1. Prove that the sequence converges to 0 by using the definition of convergence.
Proof:



[bookmark: OLE_LINK3]Let ,  and .





The definition of convergence is for , there exists positive integer  such that  for . this condition can also be written as . 
According to this definition, we can prove both the sequence and converge to 0. The specific certification process is as follows:

[bookmark: OLE_LINK2]① prove the sequence  converges to 0:



For , let , when , then




[bookmark: OLE_LINK1]Hence the sequence  converges to 0， .

② prove the sequence  converges to 0:



For , let , when , then




Hence the sequence  converges to 0， .






Since ,  and , hence according to the Squeeze Theorem, the sequence  () converge to 0.

2. 


[bookmark: OLE_LINK6]Suppose that  is a real sequence such that , and that  is a continuous function.
(a) 
[bookmark: OLE_LINK9][bookmark: OLE_LINK8]Explain carefully why the sequence  is convergent and give the limit.
(b) Suppose now that it is known that the sequence





[bookmark: OLE_LINK10][bookmark: OLE_LINK11]is not convergent. Determine what  must be, and then prove that, in this case, the sequence  is unbounded as .
Proof:
(a) 

Since  is a continuous function, hence . 



From  and , it can conclude that .


Since the function  is continuous, hence .



From  and , it can conclude that .


According to the definition of convergence that a sequence is said to be convergent if it approaches some limit, we can say the sequence  is convergent and the limit is . 
(b) 






Since the sequence  is not convergent, hence . From (a), we can get that , hence .


In this case,  and then .


Hence the sequence  is unbounded as .
3. 

[bookmark: OLE_LINK4]Use the monotone convergence theorem to prove that the sequence  define by  is convergent.
Proof: 

Since 



Hence when ,  and the sequence  is monotonically decreasing.




When ,  and , hence the equation  is always true.




According to the monotone convergence theorem, when , the sequence  is bounded monotonic sequence converges (monotonic decreasing with lower bound), hence the sequence  define by  is convergent.

4. 

Let  be a function that is continuous, and define  by


 for all .


[bookmark: OLE_LINK5]Show that  is the differentiable at 0, and compute .
Proof:





Since the function  is continuous, hence  .hence .

Since , hence 






Since when ,  is independent of , hence  is the differentiable at 0.
5. 
Recall that . Use this fact and implicit differentiation to show that

[bookmark: OLE_LINK7]
Proof:


Let  and , then

[bookmark: _GoBack]

Hence .
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