First we prove it is a vector space. We just need to prove that it is closed under vector addition and scalar multiplication. For any two vectors , we have , which is just our usual sum of two real numbers. Also, we have  for any rational number . The tricky part is to prove that it is infinitely dimensional. We prove that this vector space is at least -dimensional for an arbitrary , and so we can say it is infinitely dimensional because we can choose  arbitrarily large that its dimensional is forced to become infinity. Take a sequence  of different prime numbers . For any given , if

We assume  are all integers. If not so, we multiply both sides by a common denominator. Thus, we have

which requires . From what we know of prime factorization (any integer can be factored into product of prime numbers, and the factorization is unique up to a switch of order), we must have  for all . Thus, we know  are linearly independent vectors in the vector space, so this space is at least -dimensional. Since we have infinitely many prime numbers, we can construct infinitely many linearly independent vectors.

