1. (a) Obviously,  are subsets of , since  contain all real-valued functions. In order to show  are subspaces, we just need to show that  are linear spaces, when the scalar multiplication and vector addition are inherited from . For , since the sum  of two continuous functions  is still continuous, and the scalar multiplication  of a continuous function  for any real constant  is also continuous, we know  forms a subspace. The same reasoning applies to , since  and  are all differentiable given  are differentiable.
(b) Polynomials are a special class of differentiable functions, so ,  the latter inclusion is because differentiable functions must be continuous.
(c) Combine (a) and (b) to know 
2.  (a) Take two vectors from , 

we have 

Thus  is closed with regard to vector addition. Obviously we have  for any real number , so it is also closed under scalar multiplication. Hence, it is a subspace.

(b) The sum of two polynomials of degrees lower than 4 is still a polynomial of degree lower than 4. The scalar multiplication of a polynomial of degree lower than 4 has the same degree or has degree 0 (this happens when the scalar is 0). Thus, this subset is closed under operations of scalar multiplication and addition, and is therefore a subspace.
(c) Take two vectors from ,

we have 

Thus  is closed with regard to vector addition. Obviously we have  for any real number , so it is also closed under scalar multiplication. Hence, it is a subspace.

