x.

Proof. Omitted. g



9.6 Exercise

1. There exist random variables which do not have moments of any order: for example, the density
1

=, I > e,
x(lnx)? .

function given by fir) =

9.7 Some useful theorems

TueoreMm 9.7.1 (Continuous mapping theorem) Let g be a measurable function and D, = {x :
g is discontinuous at x}. If X, = X and P(X,, € D,) =0 then g(X,) = g(X). If in addition g is
bounded then Eg(X,) — EglX..).

Remark. D, is always a Borel set.

Proof We wish to apply Theorem 77. Let f be any bounded continmous function. By Skorokhod
representation theorem, let ¥, =4 X, with ¥, — Y. almost surely. Since f is continnous, then Dy, ©
D, so PlY. € D) =00 Then, for w e {w: Yoo(w) & Dy b N{w: Yolw) = Yoo(w)} = 41N Az, we
have f(g(Ya(w))) — flg(Ya(w))). Since P{A; N Az) =1~ P(AJUAS) = 1 — P(AY) — P(A5) = 1, we
have

flgtYu)) = flg(Y)) as.

Sinee fis also bounded then the bounded convergence theorem implies Ef(g(Y,) — Ef(g(Yx<))). Then
wee apply Theorem 77 to get the desired result.

The second conclusion is easier. Since P(Y € D) =0, flg(Y.)} — flg(Y. )} almost surely, and
desired result follows from the bounded convergence theorem. g
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Chapter 10

Characteristic Functions

DEFINITION 10.0.1 The characteristic function (e f.) for a random varioble {ron) X oin R owith distri-
bution function {d.f. ] F is defined to be

B(t) = vx(t) = Be'™™ = / e dF(z) = Ecos(tX) + isin{tX).

The subscript X in vy () can be omitted if there is no confusion.

10.1 Some examples of characteristic functions

For ease of reference we give a table of the c.f's of soine common densities and describe the method of
deriving them. For more details, see Feller (1971, page 502),

1. Standard normal:
.Ellll.d

padf. flx) = \{?_ﬂ
c.f. Wity =e 72

-

!'i

Proaf.
© e 1 1,
Uit} = ettt dr = f cos(tax)e ™ .
W= [ e te= g [ costia
Therefore,

1

v 2

- = ) g, ! i P
W(t) = — / rsin(tz)e™ HPdr = ] sin(tx)de=* /2
] o

v 27

! / cos(tr)e w12 = tilr(t).

V.
Then, v'(t)/v(t) = 4 In1(t) = —t, resulting in Inw(t) = —12/2 + C. Setting t = 0, we get €' = 0.

i
. F e
Finally, we get (i) = ¢ /2

b2

Uniform/|0, al.

podd. flx) = éI{U << al

a 1 1 _:.I'I_r a ..'Eu? —1
of W) =f R _t
0 a a it |y vat
Uniform|—a, al.
1
p.d.f.  flz) = 5, I{—a<z<a}
L
v 1 eftr|® sinfaf)
A )= [ e —de = — — _
) vt , _ﬂr %" 2a it — at




3. Triangular —a. al:

] x|

.
pdf  flz) = é (1 _ F) I{lz| < a} = & (1 _ F)
2(1 — coslat))

ef.  U(t) = =73

Proof. Let XY be Lid. r.v.’s from Uniform(—>b,b) with b = a/2. Then,

V(1) = Py () = E-ng[ibﬂ}_

It is easy to show that the convolution of X and Y (or the d.f. of X + Y} is Triangular|—a.a,
whose c.f. is

sin®(bt) Eiﬂinz[atﬂ] ~ 2(1 — cos(at))
Bz a?t? B a?t? ‘

Yy () = Yx(tpy(t) = "

Direct proof. By definition,

oo = [ e f () de

—CE

= g[: (1 - E) cos(tr)dr
-2 ) (] — i) dsin(bx)

at o

a
2 T a A
= — [{1-= —) sin{fr ] + —f sin(tx e
21 [( 7] (f) =0 ot J._g ()
1 = cos(ar)
N e

4. Inverse Triangular (or Polya distribution):

1 1-— cos{ar)

p.df. flr)=—

T i

of.  w(t) = (1 - %) I{lt| <a} = (1 - %') :

Note: Here o+{t) has a bounded support, which proves nseful later on. See the section on Esseen’s
smooth lemima,

Proof. Apply Theorem 10.3.14 below (Le. f(y) = -~ fi’; e "qyi(1)dt} to the triangular disiribution
above to get

} o )
- o + . _ enala
l 1 — |i — 1 f E—:!..[;l:zl::]' F’GE(H }}{ﬂ — l [ {’.“[_'r’] l |:1 EU{:-(EE]:I ds.
i a 27 J_ a2 a ) . T as?

Let s =g, and r = —{, we have

I = — ; -
( _%l) :j;mﬁ.,iy (% (1 ;;Z(Uﬂjj)dyzh/;m e“”f{y}ldy- 1

5. Exponential distribution

pdf. flz)=e* =10

1
1. t) = :
¢ vl =15
Proof. Integrating gives
oo o xfit—1) |7 1 1
M) = Ty = wlit=l gy = ‘ =1~ = .
(L) I/ﬁ*‘r . ﬁﬁ (it —1)|,_, it—1 1t ™



f., Gamma distribution

r(c)” |
f it} =
- v = G
Proof. Exercise. g
7. Double exponential distribution
. [
padf. flr) = 3¢ T =)
, 1
c.f. Yit) = T

10.

11.

Proof. Integrating gives

yr(t) 5 / etTe 12l gy = —f et TeTdr 4+ = f et e Ty
2 2 a

(it41) slit-1) g, _ €
gttt el + et dpr = ———
2 / 2 / 208+ 1) |, _

B 1 1 2 !
- .;' 1—-a.£ T+it) 2\1—(2) 1+&

. The Cauchy distribution:

Proof. Apply Theorem 10.3.4 below to the double exponential distribution above to get

1 1 o ) 1
1 e _ 1 _—fw dt.
2" = 1 re

That is.

. o . 1 e "
ezl — / g ita ——7 dt — / i *’]_f{f}ﬂff

PIX=0)=1—-p=gq,and 5, = X1 + ...+ X, ~ Bin{n,p). Then
Yx(t) = Be'™t = pe + ¢,

and
g (1) =" (1) = (pe't + gl

Poisson(A) distribution.

}L.i. —A
pmf. PN =k) =

c.f. (t) = exp {Me™ — 1)}

Proof.

k=0,

. Binomial distribution. X, 6 X;.... X, ~uq Bernoulli(p) (coin flips), ie, PN = 1) = p and

=0 [ ) i Atk .
1 H ..-}'- t': ‘lh!" i at 7
“i:,'f-‘[rﬂ} _ Eﬁz.'..’i . z :E.'H;T _ ﬁ—;& E : |: :I _ {f—.i'-.f_?}.e - II_.:J'.[: —1__ 5

k=0 ’ fe=0)
Centered Poisson distribution. X, ~ Poisson(A), and X =X,

. : .':" i a'h
tf:‘l:f_:l _ Ef#xl{f At _ {..!.:".ll: 1 |f‘-_l .
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12, Compound Poisson distribution.

Here is a tally of some of popular d.f.s and their corresponding c.f.s.

see Feller, or Chow and Teicher, p294.
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10.2 Definition and some properties of c.f.s

Some elementary properties of c.f.s

1.
2.

o

() =1 and |¢:(t)| = |Ee'™Y| < E|e¥¥| = 1 for all £,

() is uniformly continuous in ¢ € (—oo, 0c),

Proaf. For any real { and h — (0,

it + h) — (1)) = | Bl HY _ meitX| o |E[eX (Y — 1)) < Ble™X —1] — 0. g

CPaxplt) = Eettlad b = pith peital — oithy, (af).

Uy () = U (—t) = ¥ (t). where £ denotes the complex conjugate of z.

i (t) is real iff X is symmetric about zero.

FProof. It X is svinmetric about zero, then X =; — X, which implies that @y {t) = v_x(t) =
Wy —1t) =y (f). Then v (t) is real. The above argument can be reversed. but in one of the steps
we need the following fact: ¥y (t) = ¥y (t) implies X =, Y, which will be proved later. g

- If X and ¥ are independent r.v.’s, then

Uxpy (£) = BtX+Y) = BeftX Bt _ o (P (2).

In particular, if (¢} is a c.f, so is ¥™ (1), where m is a positive integer.

. Let Fy, ..., F, are d.f.’s with c.f. ¢y, 00, TEX 20, 30 0 A = 1, then 3.0 A F; is a d.f. with

.. given by 370 A

CIfw(t) is a cof., so are [¢(t)]? and Rey.

In particular, [¢/(t}|* is the c.f. of a symmetric r.v. X — Y, where X.Y are i.i.d. with c.f. ¢; Rey
is the c.f. of the d.I. {Fyx(x)+ F_x(x)) /2.

Proof. First, let X, Y be i.i.d. with c.f. «(#), then

Ux_y(t) = Px ()y (—8) = w(t)e(t) = [v(t))*.

Secondly, —X has c.f. o(t). So the d.f. (Fx{z)+ F_x) /2 has c.f.

% (ﬁ-_,x{f} + u‘:-xlft}) = Redix (). m

IF (1) is a c.f., however, [1f| may not necessarily be a c.f,

Proof. Let X; be iid. Bin(1,1/3), ie. P(X, = 1) = 1/3, P(X;, = 0) = 2/3 so that its c.f. is
@(t) = 2 + ze'. Suppose Yj are iid. rv.s with c.f. ¢(t) = [¢(1)]. Then ¢*(t) = [@(t)|*, which
means that ¥, + Y5 =3 Xy — Xo. Since X € {0.1}, so Xy — Xy € {—1,0,1}, and therefore,
Y; € {—3.5} Write o = P(Y; = 1/2). Then,

0 = Py, = %}P{m - %j P4+ Ya=1)= P(X) — Xa= 1) = g
1 1 2
(1—a) Py =—5)PVa=—3)=PM+Ya=-1)=PXi-Xp=-1) =

implyving o = (1 — a)? so that o = 1/2, contradicting with the fact that o = 2/9. Thus, no such
r.v. Y oexists. g

Remark. We olten need to study the properties of |[¢0(f)| near the origin. However, as has been just seen,
|tr(t)| may not be a c.f., hence we may not be able to use many nice properties of c.f.s. To overcome this
problem, one often studies |1(t)|* first, which is indeed a c.f,
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10. If [2(t)| = 1 for all £, then () = ™, that is, X is degenerate at b.

Proof. Let X.Y be iid. rov.s with ef. o), and denote & = X — ¥, From the properties of ¢.f.s,
we have ¥rz(t) = [0(t)|* = 1% = 1 for all . Since 1 is the e.f. of a degenerate r.v. at 0, by the
one-to-one correspondence between c.f. and d.f. (to be studied later), we have P{Z = 0) = 1 for
some constant ¢. So 0 = Var(Z) = 2Var(X). Then P(X = b) = 1 for some constant b, Hence,

:.hr

vx(t)=¢ i
Remark. When trying to show that £ = 0 a.s., instead of using the one-to-one correspondence theorem
as done above, one could also use Theorem 100.3.2 to caleulate it directly as follows:

+
- 1 —ida ,—ita
Pllal) = Jlim oF | e o(0dt = flﬁ‘i,zr/ it
= lim 1 =1_, ifa=10)
T—mo
. sinTa .
1_11_1'1;: Ta — 0, if o 0L

11. A o.f conld be nowhere differentiable.

For instance, take P(X = 5%) = 1/2"71 Lk =0,1,..., then ¥ (t) = 3,7, exp{it5¥} /2" is nowhere
differentiable.

Relationship between local and global properties of c.f.

The following theorem is useful in extending local properties of c.f. around the origin to global ones, and
visa versa.

THEOREM 10.2.1
. 1 1
Re (1 —(t)) = IRH (1 —g{2t)) = .. = FRE“ — (278} . (2.1)
In particular, we have

(a) 1—|p(t)]? = L (1—[p(26))*) = .. = & (1 —|w(27)?).
(b) (L — ()]} = § (1 — [w(2t)]) = .t% (1 — [s(2"2)]).

FProaf. We prove (2.1) first, which follows by taking expectation to
| —cos2tX = 2(sin(t X)) = 2(2sin{tX/2) cos(tX/2))* < 8sin®(tX/2) = 4 (1 — costX).

(a) Applving the above to c.f. | ()=
(b) Noting 0 < ¢ < 1, we get

L—[e(2t)] < (1 [@(26) )1 + [(26)]) = 1 — [(2¢) ]

<A(1- ) <401 DL+ @) <81 [$@). u
CoroLLARy 10.2.1 Suppose that [((t) < a <1 for|t| = b= 0. Then
() < 1—ct* <e ™, for [t] < b, where ¢ = 159,

Proof. Here we know the behavior of |10(#)| away from 0. We would like to find the behavior near 0. We
need to show 1 — [10(t)] = f?. (The second inequality follows from 1+ 2 < * for all x.)

Since [t| < b, there exists an m such that b/2™ < |¢| < 2b/2™ e, b < 2™ < 2b Thus,

E 1 my 2 1 ’ 2 £ ? 2 2
1_ 'f.-;' | gm {1_|1.|.-'{2 :I ] (JTN) (1_11 } :E (Eb) (l—r_',r. } :':Efi )

In view of the inequality (1 —2)Y/? < 1 — 2/2 for || < 1, we have

()] = ()2 < (1—2e)* <1 - et o
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CoroLLARY 10.2.2 Under Cramer’s condition; limsup, _.. [0(t)] < 1, then for any § = 0, there exists
d = (0,1) such that
(t) <d.  for t] = 4.

Proof. Cramer’s condition implies that there exists some a < 1 and b > 0 such that |t} < a < 1 for
lt| = b = 0. Then from the last corollary, we have |(t)| < 1 — et? for |t < b,

Now for b > |t| = & > 0 we have [(t)) < 1 — et* < 1 — ¢d*. The proof follows by choosing
c=max{l — cf*,an}. @

THEOREM 10.2.2 Let X be a nondegenerate rov. with e f 1. There exist 8 > 0 and € > () such that

Wt <1 —et®*  for |t < 4.

Proof. Let Y be an independent copy of X, and 7 = X — Y. Then,

L [u(t)] 1

L=[u(®) =z (1=t ——F—— =5 (1= [¢(®)f)

By Taylor expansion, for || < 1,

I_E E-4 &E !-4 jl'.ﬂ jl-'l !'.-E :IH
l—cost=1—[1—o+° _ U [ IR L N
! ( a1 " 4l ) ST U TR TR ( 12)

< 1})
t* 1

> & (] _ ﬁ) E(Z21{]Z) < 1/1t]})

Thus,

. 477
E[l —costZ] = —E(E"" (1 T )I{t:—ﬁ

Since X is nondegenerate, so is £, Therefore, when [{| is small enough, say, {| < 4, we have
E(Z°I{|Z| < 1/|t]}) = E(Z2*1{|Z]| < 1/d}) > 0.

Combining all the above, we have, as || < 4,
. 1 11 2 2 2
1— |ty = EE(I—E&HE}E EE{E I{|Z]| < 1/8}) |15 = et”. g
THEOREM 10.2.3 For any {,h € R, we have
lp(t 4+ k) — w(t))* < 2(1 — Re w(h)) = 2E[1 — cos(hX))].

Proaf.

|EE:a.[i.+h]H _ EE!’-’-IF = E[e""‘x{ﬂ”hx - 1]'“2
Hlﬂihx . ll.& — Hll:é?ihx _ ]}ml
—_ fnf_'[({-:'ih'h- — -I.::llzf'f_ih-x - I::I]

E[Eihh’ﬂ ih X Eih.’i’ e thX | l:l

lW(t + h) = ¥(t)]?

1A

= 2FE[l —cos(hX)]. n
As an application, we give the following example. Compare this with Levy Continuity Theoreimn.

ExamprrE 10.2.1 If e.fs o (t) — gl(t) for all t, and g is confinuous at 0, then g s continuous everywhere
on .
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Proof. We have

lglt+h) —gOF = lim [wn(t+h) — e (8

e — L

< 2 lim [1 — Re i, (h)] (b Theorem 10.2.3)

= 2[1 = Re g(h)]
— 2[1 — Re g(0)] =0, ash—0. g

ExampPLE 10.2.2 Jf there exists some & = 0 such that e fs |, (0)] — 1 for [t| < &, then |y (1) — 1 for
all t € R (henee, X, == 1.}

Proof. By Theorem 10.2.3,

||'Er-'J”|:Qi:|| - |"!.";1:4[t:'||2 = |"!.".*1;--!-|IEJL] - ﬁrn“]lg < 2(1— Re '!l'll“'“(#:l} -

Letting n — oo and in view of limg, o [¢0,(8)] = 1 for [f] < &, we have limy, .. [15(28)] = 1 for ¢ < 4.
That is, [y, (8)] — 1 for [t| < 24, Continuing on, we see that [0, (f}) — 1 for all t € R.

Alternative proof. OUne can prove this by using Theorem 10.2.1, which will extend the local properties
to global ones. We will leave the details here. In the following, we shall instead use Theorem 10.2.3 to
prove the statement. g

10.3 Inversion formula

We will prove a very important fact: the c.f. unigquely determmines the distribution. To do that, we need
to prove the inversion formula.

The inversion formula

THeorREM 10.3.1 (The inversion formula.) Let ¢(t) = [ €™ u(dx), where p is a probability measure.

If a < b, then
1 T {.{—.:I-u o I:._:_—'EH.I ]
lim — - (t)dt = pla,b) E,ul[{a.h} ),

T—no 2T J_ it

prowvided that the limat on the left hand side exisis.

