(a) The only if part is trivial. The if part is proved by considering the following cases: if the minimal polynomial has two different roots, each root must have multiplicity 1, so the two matrices have same eigenvalues with same multiplicity, which immediately implies that they are similar. If the minimal polynomial has a single root with multiplicity 2, the two matrices must have the same Jordan Canonical Form with a single Jordan block of size 2. If the minimal polynomial has a single root with multiplicity one. It means the two matrices are proportional to some identity matrices. In any possible case, we always have the two matrices similar.
(b) We have


both having the minimal polynomial , but they are obviously not similar since their ranks are different.
(c) We prove that the characteristic polynomial and minimal polynomial will combine to determine a unique Jordan Canonical Form for . If the JCF are the same, we immediately obtain the similarity.  We have the following argument:
For each eigenvalue, its multiplicity as root of the characteristic polynomial gives the sum of the sizes of the Jordan blocks; its multiplicity as root of the minimal polynomial gives the size of the largest Jordan block. Since the sizes of the Jordan blocks define a partition of their sum, the question is for which values of , there is a unique partition of  with largest part . This is true for all , the partitions of 3 being (3), (2,1), (1,1,1), all with different largest part. It fails first for  which allows the two partitions (2,2) and (2,1,1). That’s why we can choose examples like 
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that have same characteristic and minimal polynomials but turn out not to be similar. Notice that the first matrix has Jordan blocks of sizes 2 and 2, while the second matrix has Jordan blocks of the form 2 and 1 and 1, corresponding to the (2, 2) and (2, 1, 1) partition.
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