
Since ℱ𝑡 is a filtratio, we have the following inclusion of 𝜎-algebra that for 𝑠 ≤ 𝑡, we have 

ℱ𝑠 ⊂ ℱ𝑡 

Using the tower property of conditional expectation, we have 

𝔼(𝑋𝑡|ℱ𝑠) = 𝔼(𝔼(𝑋|ℱ𝑡)|ℱ𝑠) = 𝔼(𝑋|ℱ𝑠) = 𝑋𝑠 

On the other hand, using the law of total expectation, we have 

𝔼(|𝑋𝑡|) = 𝔼(|𝔼(𝑋|ℱ𝑡)|) ≤ 𝔼(|𝑋|) < ∞ 

The two properties combine to show that 𝑋𝑡 is a martingale. 

 