Proaf. Let

T —.'n'H . —'|:I'|’J

Iry =

1 —'Hﬂ —'rtt- oo
= .2?_‘[ (/ f—*’”ﬁ[d;{']) (It
[ J—me
s —.-n'rr. _ E__—:!..I'F.l _
/ ( / y it Jrx,l[r.f;.':?:l) dt
T o L
£
it

R /T —'r|'rr .
)
th_ e R it

{h\- Fubini's theorem sinee |ff |

1 e T _itle—a) _ it{z—h)
= [ (] : : ‘ et | pldx)
2r J_ o\ J 1 it

S
/ & (cos/t(x — a)] — cos[t{z — B)]) fff) pldr)

S (R -
€ ”ir}';::|

| I, tf“:"| < b — rf.}

o /1( T%{Ei“:t[“’_“‘]]—55“[1‘-{.5—3;}:}(#) u(dz)
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'I [

2

af —x]

] e}
f— ;I/_m

1 ]
-

T

(.[n % (sin[t(x — a)] — sin[t{x — b)]) dt) pldr)

[H{a —a,T)— Iz — b, T)]pld),

(fj % (sin[t{x — a)| — sin[t{x — b)]) dt) pldx)

where [{a,T') is defined in Lemma 10.3.1 below. Again from Lemma 10.3.1, we get

Ir

Note that from (3.2), for every #, we have

18,

le < fﬂ?lﬁillil
0l 1

b.T} = |

dvE[
Ji

Using the dominated {(or bounded) convergence theorem, we have

lim {1
A, 1)

[ )

f Opelela) -I—j.
[ =oc,a)idlb,oo) (a,b)

ula.b) + spl{a.b}). u

-/-m i_rlil.n [H{x —a,T)— I{x — b, T)|pldx)

We now prove a lemma, which was used in the above proof,

LEMnA 10.3.1 We have i

Proaf. Write

Then, we have

This can be seen as follows:

(i) If @ = 0, we have imy_. H{a,T) = limy_. f

(2) If a < 0, we have

lim {{a,T)= lim

d'—mo

1 —mo

1
T—rﬁc_/n\ i
T
Ha,T) =:f
)

[:_

S111 (114

du = g-ﬁgﬂ{ﬂ-}.

si10 i ad
du =
Te J0

lim I{a,T) = sgn{a} lim 1(1.T).
T'—oo T—c

1) _/:T ﬁiu[::} d{(—v)

il
0

= — lim

Sin v

.

i

(3) If @ =0, we have limyp . J{a,T) =0 = sgn{0} limy_. £(1,T).

Then 1t suffices to show that

—r D

T
lim /{1.T)= lim f
T T'—oe fiy U
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I <.

)~ (~3)=0,
1 1
—{—5) =3
1
(—E}=
1
0=,
1
—(E}=ﬂ,
dv = I{1,00) = =

Lp(da) + /-E_ul[dm:l +f£_u{drr::|
J. 2 b 2

S0y — limg e 1{1,T).

1 gin(w)
T—oo Iy w

dir = — lim (1,7,

A=z

(3.2)



To show this, note that

T T 0

11, T) = f *-nnu f sin (f c_“”dv) du
0 0 0
= ] ( f sinu ””dr) du

] ( v sinT +cosT ﬂT) du
[] 1 + 1-;' 1 =+ T-'

his can be checked by differentiation)
) [ ssinT +TeosT
0

2 T? 4 52

e “ds.

The integrand in the last integral is dominated by 7, and so by Lebesgue Dominated Convergence
Theorem, the integral tends to 0 as T'— oo, g

We can imitate the proof in the last theorem to derive the theorem,.

THEOREM 10.3.2

.
pifal) = Iﬂn %f e~ Mt dt.

Proaf. Here are the main steps involved.

I |
dm o [ = i gz [ e
- | — ettlv=al gy
11n ?T_/ f piy)
: - sinf{y — a7
= 1 TR
::'llflm w  (y—a)T #ly)
T
= lim f f 5]11[ —a) ]rip{;i_,r]
I'—oo S —oo ce.} [a} (e o) -L - ﬂ'}T
= 0+ p({a})+
pifat). m

One-to-one correspondence between d.f. and c.f.

THEOREM 10.3.3 (Uniqueness) Characteristic functions uniquely defermines distribution functions.
That is, there is a one-one correspondence belween e, f .5 and d.f.s.

Proof. Suppose that two d.f.s F} and F5 have the same c.f. (1), we need to show that F; = Fy. Let
a, b€ C(F) N C(F;) with a < b, From the inversion formula,
1 T et _ a—ith

Fib) ~ Fila) = Jim 5o | Sttt = Fa(b) ~ Fafa).

Let a — —oc along C{F ) NC(Fa), we get Fi(b) = Fa(b) for all b £ C(Fy)NC{F:). By the right continuity
of d.f., we have Fi(b) = Fa(b) forall be K. g

The case when 1 is integrable

It follows from the last theorem that if f (8)|dt < =0, we have p({a}) = 0 for all a. That is, pis a
continuous measure. In fact, we can get a qlmngw result than this.

THEOREM 10.3.4 If j |t} dt < oo, then p has bounded continuous density

f) =50 [ o
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Proaf. Since [ fcxl [t} |dt = o, it follows from Theorem 10.3.2 that p({a,b}) = 0 for all @ < b Take
a =y and b=y + h in Theorem 10.3.1 with h = 0, we have

4+ h 1 [T ity —it{y+h) 1 [ e—itw _ —it{y+h)
ply.y+h) _ f ¢ e S\t = f e e ()t

fi T—oo 20 J_p ith 27 J_ e ith
s o0 it it(y+h) o0 i o0
g Y — g7 _ ] — e "% ,
f | —r (t)|dt =[ Tq;.n{t”dﬁ < f (L) |di < oo.
Then
u+h 1 o0 o—ity _ o—it(yth)
lim Hy v ) = lim [ < ,E W(t)dt
B0 h h0 2 f_ ith
1 s <] — ity —if{y+h)
= — lim = ,ﬂ (it )t
27 J_ o RO ith
(dominated convergence theorem)
1 o0 'E-:E £ it 1 h:l
= — limn —————ap(t)elt (L'Hospital rule)
2m J_ o b0 if
1 v

- T 2
) O

This completes the proof. g

REMARK 10.3.1 When [ iﬂx lir(t)|dt < oo, we have the following interesting relationships:

P(t) = [ e f(y)dy,

f) = ~ [ ey

2 [

Therefore, if we know one relatton, we know the other one straightaway. One can use these relationships
to find some c.f.s easily.

REMARK 10.3.2 The condition fmm |w(t)|di < oo is enly a sufficient condition for X to have a p.d.f.

There are exnmples where J_mm [t )t = oo, but o pod f. still exsts,

The case when 1’ is not integrable

THEOREM 10.3.5 If PIX e b+ hid) =1, where Z = {0, £1, L2, ...}, then for x € b+ hd, we have

Wit
P(X = 1) f e~ 1Ty (1) dt.

B E —'.r;"h

Proof. Assume that & = b+ jh for some j € Z. Denote py, = P(X = b+ kh) for k € Z. Then,

h w/h B ik _ _ oo _
e E—ata'w{:[t]dt = — ﬁ—tff[-'h]'"'] Z E““""'r‘h]pkdf
2. —mih am — [k k=—o0
h e il N ].h
_ - A k=1
— Py E!’ E“-
2 ,L,_l_‘m —m
h wh ;
) [
TA\kE k= —w/h

h m/h
= p; = P(X = jh)

— P(X=uz) g
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10.4 Levy Continuity Theorem

Instead of studyving d.f.s directly, we could study their corresponding c.f.s. This can be done due to Levy
comtinuity theorem.

LEMma 10.4.1 For any a = 0, we have
2 | ,
PlIX|==]== [ (1-v(i))dt
a af_,
Proof.
] ] )
(1 —(t))dt = 2a-— [ Ee ¥ dt
—d

= 2a—-F f e*'xdf) (by Fubini theorem)

E
—
P

cos(tX ) da‘)

_ oy F 2 sin(aX) )
B sm{ﬂ}i}
= EaE |,\ X )

. sin{aX)
= 9 _ Hmaa)
> 2aFE IIkl X )I{|ﬂ}f|}2}
S fl—l)f{l X| = 23
= 2a 2 a

= alflaX|>2). p

HEMARK 10.4.1 When o iz chosen to be very small, Lemma 10041 shows thal the tail probability behiavior
of a rov. X is actually determined by the behavior of its o.f. around the origin.

LEMMA 10.4.2 Let F, be a sequence of d.fos with e.fos o, If (1) — g(t), and g(t) that is continuwous
al (1, then F, is tight.

Proof.  First note that g{0) = lim,, v, (0) = 1 and g(#) is continuons at 0. Therefore, Ve = 0, Jag =
such that |1 — g(t)| = |g(t) — g(0)| < /2 whenever |t| < ag. Therefore, as n — oo, we have

E 1 an .
F (|Xﬂ| = —) < — (1 — o, ()}t (Lemma 10.4.1)
ag S _ay
1
— / (1— g{f}]rﬂ.‘ (dominated convergence theorem)
a0
1 ETN ] an
< — [ n-gla<— [ cd<e2
ﬂﬂ — Ly ﬂu =Ty

Thus, dNy = 0 such that, for all n = Ny, one has P ( X = ﬂ“) <2 B

THEOREM 10.4.1 (Levy continuity theorem)
Assume that X, has d.f. F,, and e f. ¢, for 1 <n < .

(i) If Xn —a X, (fe, Fyy = Foo ), then o, (#) — oo (t) for all t,
(i) If b (8) — w0(2), and (1) s continwous al 0, then there erists a rov. X with d.f. F such
that X, —4 X (e, F, - F,uilj and 1 s the e f. of X.

Proof.
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(1) The proof follows from the bounded convergence theorem.
(i1). Now suppose that o, (#) — (), and that »(t) is continnous at 0. From Lemma 10.4.2,
F, is tight.
Now suppose 1.hal.h Fr. = F for 0Me subsequence ny. and some limit I Sinee 18 tight,
we have F,,, == F, i.e, the limit F is a d.f. From part (i) of the current theorem, we see that
P, (1) — 0 p(t) for all £ On the other hand, from the assumption, we have i, (I} — (1)
for all t. Therefore,

p(t) = Y(t).
Clearly, 1(t) is a c.f. Suppose that its corresponding d.f. is F'. By the uniqueness theorem,
Theorem 10.3.3, we get F' = F. This shows that F' is the only possible weak limit of the F,,.
Therefore,

Fo,— F. ]
The following corollary is immediate.
CoroLLARY 10.4.1 (Levy continuity theorem)

Xy —a X if and only if Wy (t) — v (f) for all {.

10.5 Moments of r.v.s and derivatives of their c.f.s

Relation between moments of a r.v. and derivatives of its c.f.

The smoothness of the c.f. o(f) at t = 0 is closely related to how many moments that X possesses, and
hence to the tail behavior of the d.f. of X

THEOREM 10.5.1 If E|X|" < oo, then ¥ (t) exists and is a uniformly continuous function given by

-
*r,-!r'r"'j'{!] = i"E(Xke"N) = -i"'f e e T dF(x), k=10,1,2...n
[n =
In particular,
B0y = i"EXE, E=0,1,...n

Proof. Note that

T_.'f=|:|f, -+ .Iri-} - 'ﬂll'.‘|i|t-;] o it F:h'i-.l: _ 1 |
h = / ' —dF (z).

— o

Using Lemma 10.5.1, the integrand is dominated by |z|. So the first derivative of (t) exists by the
dominated convergence theorem, and is given by

l:_l f J — |::' |r__ e -
iP'(t) = lim Yt + k) — (t) =i / ze'dF ).
hi—1D) h J_ e

The uniform continuity of () follows from

Wt + o) u'"{ﬂlz‘/ re ! (e 1)dF (z)| 0

by the dominated convergence theorem. Therefore, the assertion is true for n = 1. The general case
follows by induction. g

A partial converse is given by the following theorem.

THEOREM 10.5.2 If ¢'")(0) erisis and is finite for some n = 1,2, ..., then E|X|" < oc if n is even.

Consequently, E|X|* ! < oo if n is odd.
f] Uy



Proof. We proceed by induction. Note that
(k) + b —h) — 244(0)

|'.|{2 — I
—v(0) r]ﬂh h?
I — cos{hX
— 9 i gl sy
h—) h?
1 —ecos(hX .
= 2F lim : { 'X) (by Fatou's lemma)
h—i) h?
= EX*

Therefore, the finiteness of ¢!/ (0) implies EX? < o,
Now assuming that 137 (0) < oo implies X 4 < oo (f = 1). From Theorem 10.5.1,

T,'_'Ia‘m"l’ll{f} _ 1!52‘] / J‘.TEJEII“:{EE"‘{-E} — E_l}JE [IEJEH.H} .

o =

So if ¢ 2UF1(0) < oo, then

. o _ 'i‘ﬂ.'-i}(h} + 1,&["*-"'3{—!:,} — 2270 )
L2+ —  (—1}*! lim ¥
(=1 (0) (=177 lim =
o = a1 ha)]
_ E( 1::'.3.] {2 1111] / £ [ FGE'[ I.}. d_f"1|:.{::|
= f_ hi#
25 [1 — ;e
— 9 lim EI 11 — cos(hX)]
h—il h_ﬂ
X% [1 = cos(hX .
= 2F lim | Fﬂb[ ) (by Faton's lemnal)
- fi?
—  E X2+

Therefore, /' 2UH1(0) < oo implies EX20H0 = a0, g
REMARK 10.5.1

If "0} exists, then applying L 'Hospital Rule, we can see that

iy 90 + g(=h) — 2¢(0)
h—D h?

exists and equals g1 (0).

In fact,
- glh)+g(—h)—2¢(0) . g'(h)—g'(-h)
AL i A 2 ’

However, the reverse is not frue in general. For instance, foke

(0).

1 .
g(t) = ag + at + ia.zt? + Ditit?, ast — 0,

where D(t) takes values (0 or 1, depending on whether t is rational or irrational. Clearly, we

do have . .
g(h) + g(—h) — 2g(0) . ash® + D{h)E — D{—h)h?

lim = lim = 1.
1 h? fi—0) h?

However, for any fived t = by, g(t) s not continuous at ty, let alone differentiable at ty.

REMARK 10.5.2
However, if g(f) = (t) is a c.f., then

-ﬁ;fz.} {ﬂ} eTists — !]ii ":] L {'h::l + "."*’(;:!.J — ‘E'E;'.:'([:I:l

Earists,

and furthermaore they have the same limit. We have seen that the former implies the later. To
see thal the later implies the former, we see from (5.3) in the proof of Theorem 10.5.2 above
that EX® < oo, Applying Theorem 10.5.1 again to obfain 0'210) exists. g
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REMARK 10.5.3 From Theorem 10.5.2, ¥'"(0) < oo implies E|X|™ < oo when n is even. However, this
may not be frue when nois odd, as illustrated by the next example.

Example. Define P(X = 4+n) = C/(2n°logn),n = 2.3, .... Show that (0} exists, but F|X| = 0o
Proof. The c.f. of X is

=
- _ (nt)
B = EetX — 7Py — nyeilEnt — o5 cosint)
h(t) f; ( ) EZ_:E n?logn

The series is uniformly convergent, and *'(f) exists and

sin{r
Y(t)=-C
v Z n;lngn

n=2

and hence (0} = 0, However,

— 1
E|lX|=0C = 0.
| ﬁgzﬂ.lugn o

Moments of a r.v. and Taylor expansion of its c.f.

The following theorem establishes the link between the existence of moments of a r.v. and Taylor
expansion of its c.f. around the origin. The first part of the theorem is particularly useful in studyving
the limit theorems by the c.f. approach,

THEOREM 10.5.3

(1). If E|X|"% < oo for some nonnegative integer n and some & € [0,1], then the c.f. has
Taylor expansion

1

2E| X ||t

) k {35} .
Wity = g{r,}: ) +0 n! with |#] < 1
. ~ )t
Pty = ka x t" ). as § — 0,
=

where a, = EX* for k=0.1.2....n

(2). Conversely, suppose that the c.f. of a r.v. X can be written as
E [
Zﬂki} Falt™), as t — 0,

then BE|X|" < oo if n is even. Furthermore, ap = EX* whenever E|X|* < .

REMARK 10.5.4 Suppose that

L (it)k 1
:Zak X + o(t?) = ag + ayt - Eﬂ;;_ut"a b o(t?), ast — 0, (5.4)
k=1 ’

we can easily show that

g(0) = limg(t) = ag

t—l
L] — i+ 1 ,I!_z + 'EE
gy = tﬁntln '—ql: ) r 9(0) _ g!_i”é o 2“‘3# olt’)

1
= lim (ﬂ1 -+ Eﬂzt - D(tj) = ily.

t—I]
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However, in order to find " (0), we need to establish that g'(t) ermst in a neighborhood of 0. But this
cant ot be derived just from the expansion (5.4), as can be easily seen from the same ezample given in
Remark 10.5.1.

However, if we let g(t) = 1(t) be a c.f., then we could show that 2" (0) exist iff imp_q wih)4 t‘l’ihgh] 2w(0)
cxists, The latter condition is offen easier to check in practice. We will discuss it in detail in the proof
af the theorem. g

Proof of Theorem 10.5.3

{1). The first equation in (1) follows directly from Lemma 10.5.2. Let us show the second one. By
Taylor expansion and Theorem 10.5.1.

n=—1 .';“'] . 1) 01 n . ke
TORD Dha LA LA o (2 L i X0}

where R, (t) = t"[¢"™ (8t) — 0] /n! with @ € [0,1]. Note that

H;Eﬂ = j %(efﬂf* — 1)dF(z).

=0

The integrand is dominated by 2z /n!. By the dominated convergence theorem, we have B, (#) /" — 0
ast — (.

(2). Assume that n = 2m. For simplicity, we shall only prove this for the special case n = 2 and
leave the more general case as an exercise. Since

it) = ag+an(it) + S(it)* + o(f?),
we have o

wit) + i —t) =2 (ﬂn + ?‘e[ﬂj‘* + ﬂ{t‘a]l) .
Thns,

i U0 U(=h) —20(0)

h—=0 h#

= jlirr%j (az +o(l)) =az. g

Application to Weak Law of Large Numbers

Example. [Weak Law of Large Numbers.) Let X,,..., X, be i.id. rov’s with EXy = 0 and common
c.f. 40(t). From Theorem 10.5.3,

wit) =14+ EXI+o(t) =1+ o(t).

