In the product topology which we will denote by , the map  is continuous in the following since. For any open set  in , we may assume without loss of generality that in the product

we have  after a certain  (i.e., the first  open sets  are not the whole space , but all sets after are the trivial open sets - the whole space). Then, the preimage of  under  is the intersection of all , but since for ,  is the whole space, the intersection reduces to a finite number of intersections 

which is open in  because we have a finite intersection of open sets.


However, for the case of box topology, we consider the subset

which is an open set in the box topology. Its preimage under  is the intersection of all intervals  which is clearly a single point . A single point is not open in , so  is not continuous in the box topology .

By definition, every open set in  is an open set in , so  is finer than .



PS: This comparison is also reflected by the following well-known result.
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Since  is continuous but  is not, we cannot have  finer than .
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A continuous map f: X — Y remains continuous if the topology on Y becomes coarser or the topology on X finer.




