
 

 

 

2. 

(a) 

𝑓(𝐱; θ) = (
1

2𝜋𝑝/2|𝜮|1/2
)
𝑛

exp(−
1

2
(∑𝐱𝑖′𝜮

−1𝐱𝑖

𝑛

𝑖=1

− 2∑𝐱𝑖′𝜮
−1𝝁

𝑛

𝑖=1

+ 𝑛𝝁′𝝁))

= (
1

2𝜋𝑝/2|𝜮|1/2
)
𝑛

exp(−
1

2
(∑𝐱𝑖′𝜮

−1𝐱𝑖

𝑛

𝑖=1

))

∙ exp(∑𝐱𝑖′𝜮
−1𝝁

𝑛

𝑖=1

−
𝑛

2
𝝁′𝝁) 

So, 𝐱̅ and 𝐒 are sufficient statistics. 



(b) 

Let 𝐳𝑖 = 𝐱𝑖 − 𝝁,for i =1,2, …, n.  

Let 𝐳̅ =
1

𝑛
∙ ∑ 𝐳𝑖

𝑛
𝑖=1 =

1

𝑛
∙ ∑ 𝐱𝑖

𝑛
𝑖=1 −

1

𝑛
∙ ∑ 𝝁𝑛

𝑖=1 = 𝐱̅ − 𝝁.  

We have, 𝐳𝑖~ 𝑁𝑝(𝟎, 𝜮) and 

 Cov(𝐳𝑖 , 𝐳𝑗) = {
0 , 𝑖𝑓 𝑖 = 𝑗
𝜮 , 𝑖𝑓 𝑖 ≠ 𝑗 

 

(𝑛 − 1)𝐒 =∑(𝐱𝑖 − 𝐱̅)(𝐱𝑖 − 𝐱̅)′

𝑛

𝑖=1

=∑((𝐱𝑖 − 𝝁) − (𝐱̅ − 𝝁))((𝐱𝑖 − 𝝁) − (𝐱̅ − 𝝁))′

𝑛

𝑖=1

=∑(𝐳𝑖 − 𝐳̅)(𝐳𝑖 − 𝐳̅)′

𝑛

𝑖=1

=∑(𝐳𝑖 ∙ 𝐳𝑖′ − 𝐳̅ ∙ 𝐳𝑖′ − 𝐳𝑖 ∙ 𝐳̅′ + 𝐳̅ ∙ 𝐳̅′)

𝑛

𝑖=1

=∑𝐳𝑖 ∙ 𝐳𝑖′

𝑛

𝑖=1

− 𝐳̅ ∙∑𝐳𝑖′

𝑛

𝑖=1

− (∑𝐳𝑖

𝑛

𝑖=1

) 𝐳̅′ + 𝑛 ∙ 𝐳̅ ∙ 𝐳̅′

= ∑𝐳𝑖 ∙ 𝐳𝑖′

𝑛

𝑖=1

− 𝑛 ∙ 𝐳̅ ∙ 𝐳̅′ 

Take an n-dimensional orthogonal matrix A=(aij) with all elements of the 

first column are 
1

√𝑛
 , Let 

(𝐲1, 𝐲2, … , 𝐲𝑛) = (𝐳1, 𝐳2, … , 𝐳𝑛)A 

That is, 𝐲𝑖 = ∑ 𝑎𝑗𝑖
𝑛
𝑗=1 𝐳𝑗 , thus we have 

𝐸(𝐲𝑖) = ∑ 𝑎𝑗𝑖
𝑛
𝑗=1 𝐸(𝐳𝑗) = 𝟎 . 



Cov(𝐲𝑖 , 𝐲𝑘) = Cov(∑𝑎𝑗𝑖𝐳𝑗

𝑛

𝑗=1

,∑𝑎𝑙𝑘𝐳𝑙

𝑛

𝑙=1

) =∑∑𝑎𝑗𝑖𝑎𝑙𝑘𝐶𝑜𝑣(𝐳𝑗, 𝐳𝑙)

𝑛

𝑙=1

𝑛

𝑗=1

=∑𝑎𝑗𝑖𝑎𝑗𝑘

𝑛

𝑗=1

= {
0 , 𝑖𝑓 𝑖 = 𝑘
𝜮 , 𝑖𝑓 𝑖 ≠ 𝑘 

 

Therefore, 𝐲1, 𝐲2, … , 𝐲𝑛  are independently and identically distributed 

normal distribution random variables and 𝐲𝑖~ 𝑁𝑝(𝟎, 𝜮). 

𝐲1 =∑𝑎𝑗1

𝑛

𝑗=1

𝐳𝑗 =∑
1

√𝑛

𝑛

𝑗=1

𝐳𝑗 = √𝑛𝐳̅ 

𝐲1 ∙ 𝐲1
′ =  𝑛 ∙ 𝐳̅ ∙ 𝐳̅′ 

∑𝐲𝑖 ∙ 𝐲𝑖′

𝑛

𝑖=1

= (𝐲1, 𝐲2, … , 𝐲𝑛)(𝐲1, 𝐲2, … , 𝐲𝑛)
′

= (𝐳1, 𝐳2, … , 𝐳𝑛)A((𝐳1, 𝐳2, … , 𝐳𝑛)A)
′

= (𝐳1, 𝐳2, … , 𝐳𝑛)AA
′(𝐳1,𝐳2,…,𝐳𝑛)′ =∑𝐳𝑖 ∙ 𝐳𝑖′

𝑛

𝑖=1

 

(𝑛 − 1)𝐒 =∑𝐳𝑖 ∙ 𝐳𝑖′

𝑛

𝑖=1

− 𝑛 ∙ 𝐳̅ ∙ 𝐳̅′ =∑𝐲𝑖 ∙ 𝐲𝑖′

𝑛

𝑖=1

− 𝐲1 ∙ 𝐲1
′ =∑𝐲𝑖 ∙ 𝐲𝑖′

𝑛

𝑖=2

 

Because  

𝐱̅ = 𝐳̅ + 𝝁 =
𝐲1

√𝑛
+ 𝝁 

and 

𝐒 =
1

𝑛 − 1
∙∑𝐲𝑖 ∙ 𝐲𝑖′

𝑛

𝑖=2

 

𝐱̅ only depends on 𝐲1 , while 𝐒 only depends on 𝐲2, 𝐲3, … , 𝐲𝑛. We can 

conclude that 𝐱̅ and 𝐒 are independently distributed. 

 



3. 

Let 𝐱𝑖 =

(

 

𝐱𝑖
1

𝐱𝑖
2

…
𝐱𝑖
𝑝
)

 . Since 𝐱𝑖~𝑁𝑝(𝟎, 𝜎
2𝐈𝑝) , 𝐱𝑖

1 , 𝐱𝑖
2 , …, 𝐱𝑖

𝑝
 are 

independently and identically distributed normal distribution random 

variables. 𝐱𝑖
𝑗
 ~ 𝑁(0, 𝜎2) for j = 1, 2, …, p. So 

𝐱𝑖
𝑗

𝜎
 ~ 𝑁(0, 1) 

Therefore, 

∑
𝐱𝑖′𝐱𝑖
𝜎2

𝑛

𝑖=1

=∑∑
𝐱𝑖
𝑗2

𝜎2

𝑝

𝑗=1

𝑛

𝑖=1

 

According to the definition of chi-square distribution, we have  

∑
𝐱𝑖′𝐱𝑖
𝜎2

𝑛

𝑖=1

~𝜒2(𝑝𝑛) 