Therefore, the c.f. of X is
Ux(t) = v"(t/n) = (L+o(n ")) —1

as t — () hy taking logarithms, Thus, X —; 0, and so X —, 0. This is the Weak Law of Large Numbers
(WLLN). g

We actually assumed the existence of EX above, under which we can in fact obtain the strong law
of large numbers (SLLN): X — 0 a.s. If we are content with WLLN, we can do without assuming the
existence of the first moment; see Theorem 10.5.4 below. g

In Theorem 10.5.1, we have seen that if E|X| < oo, ¢'(t) exists and 1'(0) = 1EX. The converse,
however, is false. That is, that () exists and ¢/'(0) = ia does not necessarily imply E|X| < o0; see an
earlier example given in this section. In fact, the differentiability of ¢ is closely conmected with the weak
law of large numbers (WLLN) for i.i.d. r.v.s,
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ToHeoreEMm 100.5.4 Let X, XN, Xo. o be fid. rovs’s wnth df. F. The following three statements are
equivalent:

(i) ¥'(0) = v,

(i1) H[1 — F() — F(—t)] — 0, [t eF{de} — v as t — .
(or equivalently, tP(|X| =t} — 0 and E[XI{jxj<n] — v.)

(iii) The WLLN holds: (X, + ..X,,)/n — v in probability.

Proof. Omitted. g

REMARK 10.5.5 [t should be noted that 1 is not necessarily the mean EX, which may not even erist
here, For instance, from (i) of Theorem 10.5.4, we can take X to be symmetric around (0 and

P(X >1t) =

1 L t v
tlogt st

The mean does not exist, but » = 0 and the WLLN holds here.

Appendix: Several useful lemmas

LEMMA 10.5.1 Forn =0,1.2, .. and any real £

@2 (i)

.lit J— J— ] J—
e 1 — o1 o

] { |1‘|“+1 Eltln}
< 111N

n+ 130 nl

Proof. By integration by parts, we have, for any m > (),

i '
. —1 .
f (1 —s)"e"ds = f e fd(t — 5)mH

t'.l.u.+ 1

- t
1 .
— t _ml],wd.l

m—|—1+m+1fﬁ[ 5) ©

Therefore, by iteration we get

4
et = I—I—[E“—l}zl—l—i/ e ds
0

i
= l+i!-|—iif[:'—5]|ﬁ""ds
0

B L (it)? (it)»
R R R

£
f (t —s)"e"ds
i

t t
f (t— 8)"e™ds (—ﬂf (t— 8)"de™
0 0

t
= —it" —I—f'nf (t —s)" letds
0

Note that

t |£|””
< f it —s"ds < .
0 n+1

By integration by parts,

!
= *.!'.nf (t —s5)" ! [ﬂf” — 1 ds,
o |
and hence

[t
< Eﬂf |t — 5" tds = 2)t|",
i

¢
f (t— 8)"e"ds
0
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Using these relationships, we get
[ .

(it)* B (it)™

i o 1!

ettt —

[ o
< 11in )
{'H. + 1}] Cond

The prool is complete. g

The next lemnma follows directly from Lemma 10.5.1.
LEMMA 10.5.2 Forn=0,1.2, ... and any real t,

. '} 2 Tk il 4 )
et — 1 — it — it)” . — (i) < L for every & € [0,1].
21 n! 7!

Proaf. If |t| < 1, then [t"T /(n + 1)! < [¢* 7% /nl. If [t| = 1, then 2[¢["/n! < 2|¢/**/n!. The lemma
follows from these and Lemma 10.5.1. g

10.6 When is a function a c.f.?

Example.

(a) A non-constant function t(¢) such that ¥/ (0) = ) can not be a c.[., since the corresponding
d.f. wounld have EX* = —¢"(0) = 0, implyving that P(X = b) = 1 for some constant b and
thus (1) = e"'b.

(b) w(t) = e I*" is not a cf for @ > 2 since ¥'(t) = e “alt]* and wr(t) = e It”
[(at|*~1)? + ala — 1)[¢[*~*)], which gives ¢'(0) = 0. Therefore, we get ¥t} = ™" # e I*I",
(¢) On the other hand, for o < 2, ¥(t) = 71" is a c.f. of a stable d.f. For a proof, see Feller
(1971, Vol. 2, p5049), or Durrett (1991, p87). In particular, & = 1 corresponds to Cauchy d.f.
and o = 2 corresponds to Normal d.f. g
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10.7 Esseen’s Smoothing Lemma

Often we are interested in difference of two functions. For instance, if a rov. T, has an asymptotic normal
distribution, as in the central limit theorem, then

sup |P(T, < x) — ®{z)] —=0  asn— .
HH

The natural question is then how fast this limit goes to zero. In other words, we are interested in the
rates of convergence to normality. One fundamental tool in studying the difference in two functions is
the “smoothing lemma”™.

The word “smoothing” is derived from the fact that: any rov. X perturbed by an independent
continuous r.v. Y, will also be a continmous rov.. That is, if X and Y are independent and Y is a
contimious r.v., then X + Y is a continuous rov. for all X. Furthermore, the degree of smoothness for
X + Y also depends on the degree of simoothness for ¥, This follows from the following identity:

Faov(t) = [ Frlt=)dFx(v)

- al

Let Vo be the d.f. with a p.d.f. {i.e. inverse triangular d.f.)
1 — cos(1'x)
aTr?

which is the p.d.f of the sum of two independent U[—1/(2T"), 1/(2T)] (try to plot it!} The corresponding
c.f. is given by

vr(z) =

wr(t) = (1 - ii) I{|t| < T}.

The explicit form of wyp(t) is of no importance. What matters is that wyp(f) vanishes for [t| = T, since
this eliminates all questions of convergence.

For any function A{x), we denote its convolution with Vip(z) by

o0

AT(1) = A Vip(t) = f At — z)op(x)dr. (7.5)

Our objective is to estimate the maximum of |A| in terms of the maximum of |AT|.

LEmua 10.7.1 Let I be a d.f and G a function such that G(—oc) =0, Gloo) = 1, and sup,, |G (x)] <
A< oo, Put
Alr) = Flx) = G(x)

Then
240

al’

sup |A(z)] < 2sup AT ()| +

Proof. Denote

1= sup |Al{x}, nr = sup |AT (x)], h= -
T T 2A
Then it suflices to show that ”
<2 —.,
= anr =T
Since Afzx) — () as ¥ — Loo, and Ar) is right continuous, then it is clear that at some point
xp, either |A{rg+)| = |Alrg)| = 5 or |[A{zg=])| = 1. Without loss of generality, we may assume that

Afag) = 1.

Since A{r) attains its maximum at x = g, then we can imagine that A?(z) should attain its
maximum around x = x,. Therefore,

e = sup |[AT(x)| = AT(wg + h) = [ Alxg + h — x)vop{x)de
(/ + [ ) Alxy + h — x)vp(x)de
z|=h J|z|=hk
/ Alwg +h — x)vp(x)de + f Alwyg + b — x)oplx)de, (7.6)
|| <h || =h
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We will get a lower bound for A{xg + h — &) in the first and second integral.

(a) In the first integral, we have |z| < h, which implies that h — x = 00, Thus,

Alrg + h — x)

Alxg) + [Alxg + h — ) — A(xp)]
1+ [Feo + b — 2) — F(zo)] — [Glao + h — 2) — Glao)]

= n—[Glxg+h—x)— G{zp)] (as b —ax = 0)

= np=G"xg+0h=a)h-2x) (where 0 < # < 1)

= n—Ah—ux)

— g + Az, (as Ah = n/2) (7.7)

(b} In the second integral, we have x| > h. We will use the following trivial bound

Alrg+h—x) = —Alag) = —. (7.8)

Puting (7.7) and (7.8) into (7.6), we get

Now

we finally have

Namely

P(vil>n) = |
Jlel=h

w2 L:» (24 x) vr(a)da + f (=n) vr(z)da

|| =h
= SP(Vrl < h) = nP(\Vr| > h)

- gp - P(|Vz| > B)] = nP(|Vr| > h)

Ny
= ——ZZP(|vy| = h).
2~ SLP(\Vr| > h)

o - D
1 LU:SI[IT T]d:r. _ /‘ 2 s5in (I?fﬁjdx
mlx? Jjz|>h wl'x?

e L3
_ f sin “:E";E}dl[l‘;rﬁ] =[ sin ydy
|l = lu

poT(Taf2)? =Thiz TY

L sin® 1
_ 2 f Yy
y

2
T Jy=Thjz U

I 1
T Sy=Tno ¥

1A

n_ s 4 _n_ 6p _m 121
—2 2 aTh 2 2 ‘

24\
n=nr+ P

LEmuma 10.7.2 (Esseen’s Smoothing Lemma) Let F be a d.f. with vanishing expectation and c.f.
1p(t). Suppose that F' — G wvanishes at £oo and that G has o derivative G' such that sup_ |G'(x)]| < A
Finally, suppose that g has a continuously differentiable Fourier transform ¢ such that v (0) = 1 and
(0} = 0. Then for any T = 0,

m

r;1 P II| el l’."
swplF(a) - Go)| < & [ |20t 20
T ks T T
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Proof. Define F¥(z) = Vi * Fix) and GT(x) = Vo = G(x) to be the convolution of F and G with
Vr, respectively. Also, let FHx) and g’ () be the respective p.d.fs of FY(z) and G* (x). Clearly, the
convolutions F7 and G have Fourier transforms ¢p(Owr(t) and g (Owr(t), respectively, Then by the

iversion formula,

)
L f e (p(t) — v (8)) wr(t)dt.
—T

) —9" () =5

Integrating w.rt. x. and using Fubini's theorem, we obtain

AT(z) = VixlF(z)—G(z)]
= Vr*Flx)—Vr+G(x)

= /:E (ST () — g () dy

)

x T
/; | (% [_ .'E_iw |:*r,-,'-f.-|[.f.:| — *r,-,'-'{;{j,]]w:f,“]m) diy

- 5 f [ Y (e (1) — v (1)) wr(t)dydt

( by buhnn theorem, with justifications give below)

T — i
= f o PO =060, gy 4 ¢ (7.9)
—

Use of Fubini's theorem above can be justified as follows. Since F'is a d.f. with mean 0, we have
te(0) = 1 and ¥ (0) = 0. Also by assumption 4 (0) = 1 and 9, (0) = 0. Therefore, the integrand in
(7.9} is a continuous function vanishing at the origin. So no problem of convergence arises.

Let |x] — no, then At (x) — 0 as F(z) — G(x) — 0. On the other hand, the integral in (7.9) also
goes to 0 as |x| — oo by the Riemann-Lebesgue lemima. Hence we must have ' = (1. Then from Lemma

10.7.2 and (7.9}, we have

1 bp(t) — et 24X
m:p”*‘l[;:] —Glx) <= o ., vrlt) , Yol }‘ )t + g
< 2 f T e(t) — velt) 24
= - ||
w ST .I
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10.8 Characteristic functions and smoothness condition

Lattice d.f. and nonlattice d.f.

Dermvmion 10.8.1  If all points of increase of F are among b, b= h, b+ 2h, ..., then we say that F is
a lattice d.f. with span |,

The following two theorems give a characterization of lattice distribution.

THEorREM 10.8.1 If A # 0, the following three stalements are eguivalent:
(a) ¥(A) =1,
(b) () has period A, i.e., Y(t + nA) = y(t) for all t and n.
() All points of increase of F oare among 0, £h, £2h, .. where b = 27 /A

Proof. We shall show that {¢) — () — (a) — ().

If (c) is true and F attributes weight pp to kh, k= 0,41, %2, .., then (1) = 377 pre™™,
which has period 27 /h = A So {¢) implies (b).
If (b) is true, by taking n =1 and £ = 0, we get (A} = (0} = 1, which proves (a).

If (a) is true, (X)) = Ecos(AX) +iFsin(AX) = 1, then ‘j"xx[l — cos{ Ax)|dF{z) = 0. Note
that the integrand is nonnegative. So at every point x of increase for F, we must have
1 —cos(Ax) = 0. Thus F is concentrated on the multiples of 27 /A, and hence (¢} is true. g

It is easy to deduce the next corollary by applying the last lemma to X — b

CoOROLLARY 10.8.1 If A 0, the following three statements are equivalent:
(a) W A) = ™,
(b) w(t) satisfies (t + nA) = @ (t)e™ for all t and n.
() All points of increase of F'oare among bbb+ kb £ 20, . where h = 27/ A

The following result is thus immediate. It states that any distribution is either lattice, or nonlattice,
or degenerate.

THEOREM 10.8.2 There exist only the following three possibilities:

1. |i(t) = 1 for all t. In this case, v(t) = ™ (degenerate at b).
2. [0 =1 and |@(t)| < 1 for 0 < £ < A (lattice with span h = 27/X.)

Aoty < 1 for allt £ 0 [(non-lattice distribution).

Strongly nonlattice d.f.

We often need a condition slightly stronger than nonlattice, called strongly nonlattice.

Definition. Suppose X is a rov. with d.f. Flz) and c.f. 0(t). F is said to be strongly non-lattice if
Cramer’s condition holds, i.e.,

limsup [i0(8)] < 1. g

¢ =

The next theorem shows that strong nonlatticeness is stronger than latticeness.
THEOREM 10.8.3 If a d.f. F is strongly non-lattice, it is non-lattice. The converse is not true. For
example, let P(X =0) = py, P(X = 1) = py, P(X = a) = p2, where a is irrational, and pg+p +p2 = 1.

Show that X is non-lattice, bul not strongly non-latfice.

Proof. That X is non-lattice is obvions. It is easy to see that

%‘I'{f} _ EEH..T — o +plf_il' _I.-'“zfﬂu.
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Now since a is irrational, by Hurwitz's theorem (see “An Introduction to the Theory of Numbers”, 5th
edition, I. Niven, H.S. Zuckerman and H.L. Montgomery, 1991, p342), there exists infinitely many rational
numbers bk such that

I
Tk

1
V5 k2
Arrange all such rational numbers i /k so that the denumerator & are in asending order. and denote the

corresponding numerators and denumerators by {my, & > 1} and {n., k& = 1}, Then ng's are strictly
increasing to oo and

<

a-Tlo 2 k=12,
T V' “f. y &y
Now choosing t,. = 2mng., we get
vity) = po+t rilﬂii“"k + p,‘,fﬂrw.u
—  po+ +Ijzﬁ_:z-27rrak[% - ox %:t:]
= 1- [ER] + ,'I'J'gl’-.'ﬂm"”‘ .ﬁf'l‘im”’ @ %:"

P T @ T |

= 1—po+ e
= + pa (Eiih’:ﬁ[rrg\.m i) I) ]

Therefore,
2o

\-"'IT'I Ly

|-4_."J{|’.,|,.} — 1| < Efrpﬂukn. — | < — 0. g

Absolutely continuity implies strong non-latticeness

THEOREM 10.8.4 If the d.f. F has a non-zero absolutely continuous component, it is strongly non-lattice
(hence non-lattice ),

Proaf. By the Lebesgue decomposition theorem, the d.f. F' has a unigue decomposition
f‘_{;f.'}l = I I::L':] + f.'gf'-_:_u[...l‘::l -+ -l'.'u_.f'::'g['..lf':]_.

where cp 2 0(k=1,2,3), 01 + 2+ 03 =1, and F1_ (x), Falx), Filx) are absolutely continuous, discrete,
and singular d.f.s respectively. Letting o5(t) = [ " dF;{z) for ¢ = 1,2, 3, then,

(1) = ey {n’} + cathalt) + cgifalt).

From the assumption, 0 < ¢; < 1 and Fy{x) has density fi(x). By Riemann-Lebesgue lemima,

lim ¥4 (t) = lim /E”"Tf]{.?:}r:f;i.‘Zf].
|[T] = t|—oa
Therefore,
limsup [y(t)| < ¢y imsap [t ()| e +e3 =tz < 1. g

|t — oo |[E] —oe

Continuous d.f. must be nonlattice, but is not necessarily strongly nonlattice

The d.f. in the above example is of discrete type, but also non-lattice. The next example shows that if
the d.f. is singular (which is continnous but not absolute continuous), Cramer’s condition may also fail,

Example [Continuity (but not absolute continuity) #= strongly nonlattice]. Any distribution
having jumps only on the Cantor set does not satisfy Cramer’s condition.

Proof. Denote the Cantor set by {ry; = 3/3%, k= 1,2,...,7 = 1,2,..., } [0, 1] which has mass py; at
Trj. It is clear that the d.f. is singular {which must be nonlattice). We now show that it is NOT strongly
nonlattice,

Now

$(t) = B = Y explitanstoes = 3 exp{iti/3) o
kizl k=1
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Choosing ¢ = t,, = 273" — 00 as m — oo, we get

Uitm) = Y exp{i(2m3™)5/3") I,

ki1
o [

= ZZe:{p{z’{Eﬁjﬁm_#H}Pﬁ;j
k=1 j=1

= (Z+ E )Em-:p{i(ﬂﬂjﬂm_k]]}Pk..l'
k=1 k=m+1/) ji=]
i w5 o | ]

= 22 it 3 D eplin3n)py
k=1 j=1 k=m-+1 j=1

—s 1.

Therefore, limsup,_, .. lto(t)| = 1. That is, Cramer’s condition does not hold. g

A quick summary
We can classify d.f.s as follows. (A tree diagram or Venn diagram is better}.

I. Discrete
1. Lattice (e.g. Binomial, Poisson, Negative Binomial, Geometric)
2. Nonlattice
(a) Strongly nonlattice
(e.g. an empirical distribution function (edf) with pdf f,
such as a bootstrap sample from a absolute continuous dist.)
{b) Weakly nonlattice (i.e., nomn-lattice, but not strongly nonlattice)
(e.g. P(X=0)=p_0, P(X=1)=p_1, P(X=\sqrt 2)=1-p_0-p_1.)

II. Absclutely continuous (which must be nonlattice)
ITI. Singular (which is weakly nonlattice)
IV. Mixtures of I--III.

(e.g. any d.f. with a non-zero absolutely continuous component is
strongly nonlattice.)
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10.9 Exercises

=

10.
11.

12.

13.

14.

16.

