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Consider the counter CR: a line segament from −R to R, then a semicircle Reiθ (θ ∈ [0, π]).

f(x) = x2

(x2+16)2 have two poles ±4i and they are 2-order poles. +4i is inside the counter CR and the residue is

Resz=4i f(z) = limz→4i
d

dz
(
(z − 4i)2f(z)

)
= − 1

16 i.

By Cauchy Residue theorem, ∫
CR

f(x)dx = 2πi Resz=4i f(z) =
π

8
.

Now on the semicircle, when R is large enough,∣∣∣∣∣
∫
{|z|=R,Im(z)⩾0}

f(x)dx
∣∣∣∣∣ =

∣∣∣∣∫ π

0

R2e2iθ

(R2e2iθ + 16)2
Riθ dθ
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⩽

∫ π

0

R3θ

|R2e2iθ + 16|2
dθ

⩽
∫ π

0

R3θ(
1
2R

2
)2 dθ (∗)

=
2π2

R
→ 0

Here, (∗) holds because, when R2 > 16 we have
∣∣R2e2iθ + 16

∣∣ ⩾ R2−16 by triangle inequality, and R2−16 ⩾ 1
2R

2

when R2 ⩾ 32.

So
∫
{|z|=R,Im(z)⩾0} f(x)dx → 0 as R → ∞.

Now
π

8
=

∫
CR

f(x)dx =

∫ R

−R

f(x)dx+

∫
{|z|=R,Im(z)⩾0}

f(x)dx,

take the limit limR→∞ on both sides, we get π
8 =

∫∞
−∞

x2

(x2+16)2 dx.
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