2. Consider again the random sample X from N,(u, ¥) and x and S
are the sample mean and the sample variance-covariance matrix,
respectively.

a. Show that X and S are jointly complete and sufficient statistics
for g and X

b. Show that X and S are independently distributed

3. Let the column vectors x; : p X 1 ~ N,(0, 0211,), where ¢ =
1,2, ...,n. Show that
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where x“(n) represents the chi-square distribution with n degrees

of freedom (2 points)
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So, X and S are sufficient statistics.



(b)
Let z;, =x; —ufori=12,...,n.
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We have, z;~ N,(0,%) and
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Take an n-dimensional orthogonal matrix A=(a;) with all elements of the

. 1
first column are = Let

V1, Y2) s Yn) = (Z1,Z3, .., Zy)A

Thatis, y; = Xj-; a;; Z; , thus we have

E(y) =X}-1a;E(z)=0 .



Therefore, y,,y,,...,y, are independently and identically distributed

normal distribution random variables and y;~ N, (0, X).
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Because
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and
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X only depends on y; , while S only depends on y,,ys, ..., y,. We can

conclude that X and S are independently distributed.
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Let x;=| %X |. Since x,~N,(0,06%1), x!, x2., ..., xP are
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independently and identically distributed normal distribution random

, j
variables. x; ~ N(0,0%) forj=1,2,...,p.So < ~ N(0,1)

Therefore,
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According to the definition of chi-square distribution, we have
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