. Give an example where [~ [¢(t)[dt = oo, but a p.d.f. still exists.
. Let ¢0(t) be a c.f. of some rov. X. For a < 0, if ©%(f) is also a c.f., then X must be degenerate.

. Find two dependent r.v.s X, Y such that x4y (8) = ¢x {8y (1),

(Hint: choose X =Y and use c.f. to find one example.)

femark: It is known that if X.Y are iid. with the same d.f. #, then X + Y has distribution F % F {i.e.
convolution of F'with F'). This exercise illustrates that the same conclusion may still hold when X, Y have
the same d.f. F, but not independent.

(a) Find the c.f. ¥ (t) if P(X =4a)=1/2.

(b) Show by iteration of an elementary trigomonetric identity that

sint  sint/2" 5 - t
T i Hmﬁﬁ_’gmﬁ‘ﬂ”

i=1

() Utilize (b} to state a result on convergence in law of smins of independent r.ov.s.

. Suppose that X, = X and X,, ~ N{0,¢2). Show that a2 — a* € [0, 0c).

. Show that if X,, and Y, are independent for 1 < n < o0, X,, = X and Y, = Y., then

X,+Y, = X +VY.

- Let Xy, Xo, 0 be independent and let 5, = X, + ...+ X,,. Let o, be the c.l. of X, and suppose

that S, — S, a.s Then S, has c.f. () = 1_[;‘_‘:] i ().

. Show that if ¥(f) = 1 +o(f?) as £ — 0, then ¢(¢) = 1, namely, X = 0 as.

A Fo(x) — Flr) does not imply F)(r) — F'(x)) Let X, hav d.f.

sin(2nm)
Foli) = ¢ — SENTE) e 1),
nl::l’] £ Eﬂ‘?r 1 £ E [u" ]

(a) Show that F,, is indeed a d.f. and find its p.d.f. f,.
(b) Show that F,, = U0, 1], but f,’s do not converge.

Remark. The example shows that convergence of d.f.5 does not imply that converge of their p.d.f.s., which
15 referred to as local limit theory, Extra conditions will be required for the latter to hold.

Let X, Xo, ... be iid. Cauchy r.v.s. Show that X = n™! ZLI A s still a Canchy rov,

( The limat of ¢.f.s may not be a c.f.) Verify that the c.f. corresponding to a uniform d.f. on (—n, n)
is 40, (1) = sinnt/(nt), and that limg, o, (£) exists but for all £, but () is not a c.f. Consequently,
F, #= ad.fl

Show by Levy continuity theorem that, as n — oo,

(a) if X,, ~ Binin,A/n), then X,, = a Poisson d.f.
(b) if ¥, is geometric with parameter p = A/n, then Y, /n = an exponential d.f,

Show that if X and Y are independent and X + Y and X have the same distribution, then ¥ =10
.5,

If F,, =+ F and G, =—» G, show that F, + G,, =+ F + G, (Proof of this without using c.f. is
possible but tedious. |

. Prove that a real-valued c.f. o satisfies ¢(f + i) < o+(k) for ¢ = 0 and sufficiently small b = (.

Prove that

(a) the convolution of two discrete d.f.s is discrete.

(b} the convolution of a continuons d.f. with any d.f. is continuous.
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(¢} (optional) the convolution of an absolutely continuous d.f. with any d.f. is absolutely contin-
OIS,

REMARK 10.9.1 Note that (b) and () are the basis for kernel or other type of smoothing technigques
comermondy used in stalistics.
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Chapter 11

Central Limit Theorems and Related
Expansions

Limit theorems for sums of independent r.v.’s occupy a special place in probability and mathematical
statistics. First of all, they are the simplest case to study. Second, the theory for sums of independent
r.v.'s are the most complete, Third, studies on sum of independent r.v.’s can shed light on other classes
of statistics such as the function of the sum of independent r.v.'s, U-statistics, L-statistics and svimmetric
statistics, ete,

In this chapter, we shall discuss some important issues concerning the sum of independent rov.s.
In particular, we shall discuss the asvmptotic normality, Berry-Esseen bounds (uniform or nonuniforim),
Edgeworth expansions (uniform or nonuniform), large deviations and saddlepoint approximations, and
others. This will pave the way [or other classes of statistics,

11.1 Central Limit Theorems (CLT)

11.1.1 CLT for i.i.d. r.v.s

When X, ... X, are i.i.d., we get the following simple CLT.

THEOREM 11.1.1 (I_revy theorem) Lef Xy, ..., X, be iid rouos with EX, =0, and ¢° = EX] < 2.
Let F(x) = P (nX /e < x). Then

sup | F(x) = ®{x)| — 0,
rER

Proaf. We provide two methods.

Method 1. Since EX? < oo, 10(t) is twice differentiable and has the following Taylor

EXPANSION,
2,2

G(t) = w(0) + (0 4 iw”{ﬂ}t"’: o(t?) =1

F)

Then the c.f. of F,, is

t 2 IR 2,
iy — — IIIF'I' — o - —_— —f I.'E"
bym/alt) =1 ( nr.r) (l n | ﬂ(ﬂ,)) ¢ -

Method 2. The Lindeberg condition in Corollary 11.1.2 holds since

EX{IH|X,| = fyf'('fr.EX?} .
EX?

1 i , )
o7 2 EXQ{|Xe| = eBn} = 0. u

Te ‘\.'-_1
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11.1.2 CLT for triangular arrays with finite variances

The following theorem states that a sum of a large number of small independent effects has approximately

a normal distribution.

ToeorEM 11.1.2 (Lindeberg-Feller CLT) For each n, let Xop, 1 < k < n, be independent rov.s
with EXyp = 0 and 30 o0 i= 3 EX2, = 1. Denote Fo(x) = P(32), _ Xnx < x). Then the

following two statements are equivalent.

(i) The Lindeberg condition holds:

Ye>0: lim Zﬂxnfnxuﬂ}c}_u

=1

Ilrﬂ-,II II{!‘]'U-J maxj<m<n Ty p — 0 and ﬁ")il SUPLe g |r-’-!-{:r} [ :Il — (.

REMARK 11.1.1 Clearly, the Lindeberg condition implies that

Ve>0: lim Y P(|Xux=¢)=0

fre=1

which further implies that
Ve = 0: sup P{|X, x| =€) — 0.
Tt

That is, all the indvwidual terms X, ¢ are uniformly small.

FProof. *(i) = (ii)". We first prove (a) of (ii). For 1 < k < n, we have

E-X I{l-fl:ukl {f]'—l'ﬁ‘]fﬂ.l.f{lxﬂ.k E[}
¢ +FX,1,,,I{|XM| = el

2
T e

P

Thus max <o, 00, < e+ 30 FX? T{|X, x| = ¢}. Letting n — oo, the Lindeberg condition implies

that max;<p<, 02 . < 2¢%. Since € can be chosen to be arbitrarily small, we have

A qzrfL p — 0,
L=< m<n

We now prove (b) of (ii). Write i, 1(2) = Ee* =& It suffices to show that, ¥t € R,

Lok — 2 s S Ittt + /2 — 0

k=1 k=1

It suffices to show that, as n — oo, ¥t € K,

=
=

Let us prove (1.2) first. From the inequality |e™ — 1 — if| < #2/2 for any real , we have

. . 1
|T+'I-"'rt_.Fr{t:| B ll _ |Eﬁﬂx"'* 1 - itExn.H < E E”x“"" 1 —itX, F;| < _t E‘X — 2 _Egi .
Thus, as n — oo
max |1y, () — 1] < la‘ max. al o =o(1), and Zhﬂ pit) — 1) < E
1<ken — 2 <k< o 2
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Hence, from Theorem 11.8.1: |In{1 + 2) — 2| < |z|? for |2 < 1/2, (1.2) follows from

Z |11] 'i,{,‘,,”klil:l - ('i."l*'u.k“] - l}l = Z |'!."If'n.k|:'rf] - :|-|:3 =~ "'-"(1] EE—] |1.'i"n.k“:] - 1| = ﬁ"[”*
k=1 k=1

Next let us prove (1.3). By using the inequality |E“‘ - 1-it - %{ii}” < min{t?, %|t 31 for any real
t. we have

14

Z{'{."I*In.k{” - 1:' + B
k=1

L
. 1
ZE (Etlxn.d; —1 = ﬂ'xulﬁ; _ E{?‘{X.Frjz)
k=1

'3 'I
<l Z F inin {szi__;_u E“Xn.klﬁ}

=1

T i _n
t|~e .
N EX2 X =) + lT Y ElXn e I X k] <€}
k=1 k=1

1A

< @3 EXL X 2 e+ e
k=1

Then (1.3) follows from this, the Lindeberg condition and by choosing e arbitrarily small.

“il) == (i)7. Assume that (ii) holds. First, part {b) of (ii) implies {1.1). Secondly, from the
proceeding proof, we can see that that (1.2) is implied from part (a) of (ii). Putting these two together,
we see that (1.3) still holds. In particular, the real part of the left hand side in (1.3) should tend to 0,
Le.,

k=1

0 — Re (Zwﬂ,ﬁ-m—m%)

i 1
E (c:;ﬁ{il’,,_k] 14 Eti‘xﬁlk)
E=1
> E (ﬂm(txﬂrk) 14 %tzj{ﬁ.k) [{|Xos| = €}
E=1

(as cos(y) — 1+ 3y? 2 0)

Tt .l
= I (—EJ{?

5N —2) HIXoxl > e} (as cosy) > —1)

T 1 2
= H‘xi.k (Etg - Xglk) I{lx.ﬂ:kl :j E}

2 2 = e
> (5-5) e = o
k=1

so long as ¢ is chosen so that £#/2 — 2/¢* > 0, i.e., * > 4/¢*. Thus the right side tends to zero. Hence
the Lindeberg condition holds. g

The next theorem is an easy consequence of Lindeberg-Feller CLT.

THEOREM 11.1.3 (Lyapunov CLT) For each n, let X, 1 < k < n, be independent r.v.s unth
EX,yp=0and 3, _ 08 =50 EX:, =1 Denote Fp(x) = P(3°) _ Xox < x). If

Y EIXaulfT =0, (1.4)
k=1

then

sup |Fonlx) — ®{x)| — 0.
reER
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Proof. The Lindeberg condition holds since

T . 1 1 ]
Eﬁji,kf{lxn,#l = E]’ < E_'j Zﬁlxﬂ,klz-l-ﬂf{lxﬁ,k = E}‘
k=1 k=1

1 ;
€0 EE|X,,_J‘.|2+" — 0. n
fe=1

|

An application: CLT for independent r.v.s

Let Xy,---, X, be a sequence of independent non-degenerate r.v.’s such that EX; = 0 and var(X;) =

2 | — 1
oy <00, j=1..n Let

.5',1=zﬂ:xj1 B'ﬁ_=iaf.
=1

i=!

and

Fn[.;l‘.‘:l = IJ[jS"Jle“ < 1"}

CoroLLakry 11.1.1 (Lindeberg-Feller CLT) The following two statements are equivalent,

(i) The Lindeberg condition holds: for every fived ¢ = 0,

(L]
B2 EXPH|Xk| Z eB,} =0, asn— o0
=1

(i) [a) 111&*-:15&5?1{&{33 » 0 and (b)) sup, g |F.(x) — Pz} — 0.
Proof. The theorem following by taking X, , = Xi./B,, in Theorem 11.1.2. g

CoroLLARY 11.1.2 (Lyapunov CLT) If

1 T
> EIXi[**? =0,

244
B”‘ k=1

then
sup |[Fy, () — ®{x)| — 0.

= s

Proof. The theorem following by taking X, , = X /B, in Corollary 11.1.3. g

Remarks.

(1) Both the Lindeberg condition in Theorem 11.1.2 and the Lyapunov condition (1.5} in
Theorem 11.1.3 are sufficient but not necessary for the CLT to hold. This can be seen [rom
the example where X; ~ N(0,1), and Xy = 0 if & > 2. In other words, these conditions
are stronger than needed to establish the asvmptotic normality. In fact, one can give a more
precise description about the rate of convergence to normality under these conditions. For
instance, under the Lindeberg condition, one can show that (see Petrov, 1995)

sup |[Fpix) — ®(x)| < A{A(e) + €) for anv ¢ = (0,
where .
Aule) = B2 Y EXPIH{|Xi| = €B,}.

k=1
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On the other hand, under the Lyapunov condition, one can show that (see Section 11.2 for

maore detail ),
sup | Fplx) — ®(x)| < AL,

where L, 5 = B, 21’::[ E|X:|*T and A is an absolute positive constant. Note that both
inequalities clearly imply the CLT.

(2) The Lindeberg condition in Corollary 11.1.1 is equivalent to

Tl
An(e) = B2 Y EXFI{|Xe| 2 eBi} — 0,
k=1

where B; = Zi‘_  EX[. To see this, first assume that Al (¢) — 0, then monotonicity of B

vields A, (¢) — 0. On the other hand, if A,{e) — 0. then the reverse implication follows by
noting that for all € = 0 and arbitrarily small § = 0,

v = B Y e Y | e z e

{k:BL<dB,} 1k B =408, }

B, Y EX;+) EXI{|X)|=eiB,)
Tk B <a B, ) k=1
< B7PB2 + A(e)
(where m = sup{k : By < dB,}. Note: B} < Bi <..< B2)
— {52 + 1"!.”_':'.'"}
— .ﬁl‘:"_

|

11.1.3 Central Limit Theorems with infinite variances

So far, we have discussed the CLT under the second moment condition. In fact, CLT can hold under
slightly weaker condition,

THEOREM 11.1.4 If X, {X,.n = 1} are iid. roos with non-degenerate d.f. F, then

l .l n
TI:lEI'LL P (B_Z]_ Xli _ -'q:u. < TI.!) ¢[‘I:I
i=

n .

for some B,, =0 and A,, off

lim P> C) -
o C2EX2I{|X| < C}

Moreover, A, B, may be chosen as

B, = sup{C:C zﬁ;xﬂuﬂgﬂ}gi}.
Tt

A = g,

EXT{|X| < B,

Proof. See Theorem 4, Chow and Teicher, p323. g

11.2 Uniform Berry-Esseen Bounds

The Central Limit Theorems state that the d.f. of the sun of mdependent r.ov.s converges to normal
d.f. under appropriate conditions. However, they give no information how fast this convergence is. It is
therefore of interest to investigage the rates of convergence to the normal law. These are provided by the
Berry-Esseen tyvpe inequalities. A keyv tool we shall use is the Smoothing Lemima.
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Throughout the section, let Xy, ..., X, be independent r.v.’s such that EX; = 00and E|X j|2+6 < 00
forsome 0 <d<1{(j=1,...n). Put

g S EIX [
Ty 2 2 _ 2 i=1
..E.'Xj—ﬂ'J, BH—ZJJ;:. Lﬂl-_'l— BEH"
. o
In particular, in the i.i.d. case, where EXE = 2, we have
o E’

B? = ne?, Lys= = L,i= :

- ! e (no?)2+512 — péfe’ A

11.2.1 Some useful lemmas
In this section, we write X, o = X/ By, 0, (1) = Fe'™ ox and 4, (f) = Feit 2 pmy Xk
LEmnaa 11.2.1
[Un(t) = ™2 < BLagltf* e E for [t < 3L, /. (2.6)

N

Remark: In the i.i.d. case, L”_ L’J{‘H'ﬂ = (nb/[2(2+5)]
Proof. Note that

Yalt) —e 2 = T wnlt) — ™72
L=1

= :::-:p{Zlnt_.L'ﬁ_k{f}} — et /2

k=1
t¥/2 - t
e U lexp Z In 1y k(1) + 5~ 1 (2.7)
k=1
Using Theorem 10.5.3, we have
Uni(t) = 1+tEX, g+ (i) EX ) +6 LA EX, P

1 .
= 1- Et‘! ok T Iﬁrltllﬂ IéEl-x'i'hﬁ‘lzl 61

where # is a complex number with |#| < 1. Noting that

a5y 1/12+4) DLE 1
o < 1] (B1X0a2) VO < 2/ < L
Thus,
: 1 1 l .'j
bty —1 = —x =4 —— < —,
|Tr*-n.,i{ } - 2 1 527 3
1 2
¥ LH]—”E = E {|I|£+‘5.Er|_.3'f |2+-5}

= (|m“k?+‘f|mnh|“ + (B X ) (P E

1 5
) L

— §|f_|2+ﬁﬁj Xk|g+ﬁ.

Xn.klg-l_ﬁ])

By Taylor expansion of log(1 + =z}, we can easily find that (see Appendix)

4
log(l+z) ==z + Eﬂ z|?, where
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Hence, taking z = 1, 1{f) — 1, we get

. , 4 , ;
It s(t) = 1+ Wslt) = 1) = (urt) = 1) + 200l s(t) - 11
1 . = - 214G
= —Efzﬂilk + Eﬂﬁ:|f|2+ﬂﬁrlxnlklj+ . E*—l E 1.,
and thus
& Zi]ﬂ’h‘l’ t(5}+£=i]11[1+rk]+ﬁ= §E|t|2+'§f, 5 B < max [#] < 1.
k=1 h k k=1 2 il e I<k<n

Clearly, |5 < 2/5. So from (2.7) and the inequality |e* — 1| < |z|el*| for every complex z, we get

-] 5 P

i 8 1 "
< '5'-'_:;"{25 I!-li—l--e'll."l:._.rrllst_:ﬂ.l"-l
a
= H|-'|:|z_é‘i:"nﬁ‘-"-)'_l /2 [ |
LEmnA 11.2.2

» L 1/4
Gnlt) = e 2 <ULt for el < (=) (28)

Proof. Consider the symmetrized rov. X7 . = X, ; — Y, ;, where X ; and Y, ; are independent with
the same distribution. Clearly, X7 ; has the e.f. |y, ;(t)|* and the variance Ecrft! ;- Furthermore, by using
the inequality |a + 8" < 2" Y{|a|" + |b]"), we have

;{'.‘i

D T, |i+ﬁ'

‘]'i'rri..j are + F 15V:'a..j 2+H] E 8E Xﬂ.j

Using Theorem 10.5.3 and the inequality e® = 1 + ¢ for all real &, we have

. f

s Lo *
PagOF = 14 GOEX;; - SPE(X3 ;)% + 0t Bl 2 (29)
< 1-02 2 48P E|X, 2T
< exp {—op ;2 + 8P E|IX, 1P

n,j"

From the assumption that [t]* < 1/(36L,, ;). we have

7
Wa(B)* = [ |ns(t) < exp{—t* + 8[t*T L5} < exp {~t* + 8¢7/36)
=1
= exp{—t* +2t*/9} = exp { Tt /0} < exp{-2t*/3}. (2.10)
a o ' — 0, then trom Leymna 11021,
If [t < (2L)3") =1, then from L 11.2.1

[ (1) — /2 < BLyy g[tP e 2 < BL gft]* e

(b) T (2L )71 < 1] < (36L,5)"V/%, then (2249)71 < [12*9, few, |24 Ly 5 = 27340 >
2% = 1/8. Thus, then from (2.10),

[Um(t) — E’-_zjl'm| < | ()] + e=/2 < Zexp{—17/3} < 16L,, 5|t 248 —t/3 "

If we take & = 1 above, we have

COROLLARY 11.2.1 Let Xi,..., X, be independent v.o.’s such that EX; = 0 and E|X;|* < = {j =
1,....n). Pui

X7

i T
T z 2 2 —3/2 -
EX;=02,  Bi=)Y o}  Lai=B"?) E
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Let by, (1) be the c.f. of the random variable B2 Zf_l X;. Then

(1) [alt) —e P S BtPLupe™ 2 for|t] < i,
a1

(2) [nlt) — e 2 < 16| Lage™ 1 for i) < wL o

The corollary becomes even more apparent in the i.i.d. case.

COROLLARY 11.2.2 Let Xy, . X, be od, v ’s. Let
EX,=0, EX{=0¢">0, E|Xi|®<oc, p=E|X /"
Let 1, (1) be the c.f of the random variable @ 'n~1/2 Z;.“_l X;. Then

(1) [wn(t) —e 2| < BJtPpe™Pn~V2 for |t < (2pM/3)~Inl/S,
(2) [ () = e "2 16|t Ppe = B2 for |t] < (36p) 'n}/2. g

11.2.2 Berry-Esseen bounds

THEOREM 11.2.1 (Berry-Esseen bounds for independent r.v.’s) Let Xy, ..., X, be independent
r.v. s such that EX; = 0 and E|X;|*T < oo (j = 1.....,n) for some 0 < § < 1. Put

T
LThlf - E;{E-Hi} ZE|XJ|E+E'
=1

Then for all n,
sUp FT?-{H:} - "ii{j‘}l| = ALT?-J}*
rER

Proof. In the Smoothing Lemma we set T = (36L, 5) "/*. Note that @'(z) = ¢(z) = (2r)" Y2 *"/2 <
(2x)~ V2. Then we have

2 (7 2 24\
sup | F,(x) — ®(x < - t= |, (1) — et 12| dt 4+ —=
wp(Fu(e) = 0@ < = [ 107 o) et
.
24\
< '-rr_'f 161, st e ”dt+T{36Lm5}”5
{l

< Cslps+CsLY?.

.d

If L;’Tﬁ < 1, then sup, |F, (x) — ®{x)| < 205L,, 5 with A = 2. On the other hand, if Li’rg = 1, then we
can simply take A =1. g

In the ii.d. case, Theorem 11.2.1 reduces to the following corollary.,

JOROLLARY 11.2.3 (Berry-Esseen bounds for i.i.d. r.v.'s) Let Xy, ... X, be idd rous Let 6 £
{0.1], and

EX;=0, EX{=0">0, EXi|*" <00, ps=EX\*" /0

Then for all n,
sup F(z) — 0(x)| < 208

reR nb/2

In particular, the case § = 1 gives the most familiar Berryv-Esseen bound.
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CorROLLARY 11.2.4 Let Xy, ..., X, be vad rov s, Let

EX, =0, EX] =0 =0, ElXi? <o, p=E|X|*a

Then for all n,
Ap

'H.I

sup | Fulr) = d®{x)| <
relR

Remarks.

(1). The constant A in Theorem 11.2.4 can be taken to be 3, see Feller (1971). However, the
best known constant is A = 0.80 given by Berk (1972).

(2). Berry-Esseen bounds hold for all n and 2, so in that sense, they are not asymptotic
resilis.

(3). The order of estimates n="? in Theorem 11.2.4 can not be improved without additional
conditions on the distributions of our rov.’s. In other words, the third moment condition is
minimal.

EXAMPLE 11.2.1 Let P(X; = £1) = 1/2, i = l.....n. Denote S, = 3., X,. Suppose that
n = 2m is even. From Sterling’s formula: n! = +2mnin/e)™(1 + o(1)), we have

n ny 1 1 n!
P55, =0 = P (;j{}ﬂ =1} = m) - (m.)ﬁ - 20 2
varn(n/e)™(1 + o(1)) 1
(VZrm(m/e)m (1 + o(1))* 2"
V2

= —=(1+o(1)).

Jan

That 15, the d.f. of S5, has a jump of size U‘[n‘” ) at 0, and can not be approzimated by o
continuwous function al 0 with error zize of less than t_’}[n—” 2). More precisely, we have

P ((Sy = ES,)/v/var(5,) £0) = P (S, <0)

(P(Sy < 0)+P(S,20))  (by symmetry)

Fu(0)

— | =

= = U}I:.Er'n = nj + P {Sﬂ = 'I-” + IJ(SH — ﬂ}:l - % “ + P{S“ - D:I}

2
1
= (0] + M“ +of1)).
Hence,
sup |[Fy(x) = ®(x)| = |[Fo(0) — @0} = ;m“ +o(l))

I other words, the diserete d.f. F,(x) can not be approzimated by o condinuwous d.f. & Lo an
accuracy smaller than (2mn)~Y2(1 £ o(1)).

(4). The above example also shows that even if the r.v. has moments of all orders, the order
of error in the normal approximation is still [}[rr._lfzjl- This is because we are approximating
a distribution with jump size D{n_”?_] with a continuous distribution. Better approximations
are possible in this case by using Edgeworth tvpe expansions, which will be discussed later.

(3). It also follows from the example that the absolute constant A in Theorem 11.2.4 is not
less than (2mn) =12 = 0.4, This is also true for other Berrv-Esseen bounds,
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11.2.3 A generalization of Berry-Esseen bounds
Here we shall give Berry-Esseen bounds assuming only second-order moments.

Tueorem 11.2.2 Let Xy, ... X, be independent r.ov.’s such that EX; = 0 and E|X;|* e
1.....n). Put

.Y_J|ET{|_YJ| > fﬂra}r

e
Mule) = B2 E
=1
(L]
Ale) = B2 Y EIXGPI{|X;| < eB,}.
j=1

Then for all n and € = 0,

sup |[Fula) — @) < A(Asle) + Au(e)). n
v R

Proof. Omitted. g

Remarks.

e brom the definition, we have, for all € = 0,
el
A(e) < eB2 Y E|XGIPH{| X < eBp} <e.
1=1
Therefore, we have the inequality,

sup [Fro(x) — ®{z)| < A{Aa(e) +¢).
=R

which, in turn, implies the Lindeberg CLT since Ay(e) — 0 as ¢ — (.
e On the other hand, we note that, for every & € (0,1],

S B,
‘Hﬁh‘i

244

Aple) 4+ A le) <

Then we derive the Berry-Esseen bounds

A" E|XP
sup | Fy(2) - &(x)] < ===

which, in turn, implies the Lynapnov CLT.

11.3 Non-Uniform Berry-Esseen Bounds

We have seen in Section 11.2 that the minimal condition for Berry-Esseen bounds of order O(n~1?) is
the existence of the third moment. Also we have seen that higher moment conditions can not improve
the error order O(n~1/?} uniformly for all . Although Berry-Esseen bounds are true for all n and =,
they are only useful in the center of the distribution. They do not accurately desecribe the tail behavior,

On the other hand, by using Chebyshev's mequality, if F
for o =10,

X|" < oo for some » > 2, then we have,

|Fo() — ()| max{®{x) — F,(x), Fplx) — ®(x)}

< max{l — Fu{x),1 - &{x)}
”m:.;{F[ﬁ.f =), PIN{0,1) > x)}
< A11 max{ FE[vnX|[", EIN(0,1)|"}
<
axt



where the last line follows from Rosenthal inequality (e.z., Petrov, 1995, ph9):
2 Xl
1
1L e -F'-'IIIE
< nPC | Y EXl + (Z EXE')
1 1

< n "”L’f(n+n"”) <

n-TE

ElvnX|

Similarly. it is also true for x < (0. Therefore, for all x, we have
v
(1+|=))

Although this bound is good at the tails, it is not good at the center since it does not involve n as in
Berry-Esseen bounds, g

() — ()] <

So a more informative way to describe rates of convergence to normality is via the Non-uniform
Berry-Esseen bounds, which involve both n and .

THEorEM 11.3.1 Let Xq..... X, be id.d. rov's. Let
FX, =0, EX]=¢%>0, ElXi?<oc, p=E|Xi|*/a’

it

| —
Fole) =1 A=
(z) o njzz; !

Then for all ¥ and n,
Ap 1
‘wlE) — < .

For the independent case, we have

XiP<x{i=1,..n)

THEOREM 11.3.2 Let Xy, ... X, be independent r.v.’s such that EX; =0 and E
Put

X2

T TE
ryed 2 2 _ 2 — =32 1
EX!=0}  Bi=) o, L,=B?)E
i=1 i=1
TE
Fulx) =P | B'Y X, <u
i=1

Then for all n and x,

|[Fl) — ®(a)] =

THEOREM 11.3.3 Let X4, .. X, be iid with E|X " < 00, v 2 3. Then for all  and n,

E|X P /e®  E|X |r,f.fr> 1
Folre)—d(x)| <O, - - .
Fate) — 80| < ¢ (BT BT L

THEOREM 11.3.4 Let X, ..., X, be i.i.d. with E|X,** < oo, d € (0,1]. Then for all © and n,

CyE| X, |28 1
gitind/2 1 4 |p|2H4

Folz)—2ox)| < 1

11.4 Edgeworth Expansions

The CLT can be established under second moment condition. Under higher moment condition, Berry-
Esseen bounds give convergence rates to normality. For instance, when E|X,[* < oo, the error in the
normal approximation is of size O(n~'/?). This suggests that one may include more correction terms in
the CLT in order to get better approximations than normality. This is so-called Edgeworth Expansions.
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11.4.1 Heuristic argument for informal Edgeworth expansions

For simplicity, assume that X, X, Xo, ... are iid. rovs with EX =0, EX? =1, and p= EX*. Let

Fu(z) = P(vn(X = 0)/1 < z) = P(ynX < x).

It is known that F,(xr) = ®{x). We will use the c.f. approach to derive a more accurate approximation.

Note that ¢y (t) = 1 + #tEX + (it)?EX? + L(it)*EX® + o(t?) = 1 — * + L(it)*p + o(t*). Hence,

1 n
Uy (1) = O (/) = (1= 5o + i+ "/ 20(e")
I .
Hence, using In{l +x) = x — 1 + £l + ..., we have
1 5 L —3/2 43
Int mx(t) = nln|l- b+ W{ﬂ} p+n"" alt?)
| | Qi oo
— n( Er:-,tg ; ﬁﬂﬂﬁ{it}“"p Fn 2ot 4 )
¢ 3 1/2 o
] + Y (it)" p+n olt") + ...
Thus,
, , Y 1 , _ .
P mx (1) = ¥ (t/vn) e~ % exp] 12 (i) + = 2o(t?))

— P2 ] Nk
e ( -I-mlf,(-r.]p—l—.-_

_;al,-'ﬂ 'i —E 2
= p + [—;nlf?{”} /2y

Therefore, the “formal density” of /X is

[ _t”w,.;,lx ()t
/

f-,‘,-'rﬁ."'_l:' [*Lj

”I—‘Wlh‘

Gnl/? 27

= Enlﬁ Hy(x)dir) + ..

Finally, we integrate the “density” to get the d.f.

i

= B(x) Ly Ho(x)é(x) |

)

where the last line follows since
o
EHQ{.B}(II{I} Hi(z)o(x) + Hal(z)(—x)o(x) = 2zo(x) + (—2 + z)o(x

—(2” = 3x)o(x) = —Hs(x)o(x).

11.4.2 Hermite polynomials

It is known that the standard normal r.v. has the e.f. et/ 2 Le.,
dlx) = —e /2 = L/MJ et 2t gy
A2 2 J_ o .
By repeated differentiation w.r.t. x, we get the identity
¢ (x) = (=1)" Hi(x)(x) = / (=it)'e™ Tty k=0,
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where Hy is a polynomial of degree &, and it is even or odd whenever & is even or odd. The I are called
Hermite polynomials. Tt is easy to check that the first few Hermite polynomials are

Hi(x) = =

Hi(x) = z° -1,

Hy(x) = z*— 3,

Hy(zx) = z*'—62%+3,

Hi(z) = z°=10z° + 15z,
Hy(x) 2% — 152" + 452 — 15.

Finally from ({4.11), we have, for & = 0,

Ifk[::;::lql_ll::;:l] = 2]_,— / {it}kﬁ—rgfiﬂ—ﬂa'dt‘
{ﬂ}#f‘-_luﬁ = / Hi () b(x)e "™ dt. (4.12)

That is, the Fourier transformn of Hy(x)o(x) is I::H.II""E_‘:2 /2,

11.4.3 Relationship between moments and cumulants

Recall the o.f. of X is defined as 0(t) = Ee'™ . The relationship between the moments and the derivatives
of the c.f. {when both exist) is given by

vy =" EXY, k=0,1.2....

Define £(t) = Int(t) = In Ee'™Y to be the cumulant generating function, and define the cumulants s 's
by
0 = ke k=0.1,2, ...

The moments and cumulants are related. For instance,

FL3] = .E..}'fl = K.
pr = EX®=p+ i,
Hz = EX3=H3 | EEIHQ T Ef,
g = EX 1= gy + 4k, fg + Hﬁ.g — Gﬁ.gﬁ.? - hal
and
K1 = p = EX,,
Ko = pa— = E(X — )%
Ry = pa— 3pmpe + 2 = B(X — m)?,
Ky = fag — 4y — 3p3 4+ 120007 — 6p]

= B(X —m)' - 3(B(X - m)*)°.

11.4.4 Edgeworth expansions

Berry-Esseen bounds state that the error incurred by approximating the d.f. of a normalized sum by
a standard normal d.f. is of size O{n~"?), This suggests that it is possible to incorporate the error
term and obtain a more accurate approximation under some restrictions. For simplicity, we shall only
concentrate on the iid, case here,

THEOREM 11.4.1 (Edgeworth expansion for i.i.d. r.v.'s) Let Xy, ... X, be iid rv's from a d.f
F with EX, =0, EX? = ¢ = 0, and finite third moment py = EX?. Suppose that F is a nonlattice
d.f., then

sup |Fu(@) = @(a) + 53 = Ha(r)o(x) | = ofn™ ).
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FProof. In the Smoothing Lemma, we put

Fix) = F,(x], and Gla) = ®(x) — Halx)olx).

H3
603/
The derivative of G(x) is

G'(x) = ¢(x) + E;—"iﬁﬂacmwk

whose Fourier transform is

vo) = [ (60 + G52 = Hala)o@) ) ende = /2 (14 B0 )

First fix € = 0. We then choose T = ay/n in the Smoothing lemma, where the constant a is chosen so
large that 24 sup,, |G'(x)| < ea, then we have

1 I.'Fﬁ
Ac=sup |F,(e) - Gle)| < —f (|~
- T J_—ayn

" ({T—;ﬁ) - 1.-;1,3{;,}‘ dt + % (4.13)

We partition the interval of integration into two parts:

|t

(i) d<—=—<=<a/e, (ii)

Vvna

where 4 = 0 is arbitrary, but fixed.

It s

Vna ~

(i) We first consider & < |t/ /{\/no) < a/o. Since F is nonlattice, the maximum of |t )| < g <1
for & < |t,.| < a/o. Therefore, the contribution of the intervals § < |t,,| < a/a to the integral in (4.13) is

o .
5:[ tllq“‘-ﬂ’“(ll )]dt
Jsem

and this tends to zero more rapidly than any power of 1/n.
(i1} Secondly, let us consider || < do/n. Note that we can rewrite A as

pat?

T

£

i1 . ¢ .
< =Tt/ e SRR ) - B3 (i) - — 4.1
A < ./;m,m It| " "e pr{mf (Jﬁ)} [1-|— ﬁﬂ3ﬁht] ] dt N (4.14)
where .
£(t) = Inw(t) ”;

The integrand will be estimated using the following inequality: for any complex o and 3,

e —1-3| <
: 1
< max {Eli‘l,e“”} (lf}. — 8]+ E’:FE) : (4.15)

To see this, letting v = max{|a|, | 3]}, then

*—e’| + e —1- 4

2 3 2 i3
e* — €| = (1|nr|g!+§!+...)—(1+ﬁ+“§]+’;!+...)‘
1
=[-8+ ge? = )+ gitad = 59 + .|

= |er—.'5'|‘1+ o+ 3)+ {ﬂ +ad+ 54+ .. ‘
< o=l (14 )+ 5{3':-'2]""---)

_ 1
o — 3] (1+  + Eﬂr - )
= |a—3le",
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and

A s

€ —1-9 a

fEa i |3]°
T < — 1 e <
or Tt ‘ 2(+|.;f|+ L TR I

Since E|X1|* = oc, the function £(t) is three times differentiable and £(0) = £'(0) = £(0) = 0
while £7(0) = i%ug, and £”(#) is continuous. Thus by the three-term Taylor expansion,

(it) g + oft?).

!:IJII—

£(t) = €(0) + €' (0)t + 5€" (O + S€"(O)F° + o(t*) =

We conclude that, there exists some small & = () such that

5 < e |t]* for |# < 4.

1
‘fit}' — —p(it)?
Here we can choose 4 small enough so that

I
< 45%3 for |t] < 4.

0] < 1072, ‘ Lty

Hence, using (4.15), the integrand in (4.14) is

ik w2
< ¢~ et | 346
= [t i T20%n

Therefore, the contribution of the intervals |t| < do/ to the integral in (4.14) is o{n~"?) since € is
arbitrary. Therefore, we have shown that A = o(n="?), g

The argument in the above proof breaks down for lattice distributions becanse their c.f. are periodic
and so the contribution of || = doy/n does not tend to zero. In fact, for a lattice d.f., it can be shown
from the inversion formula that the largest jump of F, is of the order of magnitude n= "2, and hence
Theorem 11.4.1 can not be true of any lattice distribution. For a special example, see the remarks in
Section 11.2.

ThneoreEM 11.4.2 (Higher-order Edgeworth expansion for ii.d. rov.’s) Let Xy, X, bedid rou’s
fromadf Fwith EX, =0, EX{ =0 =0, and finite r-th moment p, = EX] withr > 3. Furthermore,
assume that

limsup [10(t)] < 1, (Cramer’s condition )

L=

then we have

sup | F(x) — ®(x) — Zr:-n_'““_zm Ri{x)g{z)| =
k=3

el

o (.n—:-r-—z},fz) 1

where Re(a) is a polynomial depending only on population moments of order < v, bul not on n and r.

Proof. The [JI'D'Df of this theorem is very similar to that of Theorem 11.4.1. In the Smoothing Lemma,
we put Fixr) = F,(z) and

Glr) = ®(r) + ZT: n”ETHE R (@) o),
k=3

whose derivative has Fourier transform

] R . “f.i[it]j, —{j—2)/2
'Elnl.l-ﬂ{ﬂ}—ﬂ 1+E—'IH

J
=z o
where s; are the comulants of order j. Choosing T an'" =2/ in the Smoothing Lemma, where the
constant a is chosen so large that 24 sup, |G'(x)| < ea, then we have

A = iR -Gl< L [

(I s

T |t (.-r:-ﬁ) e (t) e
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We partition the interval of integration into two parts: |t| < don and doyn < |t £ T, where
d = 0 is arbitrary, but fixed. First, consider do/n < [t| < T. From the Cramer’s condition, the maximum
of [¢2(t)] < g < 1 for [t = 4. Therefore, the contribution of the intervals doy/n < |#| < T to the integral
in (4.13) is

"
{[ gt e 1+ Z Gl =272 | |
T ST j=3 o J

and this tends to zero more ripidly than anv power of 1/n.
Second, consider [t < doyn. Let

(0 =mp(+ 20, =143 2

al !
=3 7

exp {m‘: (ﬁ)} - [1+n‘u" (gtn)”df-i-m._ (4.17)

Then we can rewrite A as
T J
A= f |tl|—1c—-l /2
—-T

See Feller, page 535,

The integrand will be estimated using the following inequality: for any complex o and A,

[T =T
ﬂ_]__:-j_.___i < |e™ — e + [ — ]_I{j_”_i
m! !
| | "]' 'a.rn+l

< { al el } = F|+ —]. 4,18

< max (t‘u Al + T 1}!) ( )

Since F|X.|" < oo, the function £(t) — v*(t) has j continuonus derivatives at {0 and it is easy to check that
all of them are (0. Thus by the r-term Taylor expansion, we conclude that

lE(t) —v™ ()| < ea”|t|" for |t| < 4.

We can further choose 6 small enough so that

()| = %-:r"*t"*,_ v (t)| < Catlt|*  for |t| < 4.

() ()

“(El<5 )l

Hence, using (4.18), the integrand in (4.17) is

1 43y, .=.|i',|3 H-?
< [p~ et LM e
£ v T20%n

Therefore, the contribution of the intervals [f| < doy/n to the integral in (4.17) is {J'I::'H._]"IIEJ since £ is
arbitrary. Therefore, we have shown that A = o(n='?). g

Thus, if || < doy/n, we have

< et

and

THEOREM 11.4.3 (One-term Edgeworth expansion for independent r.v.’s) Let X, ..., X, be in-
dependent rov's with c.f. ; and EX; = 0, E.]i'f = cr? =0, (1 <j<mn) Lt B = Z};laf ani
Han = l:;;' EX?. Further assume that

|H-

G170 = O, where (0 < Cy << 0,
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2. eno< B.ﬁ < ('n, where 0 < ¢ < C' < oo,

3. ([ ent)| =o(n= %) uniformly in [t| > & > 0.
k=1
Then
Sup | Fu(w) — ®(z) + #Jz Hy(x)é(x)| = o(n™ /%),
weh E}B:u

Proof. In the Smoothing lemma, we put Flz) = F,,(x) and

G(z) = B(@) ~ g Ha(w)(2).

The derivative of G{x) is

G (x) = olx) + = 3 Ha(2)62),

, ¢4 L3
vo(t) = /2 (1+ (i),

Choosing T' = av/n in the Smoothing lemma, where the constant a is chosen so large that 24 sup, |G'(z)| <
e, then we have

whose Fourier transform is

A = sup|Fulr) - Glx)
T | [Ty v () — et
- 1]‘ | “E(B,,) G J{ﬁ{ € (1.19)
- owJ_r t V1

We partition the interval of integration into two parts: |t| < 6B, and 68, < || < T, where § = ()
is arbitrary, but fixed. First, consider 68, < || < T. From the assumption, we see that the contribution
of the intervals B, < [t| < T to the integral in (4.19) is

) dt

-
2
< j gt () dr—f p—le—t7/2 (1+
&3, H &Ly,

< oln~V?) [ Nt + o(n V3
Jig,

o(n ") In(T/6B,) + o(n %)
o(n~1/?),

Hin
6733

Tt

Second, consider |t < 45,,. Note that we can rewrite & as
T 3
R t fan [ it
A < et laxp dg (L) L o [ 4 Hon (00
o ./;T | ‘ o ‘E B‘?:I " i E

£(t) = Zlnm )+ = B?F

€
dt + ;f_{?_lr (4.20)

where

The integrand will be estimated using the fulluwmg inequality: for any complex o and 3,

e* —1-3 < |=‘3EIE ct'g|| e? — 1 ,5|

< max {c'“',cl"ﬂl} (lﬂ' - 3]+ %ﬁj) . (4.21)

since f < oo, the function £(1) is three times differentiable and £(0) = £(0) = £"(0) = 0
while £ [{}I]I i Fi-:lru’”- and £7(t) is continuous. Thus by the three-terin Tayvlor expansion, we conclude
that

- B Hin .. .3 EBE;.lfla
€(1) — i) ‘ < ese i<
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Here we can choose d small enough so that
B2

4n
Hence, using (4.21), the integrand in (4.20) is

- : if|:F T
< |f]-Lp—tt e €l " 146
= Vit T20%n

Therefore, the contribution of the intervals [t| < do\/n to the integral in (4.20) is o(n~'?) since € is
arbitrary. Therefore, we have shown that A = o(n~ V4], g

for |t < d.

£(2)] <

23
|rI'R.IJ. ' H‘ f:;”_t
(it) A

Tl

THEOREM 11.4.4 (Higher-order Edgeworth expansion for independent r.v.’s) Let Xy, ..., X,
be independent rov's with o f. ;. Assume

(i)  (moment conditions)
T

1
Cr<n™'Y EX;<Cy n 'Y E

i=1 i=1

X;|"=<Chy (r=3)

(ii) {smoothness condition)
e

H U (t)

= r,l{?';_[r'_"!]"r":} uniformily in 77777 = |t = 4 = 0.

k=1
Then,
r—2 .
sup |Fu(x) — ®(x) + Y 0 U D/2P, (2)é(x)| = ofn~""D7%). g
re i !

In the iid. ease, it reduces to the following theorem.

THEOREM 11.4.5 (Edgeworth expansion for i.i.d. r.ov.’s) Let X, Xy, ..., X, be id. ro’s unth
e fo 1. Assume
(i) (moment conditions:) E|X;|" < C, (r = 3)
(1¢)  (smoolhness condilion)
(a). The d.f. of X is nonlattice if r = 3.
(b). limsup ()] <1 ifr =3,

| —o0
Then,
=
sup | Fy(a) — ®(x) + Y n U™22P (a)d(x)] = o (ﬂ—{a-—z:m)_ .
el -
i=3

11.5 Non-uniform Edgeworth expansions

TueorEM 11.5.1 (Non-uniform Edgeworth expansion for i.i.d. r.v.’s) Let X, Xy, .0 X, be d.id.
ro s with mean 0, varianee o = 0, and e.f. Y(t). If E|X|" < oc for some integer k = 3, then for all n
ard @,

r—

Folx) = ®(z) + Zﬂ =22 p (x)¢(x)
i=3

LB

ol

X|"H|X| = el + |2|)}

o {1+ 2l 7
E|IX[™H|X] < ayn(l + [x[)}
] (1 + |j=-|:|.l+'|.nl:i"—]_|,-"2

' . 1\ et
l E" SHp h‘”“” { *n (1 T |:L‘|j|1"+l!

t Eﬁ =

[

+C,
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where d = 13 J,f.r;.l;,, and Cy = 0 is a constant depending only onr. g

LH]
ir{t)| < 1, then for any & = 0, supy =4 [¢(f)]| < 1, so that the factor ($up|,_|;_,,5 [ () + ﬁ)

decreases to U faster than n™® for any a = 0.

If i supyg .

Some consequences of the last theorem are given below.

THEOREM 11.5.2 (Non-uniform Edgeworth expansion for i.i.d. r.v.'s)

Suppose that limsup, . [¥(t)] < 1 and E|X|" < o0 for some k = 3, then there exists a positive function
clu) such that limy, ... =0 and

P2
. ~(i=2)/2p (bl < e (vl + |z[)) _
File) = @)+ ORS00 < ST Laly
TueorEM 11.5.3 (Non-uniform Edgeworth expansion for i.i.d. r.v.'s)

Suppose that lmsup, o [@(t)] <1 and E|X|" < 0o for some k = 3, then there exists a positive function
e{u) such that lim, ... =0 and

r—2 o 1
(L el | Eala) = 8(0) + 3 0702y (2)ota)) = o (s )

j=3
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11.6 Large Deviations

All the limit theorems and expansions derived so far deal with absolute errors. Although they are useful
for moderate values of @, they are less meaningful for large . For instance, CLT states that

sup |[Fp{z) — ®(x)] — 0.

ecli

However, for large |z|, both F),(x) and ®(x) are either close to 1 or 0, therefore, the statement of CLT
becomes empty. In this section, we will look at the tail probability 1 — F,{x) = P(y/nX > ) as
T =:r, — o¢, For simplicity, we shall assume that Cramer condition (to be given later) holds.

11.6.1 Cramer conditioin
Let X. X, ..., X, beiid rv.'s. Let the following Cramer’s condition hold:
EetY < a0, in |t < H for some constant H = 0.

Cramer’s condition simply means that the moment generating function exists near the origin, and implies
that moments of all orders exist. Several equivalent forms are given below.

LEmMyA 11.6.1 The following assertions are eguivalent:

(1) Eett < oo dn|t| < H for some constant H = ().
(2) Ee®¥l = o0 for some constant a > 0.

(3) P|X]| =&)< be™™ for some constants b, e = 0 and all x = ().

Proof.
“(1) — (2)". This follows from

L oo
Eﬁulxl _/ H—ui-riF(m:I +f EIlTI’iFl::’]‘)‘] ..;_: EE&.J{ + EE—-{JJ{ = 0.

—oD (i

“(2) — (1)". This follows from ' < !Xl
“(2) — (3)7. This follows from
P(IX|z )= P(alX| z ax) < e ™ Ee"™, 2,00
“(3) — (2)". Note that
Ee'N = Eem"N[IX <0} + Ee"MI{X =0}
= fﬂ e “dFi{r)— fm " d(1 — Fx))
== Il_:-:fg. ’

Now by integration by parts, for 0 < a < ¢,

I = — [ F)ly + fiil — F(x))de™

< [1 = F{0)] = lim bel*—c 4 af be'®c)T gy
il

fr

L

Sunilarly, we can show that 5 < oc. g

Part (3} of the above lemma states that the tail probability of X decreases to zero exponentally
fast under the Cramer’s condition,
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11.6.2 Conjugate (or associated) distributions

One of the key tools in large deviation theory is the so-called conjugate (or associated) distribution. Let
X, X1, .., X, be iid. rov.'s with a common d.f. F. Denote the moment generating function {(m.g.f.) and
cumulant generating function {c.g.l.) of X hy

oo

Mx(t) = Ee'¥ _f e dF (), Ky (t) = In My (t).

o

DeFmviTION 11.6.1 Given a d.f. F, define its conjugate (or associated) distribution by

fEmE”IrIF(m] Iffw#_"“".—IF{.-nj v
Gly) = = = ey~ RKxSlgp(g)
V= e dF () My (f) . '
ar equivalently,
S SEdF .
dGI:‘F:] _ e d ELj _ e d ELJ _ E.ﬁ.l—ﬁ-;{[.ﬂ}dF‘{ﬂ}- .

[ emdF(x) — Mx(s)

We shall provide several usetul lemmeas.

LEmya 11.6.2 1t is easy to see that m.g.f.'s and c.g.f s of X and Y are related by

My (1) = %{:Jﬂ Ky () = Kx(t+5) — Kx(s). (6.22)

In particular,
EY = Ky(t)|t=0 = K'x(s), Var(Y) = Ky (t)]i=0 = Kx(5).

Proof. Omitted. g

REMARK 11.6.1 After a change of measure from F to G, the mean of X is changed from EpX = 10
under F to EqX = K\ (s) under G. By choosing different s, we can freely change the mean to any
(allowable) location. In particular, in estimating P(X > @) for some large ©, we can choose appropriate
g s0 that the point o becomes the cenfer of d.f. rather than the todl. The reason for doing this is that one
con apply many nice results such oz CLT, Edgewoth erpansions, efe, which behave very nicely near the
center of the d.f.  p

LEMyA 11.6.3 Let Y. Y. ... Y, be iid ro's with a common d.f. . Define

Re-r(Sxse).  Gw-r(Sns)
] 1=1
Then

e x l;.s}dE‘ () = _

i { :I fy o J.ym EHEI;H"L(:IJ:I J"ﬂ'm {-_-Hf"-dff-;,f{;c:l fyx E-."q'ran{J-'}
nW)= [ (eKx (=) My(s)  [2, edFu(x)

or egquivalently,

et dby (x)  e*TdFy () e dFy ()

dG, (2} = ™= Bx Bl gE (4} = = .
o O Oy T MG L ey )

Proof. The LHS has m.g.f.

s - o (Mx(t s\t My ()
e e (tg}r) -0 = (S007) e e

The RIS has m.g f.

[m " Eﬁjld};‘{xj = fxm E“.+H-:wd'}ﬂﬁ{lr} _ ﬂfz:l—] Ay I:! + S}
W =00 f_ﬂﬂm EHI{LH;:- {3} a trfﬂm E!-'Fil:d.f";l I:-T] B Iul:l,:l X, |:.,J} '
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By the unigueness theorem, we hence proved the lemma. g

The following lemma is eritical in deriving large deviation results.

LEMMA 11.6.4 If we choose 7 such that K (1) = z, then we have

=]
P(X>z) = elFx0rK@) [ o=mn/nKEgp (T, < y) (6.23)
ey
. o= e
_ enlsm—Kx (7] e TIWRER TGP (T, < ) (6.24)
J0
(= = 8
{_:—ft:|11|:|t:_”[zt—}('x|:tj]f {_:—Tgrq‘,fttﬁ'fé[T}dP(Tn o 1-” . {ﬁgﬁ-}
L1

Whﬁr‘f T - T 3l
X Yi-nEY Y- nEY
" -

nVar(Y) k' (s)

Proof. From (77),

P(X>z) = P (i)ﬁ ::-rr-z)

= fmdf:'(zﬂ:x*‘:_:l')

=1

=0 fﬁ
— f e HI!lon[:s::ldP EEEI)

= llu 1
(S Yi—nEY _ - nk(s)
v vnVar(Y) /K (s)
£
_ EEHILI} \/ﬁlx-x-l . ﬂ—.ﬂ{ﬂ.{{x[.w}+y\frr..!ff,:.[.w}:|d1; I::f;; < {”
KL (o)
a0
_ ﬂ'r.!.:f':_x{ﬁ_:l—.'g'.rfrxl:_.'g'_:l] E—Rllh.-'u}'f;ﬂ.‘s:ld_lij {T';1 E y} :

W ::—H"!:I:d]l

5 ."H_‘;:_i.»._l

e
— HﬂHxl:ﬁ':l / e 5 4 P
1.z

where N
_— S, Y, —nEY ) - xr— nfi’}(s}_
" nVar(Y) ni(s)

If we choose 7 such that K (7) = 2, then we have

P(X>z) = @Ol [ oniEap (T, <y). g
[

11.6.3 Large Deviations

From Lemma 11.6.1, under Cramer’s condition, P{5,, > na) converges to 0 exponentially fast. More
careful analysis can give a precise convergence rate.

THEOREM 11.6.1 Let Xy, Xa,... be i.i.d. with mean 0 and m.g.f. M(t) = Ee!* < oo for |t| < 4, and
K(t) =log Mi(t). Then,

lim P(S,, = na)'™ = lim P(X = a)'/" = e WPeolat =Kl . o—nla)
(L] T

ar equivalently,

lim . In P(S,, = na) = suplat — K{t)] =: nla)
noM £

where n{a) = supy-glat — K(t)].
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REMARK 11.6.2 From the theorem, the bound is inferesting if nla) = 0. It suffices to show that af —
K(t) = 0 for some t = 0. To prove this, we note

at — K(t) = at — [K(0)+ K'(0) + %ﬁ’”(mﬁ +o]

1 1
= at — Enﬂﬁ + oft*) = at (1 - Eg% —|—:3|:.f,}) =10
when £ = 0 i3 chosen to be small enough. g

Proof. We first give an upper bound. For any £ = (0, by Chebyshev inequality, we have

((Eﬁtl’]}n)lfﬂ M(t) :EK{”_“""

E:mt - E-ui

Eetsn ) Lin

P(Sn - Ha}l..-'n _ F(ELS“ - Ermt}l,-"n < ( ot

Take int,~q on both sides, we get

P(s, = na]lfﬂ- < inf eff(tl—at _ Eirlfr_:-u[ﬂ'{f-,'l—ur.] _ E—mml},,[ur—ﬁ’{tj:l
i1

Next we will give a lower bound. From the last lemma, we have
1 g ¢ : = " lllllu
P(X = ua) = elEx(r)—sK(r)] (f TV PR P (T, < U})
0

oo
_ {__.—'i.']("‘} (/ E{_Ty‘.-’(“K:{'I:T]ﬂ[P{Tﬂ = H})
0

. E—i.':'(te-}ﬂ:?fu_

1/n

Tt suffices to show that AX™ > 1 as n — oo. To do this. note that

A, = f e ﬁ?ﬂﬂdﬁ{]h < y) (where 7 = T\/HFHTH
0

FemvVRnud P (T, < >
= D TP ED) [T pr, <)
.J'I] dP (Ta = y) 0

E (Y™ T, > 0) P(T, > 0)
= exp ({—vnE[TL|T, = 0}) P(T, = 0), (by Jensen's inequality)

Now
CELIT, 0] BT _ (ETHY2 _ 11
P(T,=0) — PT,=00 " PT,=0) " P(T,=00 —05—¢

E[T,|T, = 0]

and therefore,

l,l".l'-a. } : _ﬁﬂ] 1."“ o al S
A = exp (nP[’I}l = 0) PHT, = 0) 1,

since P(T, =0} — 1/2 and Plfr“[Tn =0 —1. n

11.6.4 Cramer-type large deviations

We indicated at the beginning of this section that normal approximation is of limited use when we look
into the far tail of the d.f. of standardized sums. The CLT only works well not too far away from the
center of the distribution. The question is then how far can we actually safely use the CLT as we move
away from the center of the distribution.

Since 1 — Fi{x) and 1 — ®(x) are both close to (0 as x — o0, using |F,(x) — ®(r)| as a measure of
closeness of the two d.f.s may not be very helpful to us. A more useful measure in this case is to estimate
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the relative error in approximating 1 — Fy,(x) by 1 — @(z) when & — o0, or approximating F,,(x) by ®(x)
when @ — —oo. In other words, we would like to have
1— F,lx) ‘ Fol—x)
| — &(x) ' $|—x)

o1, (6.26)

when both o and n tend to oo.

However, the statement (6.26) can not be true in general. For instance, if Xy, ..., X, are 1.1.d. with
P(X,=0)=P(X; =1) =1/2 then P[5, > n) =1— F,(/n) = 0. Thus, for [x| > /n. the ratios in
(6.26) are 0. But as we shall see next, the statement is true if & varies with n such that ¢ = &, — 0o at
a certain rate.

THEOREM 11.6.2

1 Fu(z) o
—I—III{:}::} —|-|-{:'(—). i

Proof. Note that

1= Fu(z) = p(ﬁqf—mgg}m}=p<ﬁm+$—,‘%),

Then from (77), we have
s
1 — I'-'T,(:]'I:I — ﬁﬂlH.F{[T.:'—'Tﬁ"_I'-;[T]]-/ . Tl-'\,."nf'i':{a'::‘?':lrij:r{-]" < y} ) {ﬁET}
0

where T satisfies
ro

EFE{{T] = M + ﬁ
Let,
Aly) =FP(T <y) — 2(y).

We can approximate P (T < y) by the standard normal d.f., resulting in

1 - F,(z) = et () T.Il-i.rfgl"'}l/\ E_TI'I"""IILH;{T]EEi'i‘{y) FA(y)]

o 1]
= d’llﬂ.""Bn-
First [rom
- L oo 1 s
fix{';l'] = #T‘I‘EU T +Ehr.r}: T == s s
we get
1. :
E’}[T]=|u,+cri’r+EEXSTE-I-,..,,,:,LL—F 3—%.
Thus
~— if =
T e if —=
Mow
K H-r -t l o H'.lrl' | 2
A, = eriExirlorhyin) e TV ER T = gy

V2w Jg

N E
_ Rxtn K+t ] / e+ /ART) gy
V2 Jo

_ E-;-:[K;I:ffj—TH;r':T:'+1TTQH:‘;"rTjJ (] — @{TW]) .

Denote the exponent in A, by u{t) = Kx(7) — 7K\ (7) + %Tg K'-(7). Tt is easy to check that w(0)
w'(0) = w"(0) = 0 and «"(0) = EX*. So its power series expansion starts with cubic terms. Thus

A, o) (1 — ®(r TLH}(T}]) (1 — B(r n.f{f{,[,—}}) (1 + 0 (j—,:_l)) _
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Next we put x. = 7/nkK (7).
Ty — T K\ (1)
’ = rK&(r) - =X

= or (14 B 06)) —or (14 XD 000

20.2 ECTE
— ) {TH-}

Thus,

0 3 () x’

T, —x =0 (ynr?) = (;)
Now
1 —®(x,) . b
log ( o0 ) = log(l—=P{x:)) —log(l —P{x))
1—_{1"{5["21}{ , —x) where &y is between r and r
at
~ —zg(x, —x) U(?)

Hence,

Therefore, for x = o /n),
A
- -sen 0 ()]

For B,,. by Berrv-Esseen bounds,
[s: =]
Eﬂ[h’_xl:.r:]—TK;_-I:'T_:l] [ ff_TwﬁﬂHf{[T}dlﬂ{yH
A0

< EEnH‘i.'xI:T} TR (7] sup |&(y}|

| B

1A

u
I - - a F,'|X|'*

= , 5 ATt T -I—:rl.{:.]'l:'r_]
= 4 (EX2)3/2,/n

IL’I- Exl{i
< Colx) |1+0
< o) [1+0 (75 )| e

'E-'HI €I

~ C(1—®x)) Hﬂ(f_’ﬁ)lﬁ

:[.'
~ oA — |.
"¢ (J—)

|- Fy(r) = 4,0 (1 + %) = (1 ®(x)) [1 +0O (j—;)] -

Finally, we get

11.7 Saddlepoint Approximations

Saddlepoint Approximations can provide extremely accurate approximations for the tail probahilities
where most of the alternatives fail. The approximations can work even for verv small sample size n,

From our earlier calculations, we have

[
P(X>2) = elRxORO) [7 /iR ap (1 < )
il

-
_ E_ﬁ.[fﬂ‘—ﬂ'xf‘-'ﬂ-/- £ Ty'hfﬂH-r":'fT}dP(TE?f:l
ik
]
_ . f-“fr/ e~ VAP (T < ).
0
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where K (7) = & and

= ' 2n[re — Kx(m)]sgn{r}, i=rTy/nK%(T).

First order approximations.

By the CLT, we can use the normal distribution to ®{y} to approximate P (1T < y), resulting in

P(X>z) = e/ f e Vd[@(y) + Aly)] =: An + Ba,
(y
where Aly) = P{T < y) — ®(y). First

wtz LT sy
A, = e € dy
0

VT
= e W2,4E Huta)? g
£ £ '_Efr [D i
{_:—'iF.Iij'lli{_:%Ez “ o '!f'l{;ﬂ}]
=@ (E)
= olw)—
ey
= Glw)M(Z).
where 1 — (1
Mit) = t)

is the Miller's ratio.

For &,,. by integration by parts and Berry-BEsseen bounds, we get

=]
|B,| = ;a_"””?f e YdA(y)

< ﬁ'“'*”[ [ﬂy o

< 2e7™ aup | A(w)|

- Em

& w2

R O SN

.3 E\X |:1

< e /? !

s Ce T T By

< Colw)/vn.
Therefore,

P(X>z) = o) (M[éj 40 (n—”i’)) ,

Hemarks:

(1). The Miller's ratio has the following asyvmptotic expansions:

1 1 1 - 135
]—'T‘{f]_'ﬂh{t] (?—t—3+ fﬁa_ ::, D-I—._.-..)1 as it — oo,

Proofl of this can be seen by integration by parts iteratively,
=l . ==} d . rl o .
1 — ®(t) = [ d(x)de = — [ blw) _ o) | 'i'bfj'jd:s —
J1 Jt L t Jt L

(2). The following inequalities are immediate:;

(%_%) ot} < 1 — ®(t) < @ for £ = 1.
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i{f} < 1—Dt) < {'ﬂit] for t = /2.

(3). From (2), we can rewrite

P(X=x) = o(w)M(z) (l +20 (“—HE))

= -] gy (1430 (n2))

In particular,

(a) if |x — u| = O(n~Y2), then 7 = O(n~ Y%} and so # = O(1). Therefore, the above
saddlepoint approximation has relative error of size O I[-ﬂ,'lf 2].

(b) if | — y| = o(1), then v = o(1) and so = O{y/n). Therefore, the above
saddlepoint approximation has relative error of size o(1).

Second-order approximations.

We can use the one-term Edgeworth expansion to approximate P (T < y).

Kr3(T)

Ey(y) = ®(y) — 6 Hay(y)oly),  Ailw) = P(T < y) — Eu(y).

Then we have
P(X>2) = e/ f e HVA[E (y) + Aq ()]
0
- A:rll + H‘i'i]:
where A(y) = P(T < y) — ®(y). First

A . F—:ﬁ:,-"'i.' 1 Ixf—iy—%y!d
N Y
EFEYPIR VI S R O
= € el N £z dy
WoEde S

= e 24 (1 - @(2)

L 9(E)
= o) ——
B(z)
= ¢lw)M(2)
where M{(t) = : ; {T]“] is the Miller’s ratio.

For B, by integration by parts and Berry-Esseen bounds, we get

Bal < e [ e ang)
0

< e aii? /2 [ﬂl{ﬂj—fﬁm i[yjdﬂ Ey]
1]

< 91" /2 sup |A(y)|

u
o :a_‘-”af@ Elﬁ ’
(EYZP/ 2/
2 E|X,
< (e ¥ iz
= (EXRR
< Colin)/Vr.
Therefore,
P(X>z) = o) (M[:E]l+f}(n 1”)).
Remarks:
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(1). The Miller's ratio has the following asymptotic expansions:

1 1 1-3 1-3-5
1—‘1‘{1]—¢{t](£—£31 5 i I) as t — oo,

Proof of this can be seen by integration by parts iteratively,

1—®t) = [ﬂ o(r)dr = — [x. “i‘jﬁf} = “"‘hgf'] + de:{: S

' -

(2). The following inequalities are immediate:

(%_tls)qa{f}{l—q}w{@ for ¢ > 1.

%il—@(t}i@ for t > /2.

(3). From (2), we can rewrite
P(X>z) = o(@)M(z) (1420 (n'?))

0
= - e gy (1420 (n72))

In particular,

(a) if |z —p) = O(n~2), then 7 = O(n=*/?) and so 2 = O(1). Therefore, the above
saddlepoint approximation has relative error of size O [:w._l"fgj.

(b) if |x — | = o(1), then v = o(1) and so 2 = O(y/n). Therefore, the above
saddlepoint approximation has relative error of size o(1).

11.8 Appendix: Some useful elementary inequalities

THeEoREM 11.8.1 For a compler z,

1. |e® = 1| < |z|el=l.

2 le* —1| <el*l —1.

12
Fo | In(l+ 2) — 2| < 12

=50 for |z| < 1. For instance,

]5

(a) |In(1+2) —z| < |z]%, for|z| < 1/2.
(b) |In(1 + z) — 2| < 2[z[%.  for|z| < 3/8.

Froaf.
e L2 L3 A
& | = |z Ef+3!+d‘+
. N
< |¢|1+|a|+ﬁ+?+ o
< |zlel®.
. 1 B ;:'2 33 z.*l.
|E—| = E*E—F?‘FE‘F
A E N i
< |@|+E+¥+ 1l
< e -1



|In{1 + z) — z|

i

= = .4
o 3ty ”
|E|2|1—|3 +|z|* + |2
2

Es
21—[) *
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11.9 Exercises

[l ]

=]

. Show that if {X,,,n > 1} are independent r.v.s with EX,, = 0 and |X,,| < C, as., n = 1, and

'y = o(B,), where B, =51 | FX; — oo, then S, /B, = N(0,1).

Cif { X n = 1} are independent r.v.s with

1 1 _
P(X, =+n") = EPE PX,=0)=1- e 20 > 3 — 1,

the Lindeberg condition holds when and only when 0 < 7 < 1.

. Failure of the Lindeberg condition does not preclude asymptotic normality. Let {¥,.n =

1} be ii.d. with EY,, =0, EY,? = 1. Let {Z,,n = 1} be independent with P{Z, = £n) = 1/(2n*)
and P(Z, =0)=1—1/n? and {Z,.n > 1} are independet of {¥,.n > 1}. Define X, =Y, + Z,,
5, = Z?_I X,,. Show that the Lindeberg condition can not hold, but 5, //n = N{0, 1}. Explain
why this does not contravene Lindeberg-Feller Theorem.

. Let {X,,n = 1} be independent with

1 , 1 1N 1 , 1 1
= Fl[}'iﬂ—:lz-ra}—z(l u) - P{};“_[J]_(l aj (1 nz)‘

where n = 1, a = 1. Again, 5,/vn == N{0, a) despite the Lindeberg condition being violated.

P(X, =+1) =

. Let {¥,.n = 1} be iid. r.v.s with finite variance o2 (say o2 = 1), and let {#2,n = 1} be nonzero

constants with BE = 31" | a7 7 oc. Show that the weighted i.i.d. rvs {o,Y,.n = 1} obey the
CLT, ie.,
1 (L3
o Y oY = N(0,1)
T

F=1
it £Y) =0 and e, = ol B,,).

. Let X, X5, ... be independent and 5,, = X, +...+X,,. Show that if |X;| < M and 37 Var(X;) =
oo, then
S, —FS§
ic — N(0.1).
Vv Var(5,)
. Let Xy, X5, ... be i.id. r.vs such that P(X; = 4+1) = 1/2. Show that
(5
Vo ;uk — N(0,1).

. Let Xy, Xo. ... be independent rov.s with

1 : 1
— . PXi=+4) =5, fori=12 .

P(X, = +i) ;
|

(i) Find lim, ... Var(5,)/n?;
(ii) What is the limiting distribution of 8, /n®/??

. Let X1, Xa,... beiid. rovs with £X; = g and Var(X;) = ¢* < oc. Put

i Tt

T l F £ J‘ ) A . = J
X_”Z_‘Lt. S"_ILZ{XJ XV, T.=nlX — u)/S,.

1=1 i=1

Prove that T,, = N{0,1}.



Chapter 12

Infinitely divisible distributions

The family of infinitely divisible distributions is an important one in probability theory for at least two
rEASONs:

1. it is closely associated with Levyv Process;

2. it characterizes the family of limiting distributions for the sum of independent r.v.s.

12.1 Definitions

DeFmITION 12.1.1 A d.f. F and its corresponding c.f. () are called infinitely divisible (i.d.) if for
every positive infeger n,

e there exists a c.f. 1, (t) such that

#Ill:ltjl — (.H']“l:f':l:j”':
o or equivalently, there exsts o df. I, such that

F=F", the n-fold convolubion of the function F,,.
e or equivalently, there exist a rov. X ~ F owith e.f. o and i4.d. rovs X, . X with e f. @, such

that
:l{ = -'x-i'.-] { } j—,nw- [ |

12.2 Some examples

ExamprLE 12.2.1

1. Degenerate d.f. (ie. PIX=0C)=1)

2 Normal d.f.

() = explipt — o®t*/2} = (exp{i(p/n)t — (a* fn)t*/2})" = (Ln(t))".

3. Poisson d. f. _ _
i(t) = exp{A(e” — 1)} = (exp{(A/n)(e" — Ij}}ﬁ = (Y, (" .

4. Compound Poisson d.f.; Sy = X1+ ...+ Xy, where X ~ F and N ~ Poisson(A). So
W(t) = eMext=1) = (E.l.’}.,-'-.rJ‘Jl.Hs'x{t",l—lj)" — (W ()"

Remark: of P{X = 1) = 1, this reduces to Poisson d.f.
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1
5. Cauchy d.f. with p.d.f. f(z) = =——s:

mos =

W(t) = exp{—alt]} = (exp{—(a/m)[t[})" = (u(t))" .

6. a—stable d.f. (including Cauchy d.f.)

]
3 o=l —fr

7. Gumma d.f. with p.df. f{x) P[&j.ﬂ e

Two special cases:

(a)} The x*-distribution is i.d. since it is a special case of Gamma d.f.

(b} The t-distribution is i.d. since it is a special case of the Y2 -distribution (with degree of freedom

1).
Less trivial examples:
8. log-normal d_f.
9. Pareto d.f.
10, Student d.f.

12.3 Some properties
THEOREM 12.3.1

1. Let (t) be an i.d. c.f. Then (t) # 0 for every t.
20 Ifwy(t), b= 1,2, om, are dodoe f0s, soods T, w(t).
g Ifw(t) is v.d. o.f., so is |U(t)].
(Remark: If @(t) is a c.f, [W0(8)] may not be o c.f. in general.)

4. Let {0 thm =1,2,...} be a sequence of i.d.c.f.s converging to some c.f. W(t). Then, () must
be i.d.c.f,

Proaof.

1. For every c.f. a0(t), it is continnous and (0} = 1. Thus, given € € (0L 1), we have [t} =
() — [W(0) — ()] = |@(0)] — [¢{0) — W(t)| = 1 — e for |t < 4. Since (1) = (v (1))" for every
n = 1, we have

alt)] = [0@)Y" > (1— V" =1, asn— o,
which implies that, for n = Ny, we have [i0,(t)] > 1 —¢/8 = 0 for |t| < § and n = Nj.

get
1= hl':’ﬂl:gt” = 5[1 o |1'|-"ﬂ{t:||:| < £

so |1 (2t) =1 — e = 0for [¢| <& and n = Ny, That is, [¢0,(f)] = 0 for [t < 24 and n = Nj.
Continning like this, we get |¢,(f)] = 0 for all £ € R and n = Ny. Therefore,

()] = | (P ()™ | = [ ()Y > 0. g

2. Take m = 2 for instance. Since 05(t) = (P, (007, 1 = 1,2, we have vy (He (1) = (U (the, ()" . &
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3. If ob(t) s i.d., wit) = I[ubgﬂlzt}}ﬂﬂ for all n = 1. Hence,

()| = | (Dan ()" P = (W2 (t)})™",

therefore,

@) = (Ian@®?)" = (Fa®))
where ¥, (t) = [thon(t)|* isacf g

4. We have ¢} (1) = ( s (.f]) for all m and n. From the assumption, we have
) L fm) B ( (m )n ( ) ——
?JI_ILI; TR ﬂ}lll] Pt ﬂ!]t!l tr} IIL] t(1)

for each fixed n, namely,

lim (™) = (w())'/"

e —+

Since {i,ﬁ!if”] (t),m = 1} are c.f.s, and (1:(t))"'" is continuous at 0, then by Levy continuity theorem,
(L™ is a e.f. as well. Therefore, ¥(t) = [-q-i'lfr“{f]}ﬁ isid g

ExamprLE 12.3.1 We can use Theorem 12.3.1 (part 1) to judge whether a c.f. is NOT i.d.

(a) Let X ~ Uniform[—1,1] with c.f. f{t) = (sint)/t. Since f{kx) = 0, then, f{t) s NOT
..
() Let P(X = +1) with c.f. f(t) = cost. Similarly, il is NOT i.d. g

12.4 Levy-Khintchine representation of infinitely divisible c.f.s
The key theorem in this section is the “Levy-Khintchine” representation.

TneorEM 12.4.1 (“Levy-Khintchine” representation) A function 1t s an i.d.c.f. if and only if
it admits the representation

o ] g 1 ._.'.3
() = r-,;-:h{-a'h- —f (ra“i" —1- 3 1:22) ;J ‘f{;[ﬂ} =: eM®, (4.1)

— o0

where + is a real constant, and G is a bounded non-decreasing function.

(W.L.O.G., we assume thal G is lefl-continuous and G(—o0) = 0; see the remark below.)

REMARK 12.4.1

1. Denote the function under the integral sign by

oo it 1+ 2
) = .-hl:.l _-I _ b
2 t.ﬂ
It is easy to see that 1lm glt,x) = —s $0 we can define g(t,0) = —-3
=l

2, First, we note that the values of G{x) at points of discontinuity do not influence the value of the
integral on the RHS of (4.1) since g(t, x) ts conlinuous in r. Secondly, adding any constant, C', to
Gix) does not influence the value of the integral on the RHS of (4.1} either. For the purpose of
definiteness, we may assume that it 15 left-continuous and G(—0) = 0 from now on.
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12.4.1 Proof of necessity

THEOREM 12.4.2 If(t) is i.d.c.f., then () has the representation (4.1).

Proof. We start with ¥(¢t) = (. (t))™. Let F, denote the d.f. corresponding to the c.f. . Now as
0 < [t} < 1, Ined(t) exists and is finite. Furthermore,

1 1 1 1 1

) = “hny(t) ) =14+ —Ing(t) = O{—=) =: 1+ —n(t) + O(—=).

P10 = exp (T (0] =1+ T () + () = 1+ (0 + Ol1),

from which we get

n — i ;1-"'”' 1 — 2
o) = timn (0100 - 1-0()
=  lim n (*t,-hlfr"(tj — 1)
= lim n{¢n(t) —1) = lim n (e = 1) dF, ()
Ll T "'.!"DI —
o it it
= lim f n e 5+ e dF, (x)
n—oc | 1+ 1+ x?
- e "
_ it 1 it
— ﬂ].l]:l;lc {ﬂf ':-E]"l'*/‘_mﬂ (f’- 1 1 ﬂ)dﬂx[ﬂ}
[a's 5 2 2
3 it itr Il+x = :
= ” m {n‘f Fol(z) 4 f_mn (rz 1 1+£2) o |+a.-3dF“':ﬂ}
o [ L @ T a
B . itr l1+zx iy
= .ﬂlﬂﬁ.‘{ﬁ[ l-I— 2 dFp () f_m (c”’ 1 l—I—;i:E) 2 fff_m 1_|_y:-':dF“|:y]}
it L+
= 11].2];‘: {zt,}ﬂ (El-t-rl.- — ]_ — 1 _‘nfﬂ) m I:EF-”_{I'}}
=: lim n,(
N— 0
where
) = . it 1+ x?
ﬂn['ﬁ} = ;Ilt.--lr-“ + /:E (E'ﬂf.r -1 - e IE) IQ_ dGﬂ[ﬂ'}. (42}
and

- 5 B Y ny
e[ iR, G = [ R

We have shown that

lim ﬂn“] = Tf“]r

FL—s0

where 5(f) is continuous at 0. From Lemma 12.4.3 below, we have that ~, — v and ,, = & for some
constant 4 and some “nice” function & as described in Theorem 12.4.1.

Appendix: Several useful lemmas

sinyy 1+ y°
Aly)=:11- :
) ( y ) u?

Let

Note that for v = o(1), we have

1 1 o 1+ 1 - :
A= (15 (=5 ) ) - (G H ) e

so if we define A(y) to be 1/3! at y = 0, so that A{y) is a nonnegative bounded continuous funetion.
Furthermore, it can be shown easily that

0< ey < Aly) < en < 0o, for all y.
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MNow define

o) = [ AW, ad A@) = [ A@G.GW).

Therefore, Alz) and A, (&) are bounded and non-decreasing, Al—=c) = 0 and Alog) < o0 as G(x) is
bounded and non-decreasing, Furthermore, we can easily work out their Fourier transforms.

LEnmma 12.4.1 We have

sl 1
f e dNz) = nlt) — %ﬁ (it + k) + gt — R)]dh =: Alt),

—

fm itw 1 ]'
el (2] = nalt) Ej; Telt + h) + nu(t — k)|dh = A, (t).

Proaf.

* e S siney 14 x*
f e'dA(x) = [ gt (l — ) s—dG )

— wf — aT I

s 1 2
= / f e (1 — cos hx) ! ::f dhd(G{x)
of —rx W (]

(by Fubini's theorem since the integrand is bounded

continuonus in [0, 1] = {—oc, o0))

L g 2
™ 1+
= f f e"'(1 — cos hx) i dCe(a)dh
Ll oo
1

— ‘/-u (-”“,] - %[f;{f, + h) + 7t — h.}]) dh

1
— 0(t)= 5 [ e+ B+ e~ )l
]

LEMMA 12.4.2 There is a 1-to-1 correspondence between the functions ni(t) given by (4.1) and the pair
(~. G, where v 15 a real constant and G 5 a non-decreasing bounded function with G{—o0) = 0. So we
can wse the notation

n=(vG)
Proaf. Given the pair (v, (), n is uniquely determined.

On the other hand, given the function »(4), it uniquely defines A{f) (which is a ¢.f. up to a constant
multiplier). From the last lemima, A{f) uniguely defines A(t). In turn, A(2) uniquely defines the function

_ 7 dAy) .
Glx) = f_ TR (4.3)

Finally, ¥ and & together uniquely defines v. g

LEnna 12.4.3

(i) If v — = and (7, = , then n,(t) — n{t) = (. ).

(i) If nn(t) — n(t) and n(t) is confinuous at 0, then there exist some real constant v and
bounded non-decreasing left-continuous function G(x) such that v, — ~ and G,, = G, and

n(t) = (7.G).
FProof.
(i) This part is trivial.

(ii) Since v, (t)'s are i.d. c.L.s (verily this as an exercise!) and v, ({) = ™) — 1) and 7t
is continuous at 0, so by Lemma 77, we know that ™ is also i.d.c.f. Also, from Theorem
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12.3.1, we have e"*! % 0, Therefore, |n(t)| is finite, and 5, (t) — () uniformly in any interval
t € [a,b]. Therefore, we have

Anlt) — Alt).

Since A(f) is continuous at ¢ = 0, by Levy continmity theorem, we have
AL (t) — All).

Noting that A, (—oc) = A{—oc) =0, and A, (0} — A{0), i.e.,

A (0] / dAn () = Ay(oc) — 00— AD) f dA(x) = A=) — 0.
Therefore,
A, = A
From (4.3), we have (7, (x) — G(x). Now
S e\ 1+ 2*
L-. ) . {.-?:.1 . 1 . L -: p
it tin{t) f_m (f. 1+:a:2) 5 dGn(a)
. T e it Y 1+
nit) j;:.;- (i—.‘ ] T :'-'3) pe dG(x).

Thus, there exists + such that lim, ~, = =; and [rom part (i}, we know ' = (4. (7). g

12.4.2 Proof of sufficiency

THEOREM 12.4.3 If (t) has the representation (4.1), then @(t) is i.d.c.f.

Proof. Denote the integral in (4.1) by I{f}, which can be written as

Ift) = f glt, 2)dG(z)

— | | L dl
{z=0} " -/{.r-::ﬂ} ’ -/{.r—ﬂl} HH I::I [:E:I
= L. (t)+ T_(t) + g(t,M[G(0+) — G{0—)]
2
To(t)+1_(1) — %[Gmﬂ —Glo-)).
Then, we have

2
(t) = eV exp{I(t)} = " exp{L.(t)} exp{I_(t)} E‘EP{—%[G['}H — G(0-)]}-

Therefore, it suffices to show that exp{J (t)} and exp{/_(t}} are i.d.c.f. We will look at the first one
only since the second can be done similarly. Note that

exp{L(t)} = limexp{1y/™ (1)},

where

/e
5w = [ stoicw

n—1 .
] . t 1+ £2 .
= lllﬂz (Eugk —1 - : ikz) .;Ek [G{IJ.; | ]_:J - G[._Fj,, 1}_
e =0 1 | IEﬂ.: 'éﬂi:

le=ap <oy < ...<xy =16, @p <& < psq)

— ite
BT ity K
: 11r13n Z (r:t 1 n '-EE) Ak

k=0
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n—1
. l_}i “:
=: lim (e1or — 1) Ak — it Sk =
T P 1+ lf;;.

n—1

= lirlinz (itan + ("5 1) Mk )
=0
n=1

=: ]imE Tk,
T

fe=I)

where

1 +£2 1 v Sk Ank
Ank = 'ff k[{'{mﬂ:—l} - {:'(‘Ti'+1:|]1 fnk = — 1 +E§

Note that exp (T ) = exp {irﬂ-nﬂ- + (ettih — l}.hﬁ,;;] is the c.f. of a Poisson d.f. Therefore, l_[::;i; expd Tap }
15 also a c.f. and furthermore, we have

n—1 =1

lirm H exp{Tur} = lime:-:p{z Tor} = exp{I (t)}.
fe=0 k=0

Since exp{? (t}} is contimous at 0, by Levy continuity theorem, exp{l(t)} is the c.f. of some d.f. It
then follows from Theorem 77 that exp{l{(t}} is i.d.cf g

12.4.3 Several examples

Given an i.d. e.f ¥(t) = e we sometimes can find out the Levy-Khintchine representation directly

o sy A "R
n(t) = it~ + [ (E“*_l i ) LT 6 ) = ity + / g(t, 2)dG(x).

1+ g2
1+ ik -

Recall g(t,0) = —i%/2.

Alternatively, we use n = (.G, where

o0 1T \ ey ”y‘..! \
Ay = j:x mrﬁFn(m] — A, Galx) = f—-:.: T yzdf?”(jr;] — G(x).

ExampPLE 12.4.1 Give the Levy-Khintchine representation for the following r.v.’s

1. N{p.e%),
2. Poisson{A).
3. Degenerate rov.: P(IX =0C) = 1.

i 1

4. Cauchy rov.: fix) = and P(t) = e ",

Ta? 4+ x*
Solution. Let d, () be the (left-continnons) Dirac measure with mass concentrated at i, namely,
dp(x) = 1{x = h}.
1. For Normal d.f., we have
n(t) = ity — %a"‘-t"’-.
So we can take dG(0) = o%, and dG{x) = 0 for & £ 0. That is,

T G(x) = a?dy(z) = a*I{z = 0},
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2. For Poisson(A) d.f., we have
nt) = J’-.I:E” — 1) = Me FL 1}|£ ;

it itr itr \ 1+a% A
= S — 1 — . — —
(E li:r'z-l_l}-.ﬁ) ré 2

b (it it 1+ x% A
I+ a? xrt 2| _,

A
2
_ -n-}f (eftf_l_ “I,)“f A 46, (x).

r=1

1+ a2 12
S0 A A A

3. For degenerate d.f. X = ' as., we have
nit) = il

=0
~ = Gle)=0. g

4. Since y(t) = (e ':“f"'ﬂ”}l”.. 50

dF.(x})  a/n 1

nld) = - :
.Ilp[: I:l f-i:-l!'-' T E,[.le"rf?-2+m2'
Now
n: 2
i a 1
Gulz) = 1, (y) = d
(7) ﬂf 3 Fnv) nfm L+ 32 nma?/n? + g% ©
il 1
= — d
ﬂ[%liyﬂi,fﬂ,zl; Y
&
a
— =: G|x),
-2 (@),
a/n [ 1
T n/w [:r)—nﬂ ‘/;.,zl—-—::.'*’f'a*’*’;’nﬂ-l—:r*drzu_?
That is,

12.5 Levy formula

We now give another very useful representation: Levy formula. Let us rewrite the Levy-Khintehine
representation as

.- B ~ itx 1+ x?
v = = {i‘h " (/{; 0} /|4|>D}) ( B TE) - {:::}}
: ix f
= c}{p{tf'}- Juzrt? +£|1|}‘]}( =1 I EE)dL[J]},

o = G0+) - G0=),

1 + x2

where

dL{z) = dG(r), = #0.

I

Several remarks about L(x) are given below.
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1. L{x) is defined on R — {0}. It is easy to see that

HH 1 &
Liz) = € —f ;—E'i!_.r dG ), if @< 1),

:JCI s
c-_;—f ;j’ dGly),  ifx >0,

for any constants ') and Cs. {Verify that the integrals are well-defined!)

Furthermaore, it is easy to see that L{x) is non-decreasing on {—oc,0) and (0. o), respectively, and
satisfies

lim Lix)=0C", lim L{x) = 5. (5.4)

& ——{x0 E— 0

2. Note that, for every finite 4 > 0, we have
[ r?dL(x) = f (1+ %) dG(x) < (1 +5i’}f dG{(x) < 0o,
S0 || B F 0 || <

3. In view of (5.4), the following are equivalent:

q
o

/ r?dL(x) < oo, += (22 A1) dL(z) < 0o, <+ dL{x) < oo
S0 || b

.
Jz|=0 Jgj=0 1 +x

4. L(x) is finite for @ £ 0. But at & = 0, they might not be well-defined. Namely, as @ 7 0 or = ™ (0,
we might have |L{x)| — oo and/or [L'(x)| = oo (if L' exists).

On the other hand, it is easy to see that, for every finite ¢ = (), we have

Li{{—e.€)") = fl . dL{x) = j N ! -_I_;:H dG(x) < (14 E_E}/ d(F ) < oo,

£ x| =«

5. L(x) is often called “Levy measure”, a very important concept in the studies of Levy processes.

We summarize evervthing in the next theorem.

THEOREM 12.5.1 (Levy formula) A function :(t) is an i.d.c.f. if and only if #f admits the following
(unique) representation

(t) = exp {it';r — %Uitg + [ | (E"” —-1- 1 zi;r:r?) dL':T)} : (5.5)
@ | =00 '

where + is a real constant, o2 is a non-negative constant, and the function L is non-decreasing on the
intervals (—oc, 0) and (0, 00). and satisfies

f r*dl{x) < nc, for every finite & = 0. g
0= |x| <d

REMARK 12.5.1 An allernative Levy formula tokes the following form:

wit) = exp {it’;r — %Jztz +f| ) (" — 1 —itel{|z| < 1}) dL{m]} .
T =

= cxp{:"t"y ;{r"gt"g Ij‘g | 1[(*."” 1 it:r] dL{x) 4 fl § (ﬁ""” l}dL[:{']l}.
<= o) =1

This corresponds o the decomposition of a Levy process, which can be writien as the sum of a Brownian
maotion, small jump component (a martingale), and a compound Poisson process. g
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Examprre 12.5.1 Redo Erample 12.4.1.

Solution. (1) For Normal d.[., we have n(t) = ity — 27t +0 So

b |

V= Hy ot =0, Liz)=10.

The other two cases are left as exercises. g

12.6 Kolmogorov formula

In the special case where the r.ov. X has finite second moment EX?, we know that 10(f) is twice differen-
tiable. In this case, we have the following simpler representation.

ThHeoreEm 12.6.1 (Komogorov formula) A function o0(t) iz an i.d.c.f. with a finite variance if and
only if ot admits the following (unigue) representation

(1) = exp {v’n”}' + /

where v is a real constant, the function K is a bounded non-decreasing function. g

Ta w . . .1
(e — 1 —itx) —zrﬂi'[';r]} . (6.6)

=]

12.7 Relationship between the sum of independent r.v. and i.d.

What do the limiting d.I. of sums of independent r.v.s look like? We start with some simple examples:

o If £|X|| < oc, then X —, p, whose c.f is e/,
o If E|X,| < oc, then (X — p)/o —,4 N(0,1), whose c.fis e t*/2

If Xp are 1.i.d. Bin{n,p = A/n), then Y X,p —4 Poisson(\), whose c.f. is el =1}

If X; are Lid. Canchy(0,1), then X —4 Xy, whose c.f. eIt

Note that the c.f.s of the limiting distributions are all of the form ¢"*'. In fact, all the above
limiting distributions are i.d., this is no accident. See the next theorem.

THEOREM 12.7.1 Let > X, be independent rov.s satisfying the following infinitesimal condition:

|£¥.1£E1P”Euk| =€) — 1, as mo— 0.

Then,

{all imiting d.f.s of 3 X} = { all i.d. d.fs}

12.8 Exercises

1. If ¢ is an i.d. c.f., then "

Proof. Note that o) = (1, (¢))" for all n = 1.

is a c.f. for every A = 0.

First consider A to be a rational munber j/k. We choose n = & above to get (-qc'iﬂt]]l"”' =
(W (8% = (¢ (t))7, which is a c.f. (a convolution of j components).

Next if A is irrational, it can be approximated by a sequence of rational numbers. The result follows
b taking the limit and applying Levy Continnity Theorem. g
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